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On the Hochschild homology of open Frobenius algebras

Hossein Abbaspour

Abstract.We prove that the shifted Hochschild homologyHH�.A;A/Œm� of a symmetric open
Frobenius algebra A of degree m has a natural coBV-algebra structure which is defined at the
chain level. As a consequenceHH�.A;A_/Œ�m� is a BV algebra. The underlying coalgebra and
algebra structure may not be resp. counital and unital. We also introduce a natural BV-algebra
structure onHH�.A;A/Œm�which is also defined at the chain level. Hence there is aBV-structure
onHH�.A;A/Œm�.Moreoverwe prove that the product and coproduct onHH�.A;A/Œm� satisfy
the Frobenius compatibility condition i.e. HH�.A;A/Œm� is an open Frobenius algebras. If A
is commutative, we also introduce a natural BV structure on the shifted relative Hochschild
homology eHH�.A/Œm � 1�. We conjecture that the product of this BV structure is identical
to the Goresky–Hingston [10] product on the cohomology of free loop spaces when A is a
commutative cochain algebra model forM .
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1. Introduction

There have been many important works on providing algebraic models for the string
topology operations introduced by Chas–Sullivan [1, 2] and Cohen–Godin [3]. One
approach is to use the Hochschild cohomology of closed Frobenius algebras [4, 13,
14, 18–22]. In particular Félix–Thomas [7] proved that over rationals and for any
closed simply connected manifold M the Chas–Sullivan BV-algebra H�.LM/ is
isomorphic to HH�.A/ WD HH�.A;A_/ where A is a finite dimensional model
(i.e. closed Frobenius algebra) for the cochains algebraM .

In [15] Kontsevich–Soibelman constructed an action of the chains of moduli
spaces of Riemann surfaces on the Hochschild complex of a closed Frobenius
algebras. This is a special case of Constello’s theorem [6] for Calabi–Yau categories
and induces a natural BV and coBV structure on the the Hochschild homology and
the Frobenius compatibility between the BV product and coBV coproduct.
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In this paper we assume that A is a symmetric open Frobenius algebra (unital)
therefore A is not necessarily endowed with a non-degenerate scaler product.
Instead A is equipped with a compatible pair of product and coproduct of degree m.
First we prove that the shifted Hochschild chain C�.A;A/Œm� is naturally a
homotopy coBV-algebra (Section 3) thereforeHH�.A;A/Œm� is a BV-algebra. Also
as a consequence C �.A;A/Œ�m� and HH�.A;A_/ are respectively homotopy
BV-algebra and BV-algebra thus we recover Tradler’s [20] result for the closed
Frobenius algebras. In Section 4 we prove that C�.A;A/Œm� has a natural homotopy
BV-structure andH�.A;A/Œm� is a BV-algebra. Moreover, in Section 5 we prove that
the product and coproduct on HH�.A;A/Œm� satisfy the Frobenius compatibility as
well. Such a compatibility was expected in the light of Cohen–Godin work for the
free loop spaces (of not necessarily closed manifolds). Here, by homotopy BV or
coBV structure we mean that the product or coproduct and the BV-operator is defined
at the chain level and the BV-identities hold up to homotopy. The BV and coBV
structure on HH�.A;A/ and their compatibility had been also noticed by Wahl and
Westerland in [22].

It is worth mentioning that HH�.A;A/ is generally not a unital algebra (or
equivalentlyHH�.A;A_/ is not counital), reflecting the fact (in the geometric side)
the free loop spaces are infinite dimensional manifolds thus their homology are not
conunital. We recall that a unit for the Chas–Sullivan algebra on H�.LM/ exists
if and only if the underlying manifold is closed manifold in which case the cycle
consisting of constant loops is the unit. Similarly HH�.A;A/ is not counital (or
equivalently HH�.A;A_/ is not unital) because the underlying manifold of the
cochain complex A may not be a closed compact one.

We also identify a natural BV-product on the shifted relativeHochschild homology
HH�.A;A/Œm�1�. We believe that this product is an algebraicmodel of theGoresky–
Hingston [10] product on the relative cohomologyH�.LM;M/. As far as we know
this product was not known even for closed Frobenius algebras.

Our results can potentially be used to give an algebraic model for the string
topology of not necessarily closed manifolds. That would require generalizing our
results to an appropriate homotopic setting.

Throughout this paper k is a commutative ring and A D k ˚ NA is a positively
graded augmented unital differential associative k-algebra with deg dA D C1,
NA D A=k i.e. NA is the kernel of the augmentation � W A ! k. See the appendix for
the sing conventions.

Acknowledgements. I am grateful to Nathalie Wahl for many helpful communi-
cations. The author thanks the Simons Center for its support during the algebraic
topology program in 2014–2015 where some parts of this paper were written.
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2. Open Frobenius algebras and BV-Algebras

We use the sign conventions explained in the appendix. A differential graded
.A; d/-module, or A-module for short, is a k-complex .M; d/ together with an (left)
A-module structure � W A�M !M such that dM .ax/ D dA.a/xC.�1/jajadM .x/.
The multiplication map is of degree zro i.e. deg.ax/ D deg aC deg x. In particular,
the identity above implies that the differential ofM has to be of degree 1.

Similarly for a .M; dM / a differential graded .A; d/-bimodule, we have

dM .axb/ D dA.a/xb C .�1/
jajadM .x/b C .�1/

jajCjmjaxdAb;

or equivalently,M is a .Ae WD A˝Aop; dA˝1C1˝dA/DG-modulewhereAop is the
algebra whose underlying graded vector space is A with the opposite multiplication
of A, i.e. a

op
� b D .�1/jaj:jbjb � a. All modules considered in this article are

differential modules. We will also drop the indices from the differential when there
is no possibility of confusion.

Definition 2.1 (DG open Frobenius algebra). A differential graded open Frobenius
k-algebra of degree m is a triple .A; �; ı/ such that:

(1) .A; �/ is a unital differential graded associative algebra whose product has
degree zero,

(2) .A; ı/ is a differential graded coassociative coalgebra of degree m that is
.ı ˝ 1/ı D .�1/m.1 ˝ ı/ı and ı is chain map of degree m, i.e. ıd D
.�1/m.d ˝ 1C 1˝ d/ı .

(3) ı W A! A˝A is a right and left differentialA-modulemap. Using (simplified)
Sweedler’s notation, this readsX

.xy/

.xy/0 ˝ .xy/00 D
X
.y/

.�1/mjxjxy0 ˝ y00 D
X
.x/

x0 ˝ x00y:

Here we have simplified Sweedler’s notation for the coproduct ıx D
P
i x
0
i ˝ x

00
i , to

ıx D
P
.x/ x

0 ˝ x00 where .x/ should be thought of as the index set for i ’s. Since
the coproduct is assumed to have degree m therefore deg x0 C deg x00 D m.

In particular we haveX
.dx/

.dx/0 ˝ .dx/00 D .�1/m
�X
.x/

.dx0 ˝ x00 C .�1/jx
0jx0 ˝ dx00/

�
and X

.x0/0 ˝ .x0/00 ˝ x00 D
X

.�/mjx
0jCmx0 ˝ .x00/0 ˝ .x00/00

We shall say .A; �; ı/ is symmetric if
P
.1/ 1

0 ˝ 100 D
P
.1/.�1/

j10jj100jCm100 ˝ 10.
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We recall that a closed (DG) Frobenius algebra is a finite dimensional unital
associative differential graded k-algebra A D ˚i�0Ai equipped with a symmetric
inner product h�;�i such that the map

˛ W x 7!
�
y 7! ˛x.y/ WD .�1/

jxjCm
hx; yi D .�1/jyjhx; yi

�
;

from A to A_ is a degree m isomorphism of differential graded A-bimodules.
We recall that symmetric means

hx; yi D .�1/jxjjyjhy; xi D .�1/jxj.m�jxj/hx; yi:

Notice that ˛ is of degree m therefore ˛ being A-biequivarant must take into
account the degree. We spell this out in details since it is important to get the signs
right.

Let L W A˝A_ ! A_ and R W A_ ˝A! A_ be respectively the left and right
action ofA onA_We will use the same notation for the action ofA on itself. Then ˛
being A-biequivariant means

L.1˝ ˛/ D ˛ ı L

and R.˛ ˝ 1/ D ˛ ıR;

which after applying to elementa x; y 2 A, it reads .�1/mjyjy � ˛x D ˛yx and
˛x � y D ˛xy . It follows from the definition of closed Frobenius algebras that the
inner product is invariant

hxy; zi D hx; yzi;

symmetric, and
hdx; yi D �.�1/jxjhx; dyi: (2.1)

We can now define a coproduct ı W A! A˝ A by requiring that the diagram

A
˛ //

ı

��

A_
dual of the product // .A˝ A/_

A_ ˝ A_
iA;A

55

A˝ A

˛˝˛

88

(2.2)

to be commutative. Note that in the diagram above ˛, ˛ ˝ ˛ and iA ˝ iA (because
dimA < 1) are isomorphisms therefore ı exists and is unique because of the non-
degeneracy of the inner product. The coproduct ıx D

P
.x/ x

0˝ x00 is characterized
by the identity

hx; abi D
X
.x/

.�1/mjx
0j
hx00; aihx0; bi : (2.3)
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Since the inner product has degree m, we obtain

hx; abi D .�1/mjbjCm
X
.x/

hx00; aihx0; bi; (2.4)

which in the special case x D 1 it reads,

ha; bi D h1; abi D .�1/mjbjCm
X
.1/

h100; aih10; bi : (2.5)

The coproduct ı is coassociative of degree m and satisfies condition (3) of
Definition 2.1 because all the other maps in the diagram (2.2) are morphisms of
A-bimodules. We can also check this directly,X

.�1/mj.xy/
0j
h.xy/00; aih.xy/0; bi D hxy; abi D hx; yabi

D

X
.�1/mjx

0j
hx00; yaihx0; bi

D

X
.�1/mjx

0j
hx00y; aihx0; bi

(2.6)

which together with the non-degeneracy of the inner product implyX
.xy/

.xy/0 ˝ .xy/00 D
X
.y/

x0 ˝ x00y;

SimilarlyX
.�1/mj.xy/

0j
h.xy/00; aih.xy/0; bi D hxy; abi D .�1/jxj.m�jxj/hy; abxi

D .�1/jxj.m�jxj/
X

.�1/mjy
0j
hy00; aihy0; bxi

D

X
.�1/mjy

0j
hy00; aihxy0; bi

D

X
.�1/mjxj.�1/mjxy

0j
hy00; aihxy0; bi

(2.7)

therefore X
.xy/

.xy/0 ˝ .xy/00 D
X
.y/

.�1/mjxjxy0 ˝ y00 :

In other words a closed Frobenius algebra over a field is also an open Frobenius
algebra.

By replacing b D 1 in (2.3), we obtain

hx; ai D hx; a1i D
X
.x/

.�1/mjx
0j
hx00; aihx0; 1i

D

X
.x/

.�1/mjx
0j
hhx0; 1ix00; ai:
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which implies
x D

X
.x/

.�1/mjx
0j
hx0; 1ix00: (2.8)

Similarly by taking for a D 1, we obtain

hx; bi D h
X

.�1/mjx
0j
hx00; 1ix0; bi:

The non-degeneracy of the inner product implies that

x D
X
.x/

.�1/mjx
0j
hx00; 1ix0 : (2.9)

In other words �.x/ D hx; 1i is a counit that is

x D
X
.x/

.�1/mjx
0j�.x0/x00 D

X
.x/

.�1/mjx
0j�.x00/x0 : (2.10)

Again using the Frobenius property (or a diret computation) we have

x D
X
.1/

.�1/mj1
0j�.x10/100 D

X
.1/

.�1/mj1
0j�.100x/10 (2.11)

and x D
X
.1/

.�1/j1
0j�.10x/100 D

X
.1/

.�1/j1
0j�.x100/10 : (2.12)

Example 1. An important example of symmetric open Frobenius algebras is
the cohomology with compact support H�c .M;Z/ of an oriented n-dimensional
manifoldM (not necessarily closed). Note thatH�c .M;Z/ is equipped with the usual
cup product and, using the Poincaré duality isomorphism (see [11, Theorem 3.35])

H�c .M;Z/ ' Hn��.M;Z/;

one can transfer the natural coproduct � from H�.M;Z/ to H�c .M;Z/. Then the
triple .H�c .M;Z/;[; �/ is a symmetric open Frobenius algebra whose differential
is identically zero. The Frobenius compatibility condition is satisfied because the
Poincaré duality isomorphism above is a map of H�c .M;Z/-modules. Note that this
open Frobenius structure is only natural with respect to proper maps or inclusion (of
open sets).

If M is closed then H�.M;Z/ D H�c .M;Z/ is indeed a closed Frobenius
algebra since H�.M;Z/ has a counit given by

R
W H�.M/ ! Z, the evaluation

on the fundamental class of M , while Poincaré duality is given by capping
with the fundamental class. The non-degenerate inner product is defined by
hx; yi WD

R
ŒM�

x [ y. Over the rationals it is possible to lift this Frobenius algebra
structure to the level of cochains. By a result of Lambrechts and Stanley [17], over
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rationals there is a connected finite dimensional commutative DG algebra A which is
quasi-isomorphic to the singular cochain algebraC �.M;Q/ on a givenn-dimensional
manifoldM , equipped with a bimodule isomorphismA! A_ inducing the Poincaré
duality H�.M/ ! Hn��.M/. The analogue of this result for open manifolds is
still not known. It is more reasonable to expect a kind of homotopy open Frobenius
model for open manifolds rather than an open Frobenius algebra model. This also
suggests the result of this paper need to be generalized to the homotopy Frobenius
algebra, a notion to be defined.
Example 2. It is known that the homology of the free loop space of a closed oriented
manifolds is an open Frobenius algebra [3]. Similarly the Hochschild cohomology
HH�.A/ of a closed Frobenius algebra is an open Frobenius algebra [21].
Proposition 2.2. (1) A closed Frobenius algebra is a symmetric open Frobenius

algebra.
(2) A symmetric open Frobenius algebra A with a counit is finite dimensional and

in fact is a closed Frobenius algebra.
(3) A symmetric and commutative open Frobenius algebra is cocommutative.
(4) For all z in a symmetric open Frobenius algebra A,

P
.z/.�1/

jz00jjz0jz00z0

belongs to the center of A.

Proof. (1) It follows from the characterization (2.5). Indeed,

.�1/mjbjCm
X
.1/

.�1/j1
0jj100jCm

h10; aih100; bi

D .�1/mjbj
X
.1/

.�1/.m�jaj/.m�jbj/h10; aih100; bi

D .�1/jajjbjCmjajCm
X
.1/

h10; aih100; bi

D .�1/jajjbjhb; ai D ha; bi

therefore X
.1/

.�1/j1
0jj100jCm100 ˝ 10 D

X
.1/

10 ˝ 100:

(2) The inner product is defined by hx; yi D �.xy/. It is clearly invariant. The
identity

x D
X

.�1/mjx
0j�.x00/x0 D

X
.�1/mj1

0j�.x100/10

proves that A D Spankf10sg hence the finite dimensionality of A.
Now we must prove that h�;�i is symmetric. By the identity (2.10) we can write

xy D
X

.�1/mjx
0j�.x00/x0y D

X
.�1/mj1

0j�.100x/10y;
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therefore for all x and y

hx; yi D
X

.�1/mj1
0j�.100x/�.10y/:

Since A is symmetric, we have

hx; yi D
X

.�1/mj1
0j�.100x/�.10y/

D

X
.�1/mj1

00jCj10jj100jCm�.10x/�.100y/

D

X
.�1/m.m�j1

0j/C.m�jxj/.m�jyj//Cm�.10x/�.100y/

D

X
.�1/mj1

0jCjxjjyj�.10x/�.100y/ D .�1/jxjjyjhy; xi

(3) X
x0 ˝ x00 D

X
.�1/mjxjx10 ˝ 100

D

X
.�1/mjxjCj1

00jj10jCmx100 ˝ 10

D

X
.�1/mjxjCj1

00jj10j�jxjj100jCm100x ˝ 10

D

X
.�1/mjxjC.jx

00j�jxj/jx0j�jxj.jx00j�jxj/Cmx00 ˝ x0

D

X
.�1/jx

0jjx00jCjxj.mCjxj�jx0j�jx00j/Cmx00 ˝ x0

D

X
.�1/jx

0jjx00jCmx00 ˝ x0:

(4)

x
X
.z/

.�1/jz
00jjz0jz00z0 D

X
.z/

.�1/jz
00jjz0jxz00z0 D

X
.1/

.�1/.j1
00jCjzj/j10jx100z10

D

X
.1/

.�1/.j1
0jCjzj/j100jCj10jj100jCmx10z100

D

X
.1/

.�1/jzjj1
00jCmx10z100

D

X
.x/

.�1/mjxjCjzjjx
00jCmx0zx00

D

X
.x/

.�1/mjxjCjzj.j1
00j�jxj/Cm10z100x

D

X
.1/

.�1/mjxjCjzj.j1
0j�jxj/Cj10jj100j100z10x

D

X
.1/

.�1/mjxjCjzj.jz
0j�jxj/Cjz0j.jz00j�jzj/z00z0x
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D .�1/.mCjzj/jxj
�X
.z/

.�1/jz
00jjz0jz00z0

�
x:

We recall that
P
.z/.�1/

jz00jjz0jz00z0 is of degree mC jzj.

Before explaining how an open Frobenius algebras gives rise to a (co)BV-algebra,
we recall the definition of the BV-algebras and the definition of Hochschild homology
and cohomology.

Definition 2.3. (Batalin–Vilkovisky algebra) A BV-algebra is a Gerstenhaber algebra
.V �; �; Œ�;��/ with a degree one operator � W V � ! V �C1 whose deviation from
being a derivation for the product � is the Gerstenhaber bracket Œ�;��, i.e.

Œa; b� WD .�1/jaj�.ab/ � .�1/jaj�.a/b � a�.b/;

and �2 D 0.

It follows from �2 D 0 that � is a derivation for the bracket. In fact the Leibniz
identity for Œ�;�� is equivalent to the 7-term relation [9]

�.abc/ D �.ab/c C .�1/jaja�.bc/C .�1/.jaj�1/jbjb�.ac/

��.a/bc � .�1/jaja�.b/c � .�1/jajCjbjab�c: (2.13)

Definition 2.3 is equivalent to the following one:

Definition 2.4. A BV-algebra is a graded commutative associative algebra .A�; �/
equipped with a degree one operator � W A� ! A�C1 which satisfies the 7-term
relation (2.13) and �2 D 0. It follows from the 7-term relation that

Œa; b� WD .�1/jaj�.ab/ � .�1/jaj�.a/b � a�.b/

is a Gerstenhaber bracket for the graded commutative associative algebra .A�; �/.

There are very interesting examples using the differential forms of Riemannian
or symplectic manifolds, which are essentially due to Kozsul [16]. The inspiring
example for us is the homology of the free loop space LM WD C 0.S1;M/ of an
oriented manifold [1] for which an algebraic model can be obtained using Hochschild
cohomology of cochains algebras of M [12]. Let us recall the definition of the
Hochschild complex.

The (normalized) Hochschild chain complex with coefficients inM is defined to
be

C�.A;M/ WDM ˝ T .s NA/ (2.14)

and comes equipped with a degree +1 differential DHoch D d0 C d1. We recall that
T V D ˚n�0V

˝n denotes the tensor algebra of a k-module V .
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The internal differential is given by

d0.mŒa1; : : : ; an�/ D dMmŒa1; : : : ; an� �

nX
iD1

.�1/�imŒa1; : : : ; dAai ; : : : ; an�

(2.15)
and the external differential is

d1.mŒa1; : : : ; an�/ D .�1/
jmjma1Œa2; : : : ; an�

C

nX
iD2

.�1/�imŒa1; : : : ; ai�1ai ; : : : ; an� � .�1/
�n.janjC1/anmŒa1; : : : ; an�1�;

(2.16)

with �0 D jmj and �i D jmj C ja1j C � � � C jai�1j � i C 1 for i � 1. Note that the
degree of mŒa1; : : : ; an� is jmj C

Pn
iD1 jai j � n.

WhenM D A, by definition .C�.A;A/;DHoch D d0Cd1/ is theHochschild chain
complex of A and the Hochschild homology of A is by definition HH�.A;A/ WD
kerD= imD is the Hochschild cohomology of A.

Similarly we define theM -valued Hochschild cochain of A to be

C �.A;M/ WD Homk.T .s NA/;M/:

For a homogenous cochain complexf 2 C n.A;M/, the degree jf j is defined to be
the degree of the linear map f W .s NA/˝n !M . In the case of Hochschild cochains,
the external differential of f 2 Hom.s NA˝n;M/ is

d1.f /.a1; : : : ; an/ D �.�1/
.ja1jC1/jf ja1f .a2; : : : ; an/

�

nX
iD2

.�1/�if .a1; : : : ; ai�1ai ; : : : ; an/C .�1/
�nf .a1; : : : ; an�1/an; (2.17)

where �i D jf jCja1jC� � �Cjai�1j�iC1. The internal differential off 2 C �.A;M/

is

d0f .a1; : : : ; an/ D dMf .a1; : : : ; an/C

nX
iD1

.�1/�if .a1; : : : ; dAai ; : : : ; an/:

(2.18)
The Hochschild cohomology of A with coefficient inM is by definition

HH�.A;M/ WD kerDHoch= imDHoch:

Remark 2.5. Naturally one can consider k-dual Homk.C�.A;A/;k/;D_Hoch/ and its
cohomology kerD_Hoch= imD_Hoch. The result is isomorphic to .C �.A;A_/;DHoch/.
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In fact the isomorphism eW .C �.A;A_/;DHoch/ ! Homk.C�.A;A/;k/;D_Hoch/ is
given by f 7! Qf ,ef .a0; a1; : : : ; an/ D .�1/.ja0jC1/jf jf .a1; a2; : : : ; an/.a0/ (2.19)

Therefore HH�.A;A_/ ' H�.Homk.C�.A/;k/;D_Hoch//. All over this article
C �.A;A_/ is identified with Hom.C�.A;A/;k/ using the isomorphism above.

Gerstenhaber bracket and cup product. When M D A, for x 2 Cm.A;A/

and y 2 C n.A;A/ one defines the cup product x [ y 2 CmCn.A;A/ and the
Gerstenhaber bracket Œx; y� 2 CmCn�1.A;A/ by

.x [ y/.a1; : : : ; amCn/ WD .�1/
jyj.

P
i�m jai jC1/x.a1; : : : ; am/y.anC1; : : : ; amCn/;

(2.20)
and

Œx; y� WD x ı y � .�1/.jxjC1/.jyjC1/y ı x; (2.21)

where

.x ıj y/.a1; : : : ; amCn�1/

D .�1/.jyjC1/
P

i�j .jai jC1/x.a1; : : : ; aj ; y.ajC1; : : : ; ajCm/; : : :/:

and
x ı y D

X
j

x ıj y : (2.22)

It turns out that the operations [ and Œ�;�� are chain maps, hence they define
two well-defined operations on HH�.A;A/. Moreover, [ is commutative up to
homotopy which is given by � ı �.
Theorem 2.6 (Gerstenhaber [8]). Let A be a differential graded associative alg-
ebra. .HH�.A;A/;[; Œ�;��/ is a Gerstenhaber algebra that is for all x; y and
z 2 HH�.A;A/ we have:

(1) [ is an associative and graded commutative product,

(2) Œx; y [ z� D Œx; y� [ z C .�1/.jxj�1/jyjy [ Œx; z� (Leibniz rule),
(3) Œx; y� D �.�1/.jxj�1/.jyj�1/Œy; x�,
(4) ŒŒx; y�; z� D Œx; Œy; z�� � .�1/.jxj�1/.jyj�1/Œy; Œx; z�� (Jacobi identity).
The Hochschild homology and cohomology of an algebra have an extra feature,

which is the existence of the Connes operatorsB , respectivelyB_ [5]. On the chains
we have

B.a0Œa1; a2 : : : ; an�/ D

nC1X
iD1

.�1/�i1ŒaiC1 � � � an; a0; : : : ; ai � (2.23)
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and on the dual theory C �.A/ D Homk.T .s NA/;A
_/ D Hom.A ˝ T .s NA/;k/ we

have

.B_�/.a0Œa1; a2; : : : ; an�/ D .�1/
j�j

nC1X
iD1

.�1/�i�.1Œai � � � an; a0; : : : ; ai�1�/;

where � 2 C nC1.A/ D Hom.A˝ .s NA/˝nC1;k/ and �i D .ja0j C � � � C jai�1j � i/ �
.jai j C � � � C janj � nC i � 1/. In other words

B_.�/ D .�1/j�j� ı B:

Note that deg.B/ D �1 and degB_ D C1. The following theorem shows how a
closed Frobenius algebra gives rise to a BV-algebra.
Theorem2.7 (Tradler [20]). TheHochschild cohomologyHH�.A;A/ of aFrobenius
algebraA has natural a BV-structure whose underlying Gerstenhaber structure is the
standard one [8]. The BV-operator corresponds to the Connes operator B_ using
the natural isomorphismHH�.A;A/ ' HH�.A;A_/Œm�.

The main idea here is that we try to identify the homotopy (co)BV-structures
directly on C�.A;A/ (and its dual) rather than C �.A;A/.

3. coBV structure on Hochschild homology

In this section we present a natural homotopy coBV-structure on the shifted
Hochschild chain complex C�.A;A/Œm� of a symmetric open Frobenius algebra
.A; �; ı/ of degree m. The natural candidate for the coBV operator is the Connes
operatorB , so we just need a degreem coproduct on the Hochshild chains C�.A;A/.
This is given by formula (before the shift)

�.a0Œa1; : : : ; an�/ D
X

.a0/;0�i�n

C .�1/ja
0
0
j�i .a000Œa1; : : : ; ai�1; ai �/˝ .a

0
0ŒaiC1; : : : ; an�/

(3.1)
where �i D a000 C a1 C a2 C � � � C ai C i . This coproduct is of degree m and is a
chain map i.e.

�DHoch D .�1/
m.DHoch ˝ 1C 1˝DHoch/

The proof that � is a chain map, uses A being symmetric. The most nontrivial part
of the proof is thatX

.a0/

.�1/ja
0
0
j.ja00

0
jCja1jC���Cjap jCp/C.jap jC1/.ja

00
0
jCja1jC���Cjap�1jCp�1/

� apa
00
0Œa1; : : : ; ap�1�˝ a

0
0ŒapC1; : : : ; an�

D

X
.a0/

.�1/ja
0
0
j.ja00

0
jCja1jC���Cjap�1jCp�1/Cja

00
0
jCja1jC���Cjap�1jCp�1Cja

0
0
j

� a000Œa1; : : : ; ap�1�˝ a
0
0apŒapC1; : : : ; an�:
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appears in .DHoch˝ 1C 1˝DHoch/ twice but with opposite signs. The proof of the
identity above is as follows:X
.a0/

.�1/ja
0
0
j.ja00

0
jCja1jC���Cjap jCp/C.jap jC1/.ja

00
0
jCja1jC���Cjap�1jCp�1/

� apa
00
0Œa1; : : : ; ap�1�˝ a

0
0

D

X
.a0/

.�1/j1
0j.j100jCja0jC���Cjap jCp/C.jap jC1/.j1

00jCja0jC���Cjap�1jCp�1/

� ap1
00a0Œa1; : : : ; ap�1�˝ 1

0

D

X
.a0/

.�1/j1
00j.ja0jC���Cjap jCp/C.jap jC1/.j1

0jCja0jC���Cjap�1jCp�1/Cm

� ap1
0a0Œa1; : : : ; ap�1�˝ 1

00

D

X
.a0/

.�1/mjap jCja
00
p j.ja0jC���Cjap jCp/C.jap jC1/.ja

0
p jCja0jC���Cjap jCp�1/Cm

� a0pa0Œa1; : : : ; ap�1�˝ a
00
p

D

X
.a0/

.�1/mjap jC.j1
00jCjap j/.ja0jC���Cjap jCp/C.jap jC1/.j1

0jCja0jC���Cjap jCp�1/Cm

� 10a0Œa1; : : : ; ap�1�˝ 1
00ap

D

X
.a0/

.�1/j1
00jj10jCmjap jC.j1

0jCjap j/.ja0jC���Cjap jCp/C.jap jC1/.j1
00jCja0jC���Cjap jCp�1/

� 100a0Œa1; : : : ; ap�1�˝ 1
0ap

D

X
.a0/

.�1/

.ja00
0
jCja0j/ja

0
0
jCmjap jC.ja

0
0
jCjap j/.ja0jC���Cjap jCp/C.jap jC1/

�.ja00
0
jCja1jC���Cjap jCp�1/

� a000Œa1; : : : ; ap�1�˝ a
0
0ap

D

X
.a0/

.�1/ja
0
0
j.ja00

0
jCja1jC���Cjap�1jCp�1/Cja

00
0
jCja1jC���Cjap�1jCp�1Cja

0
0
j

� a000Œa1; : : : ; ap�1�˝ a
0
0ap:

This gives rise to a product on Hochschild cochains as follows: For Qf ; Qg 2 Hom.A˝
T .s NA/;k/ we set

Qf ı Qg D �.�_. Qf ˝ Qg// D .�1/m.j
Qf jCj Qgj/�. Qf ˝ Qg/ ı �

where � W k˝ k! k is the multiplication. Note that this product is of degree �m,
therefore in order to obtain a product of degree zerowe should shift the grading by�m.
The new degree zero product on Hom.C�.A;A/;k/Œ�m� is (see the appendix)ef ˇeg D .�1/mjef jef ı Qg :
More explicitly, for Qf and Qg 2 Hom.C�.A;A/;k/Œ�m� we have

. Qf ˇ Qg/.a0Œa1; : : : ; an�/

D

X
.a0/;1�i�n

.�1/mj QgjCa
0
0
�iC.mCj Qgj/�i Qf .a000Œa1; : : : ; ai�1; ai �/ Qg.a

0
0ŒaiC1; : : : ; an�/:
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In the case of a closed Froebnius algebra this product corresponds to the standard
cup product onHH�.A;A/ using the isomorphism

HH�.A;A/ ' HH�.A;A_/Œ�m� ' H�.Hom.C�.A;A//Œ�m�

induced by the inner product on A. More explicitly we identify A with A_, as
bimodules, using the map x 7! .˛x WD .�1/xhx;�i/ which identifies C �.A;A/
with C �.A;A_/. The latter itself is identified with Hom.C�.A;A/;k/ using the
isomorphism (2.19). Overall we have an isomorphism of cochain complexes which
sends f 2 C �.A;A/, f W .sA/˝n ! A to the cochain Qf 2 Hom.A˝.sA/˝n;k/Œm�,

Qf .a0; a1; : : : ; an/ WD .�1/
.a0C1/f ha0; f .a1; : : : ; an/i:

Using the identity

x D
X

.�1/mjx
0j�.x00/x0 D

X
.�1/mj1

0j�.100x/10

we can write

f .a1; : : : ; an/ WD
X
.1/

.�1/j
Qf j.1Cj100j/ Qf .100; a1; : : : ; an/1

0:

which is an explicit formula for the inverse of the isomorphism f 7! Qf .
Let f W .s NA/˝p ! A and g W .s NA/˝q ! A in C �.A;A/ be two cochains. First

note that the degrees of Qf and Qg as elements of Hom.C�.A;A/;k/Œm� are respectively
equal to jf j and jgj.

Af [ g.a0; a1; : : : ; apCq/ D .�1/.a0C1/.jf jCjgj/ha0; .f [ g/.a1; : : : ; apCq/i

D

X
.a0/

.�1/.a0C1/.jf jCjgj/Cm.1Cja
0
0
j/Cjgj.�p�ja

00
0
j/

� ha000; f .a1; : : : ; ap/iha
0
0; g.apC1; : : : ; apCq/i

D

X
.a0/

.�1/.a0C1/.jf jCjgj/Cm.1Cja
0
0
j/Cjgj.�p�ja

00
0
j/C.1Cja00

0
j/jf jC.1Cja0

0
j/jgj

� Qf .a000; a1; : : : ; ap/ Qg.a
0
0; apC1; : : : ; apCq/:

Since �p D jf j Cm it follows that Af [ g D Qf � Qg, therefore .HH�.A;A/;[/ and
.H�.A;A_/Œm�;ˇ/ are isomorphic as algebras.
Theorem 3.1. For a symmetric open Frobenius algebra .A; �; ı/ of degree m, the
shifted Hochschild chain complex .C�.A;A/Œm�; �;DHoch/ is a homotopy co-BV
algebra. As a consequence .HH�.A;A/Œm�; �; B/ and .HH�.A;A_/Œm�;ˇ; B_/
are respectively BV-algebra and coBV-coalgebra. In particular if A is a closed
Frobenius algebra, then using the natural isomorphism

.C �.A;A_/Œm�;ˇ/ ' .C �.A;A/;[/; (3.2)
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HH�.A;A/ is endowed with a BV-algebra whose underling Gerstenhaber algebra is
the standard one and the BV-operator is the image of the Connes operator B_ under
the isomorphism (3.2). This recovers Tradler’s result [20], Theorem 2.7 for closed
Frobenius algebras.

Proof. The homotopy for co-commutativity is given by

h.a0Œa1; : : : ; an�/ WD
X

.1/;0�i<j�nC1

.�1/tia0Œa1; : : : ; ai ; 1
00; aj ; : : : ; an�˝1

0ŒaiC1; : : : ; aj�1�:

where

ti D .j1
00
j C 1/.ja0j C � � � C jai j C i/C j1

0
j.ja0j C ja1j C � � � C jai j C i C j1

00
j/

� .j10j C jaiC1j C � � � C jaj�1j C j � i � 1/.jaj j C � � � C janj C n � j C 1/

D j100jj10j C .mC 1/.ja0j C � � � C jai j C i/
C .j10j C jaiC1j C � � � C jaj�1j C j � i � 1/.jaj j C � � � C janj C n � j C 1/

and for j D nC 1 and i D 0 the corresponding terms are respectively

˙ a0Œa1; : : : ; ai ; 1
00�˝ 10ŒaiC1; : : : ; an�

and ˙ a0Œ1
00; aj ; : : : ; an�˝ 1

0Œa1; : : : ; aj�1�:

We have

.DHoch ˝ 1C 1˝DHoch/h � .�1/
mC1hDHoch D .�1/

m� ı � � � (3.3)

where � W C�.A;A/˝2 ! C�.A;A/
˝2 is given by �.˛1˝˛2/ D .�1/j˛1jj˛2j˛2˝˛1.

To see this, note that in .DHoch ˝ 1 C 1 ˝ DHoch/h the term corresponding to the
last term of the external part of the Hochchsild differential of the first factor of
˙a0Œa1; : : : ; ai ; 1

00�˝ 10ŒaiC1; : : : ; an� is

˙100a0Œa1; : : : ; ai �˝ 1
0ŒaiC1; : : : ; an� D ˙a

00
0Œa1; : : : ; ai �˝ a

0
0ŒaiC1; : : : ; an�

which is precisely � ; and the term corresponding to the first term of the external
Hochchsild differential of the first factor of ˙a0Œ100; aj ; : : : ; an�˝ 10Œa1; : : : ; aj�1�
is˙a0100Œaj ; : : : ; an�˝10Œa1; : : : ; aj�1� D ˙a010Œaj ; : : : ; an�˝100Œa1; : : : ; aj�1� D
˙a00Œaj ; : : : ; an�˝ a

00
0Œa1; : : : ; aj�1� which is .�1/m�� .

To prove that the 7-term (coBV) relation holds, we use the Chas–Sullivan [1]
idea (see also [20]) in the case of the free loop space adapted to the combinatorial
(simplicial) situation. First we identify the Gerstenhaber co-bracket explicitly.
Consider the operation

S WD hC .�1/m� ı h

on the Hochschild complex before the shift of degree of m. Once proven that S
is, up to homotopy, the deviation of B from being a coderivation for � , the 7-term
homotopy coBV relation is equivalent to the homotopy co-Leibniz identity for S .
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Compatibility of B and S . We prove that S D �B � .�1/m.B˝ idC id˝B/� up
to homotopy. To this end, we prove that h is homotopic to .�B/2 � .�1/m.B ˝ id/�
and similarly �h ' .�B/1 � .id˝B/� where �B D .�B/1 C .�B/2, with

.�B/1.a0Œa1; : : : ; an�/

D

X
0�i�j�n

X
.1/

˙.100Œai ; : : : ; aj �/˝ .1
0ŒajC1; : : : ; an; a0 : : : ; ai�1�/:

and

.�B/2.a0Œa1; : : : ; an�/

D

X
0<i<j�n

X
.1/

˙.100Œaj ; : : : ; an; a0; a1; : : : ; ai �/˝ .1
0ŒaiC1; : : : ; aj�1�/:

The homotopy between h and .�B/2 � .�1/m.B ˝ id/� is given by

H.a0Œa1; : : : ; an�/

D

X
0�k�i<j�nC1

X
.ai /

..�1/�k;i;j 1ŒakC1; : : : ai ; 1
00; aj ; : : : ; an; a0; : : : ak�/

˝ .10ŒaiC1; : : : ; aj�1�/;

where

�k;i;j D .jaiC1j C � � � C jaj�1j C j � i C 1/.jaj j C � � � C janj C n � j C 1/

C .ja0j C � � � C jakj C k C 1/.jakC1j C � � � C jai j C jaj j C � � �

� � � C janj C n � j C i � k C 1/C j1
0
j.j100j C ja0j C � � � C jai j C jaj j C � � �

� � � C janj C n � j C i/C .j1
00
j C 1/.jakC1j C � � � C jai j C i � k/:

In the formulae describingH , the sequence aj ; : : : ; ai�1 can be empty. InDHochHC

.�1/m�2H.DHoch ˝ idC id˝DHoch/, the terms corresponding to k D 0, k D i and
j D nC 1 are respectively h, �.�B/2 and

.�1/m.B ˝ 1/�.a0Œa1; : : : ; an�/

D .�1/m
X
˙.1ŒakC1; : : : ; ai ; a

0
0; a1; : : : ; ak�/˝ .a

00
0ŒaiC1; : : : ; an�/:

Similarly one proves that �h ' .�B/1 � .�1/m.id˝B/� .

Co-Leibniz identity. The idea of the proof is identical to Lemma 4.6 [1]. We prove
that up to some homotopy we have

.� ˝ id/S D .id˝�/.S ˝ id/� C .id˝S/� : (3.4)
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At the chain level, we have

.� ˝ id/h D .id˝�/.h˝ id/� C .id˝h/�;

so to prove (3.4) we should prove that up to some homotopy

.� ˝ id/�h D .id˝�/.�h˝ id/� C .id˝�h/�:

The homotopy is given by G W C �.A/! .C �.A//˝3

G.a0Œa1; : : : ; an�/

D

X
0�l<i�j<k

X
.1/;.1/

˙.1001ŒalC1; : : : ; ai �/˝ .1
00
2ŒajC1; : : : ; ak�/

˝ a0Œa1; : : : ; al ; 1
0
1; aiC1; : : : ; aj ; 1

0
2; akC1 � � � an; a0; : : : ; al�1�;

that is

GDHoch C .�1/
m�2.DHoch ˝ id˝ idC id˝DHoch ˝ idC id˝ id˝DHoch/G

D .� ˝ id/�h � .id˝�/.�h˝ id/� � .id˝�h/�:

The signs inG are determined using Koszul sign rule just like the previous examples
As for the last part of the theorem, we have already proved that ˇ corresponds

to the cup. It only remains to prove that underlying Gerstenharber bracket of the
BV-structure of .C �.A;A/;[/ is the standard one. To that end, it suffices to prove
that eW .C �.A;A/Œm�;[/ ! .C �.A;A_/Œm�;ˇ/ (see (2.19)) sends the homotopy
of the commutativity ı of [ to the homotopy of the commutativity .�˝ �/h of ˇ:
Let x 2 Hom..sA/˝p; A/ and y 2 Hom..sA/˝q; A/. Then the degrees of Qx and Qy
as element of Hom.C�.A;A/;k/Œm� are respectively jxj and jyj. Similarly to the
definition ofˇ, the homotopy for the commutativity of Qx and Qy is given

‰. Qx; Qy/ D .�1/.m�1/j Qyj�. Qx ˝ Qy/h

where � W k˝ k! k is the product of the ground ring:

‰. Qx; Qy/.a0; a1; : : : ; apCq�1/

D

X
i;.1/

˙Qx.a0; a1; : : : ; ai ; 1
00; aiCqC1; : : : ; apCq�1/ Qy.1

0; aiC1; : : : ; aiCq/
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and on the other hand (see (2.21)):

Ax ı y.a0; a1; : : : apCq�1/
D .�1/.ja0jC1/.jxjCjyj�1/ha0; .x ı y/.a1; : : : apCq�1/i

D

X
i

˙ha0; x.a1; : : : ; ai ; y.aiC1; : : : yiCq/; aiCqC1; : : : apCq�1/i

D

X
i

˙ha0; x.a1; : : : ; ai ;
X
.1/

100h10; y.aiC1; : : : aiCq/i; aiCqC1; : : : ; apCq�1/i

D

X
i;.1/

˙ha0; x.a1; : : : ; ai ; 1
00; aiCqC1; : : : ; apCq�1/ih1

0; y.aiC1; : : : ; aiCq/i

D

X
i;.1/

.�1/j.jyjC1/..ja0jCj1
0jCja1jC���Cjai jCi/Cj1

0j

� Qx.a0; : : : ; ai ; 1
00; aiCqC1; : : : ; apCq�1/ Qy.1

0; aiC1; : : : ; aiCq/

A comparison of the signs by using the identity jyjCj10jCjaiC1jC� � �CjaiCqjj D m,
finishes the proof.

Remark 3.2. By Félix–Thomas [7] theorem, this cup product on HH�.A;A_/
provides an algebraicmodel for theChas–Sullivan product onH�.LM/ the homology
of the free loop space of closed oriented manifold M . Here one must work over a
field of characteristic zero and forA one can take the closed (commutative) Frobenius
algebra provided by Lambreschts-Stanley result [17] on the existence of an algebraic
model with Poincaré duality for the rational singular cochain algebra of a closed
oriented maniflold.

4. BV structure on Hochschild homology

Although there is no action of the chains of the moduli space of Riemann surfaces
on the Hochschild complex of an open Frobenius algebra, some parts of such action
in the case of closed Frobenius algebras can be formulated using the product and
coproduct of the underlying algebra (see also [22]). Therefore one can write down
various operations in the Hochschild homology of an open Frobenius algebra, but
the desired identities have to be proved directly by giving explicitly the required
homotopies. Here is one example.

Theorem 4.1. For A a symmetric open Frobenius algebra, the shifted Hochschild
homology HH�.A;A/Œm� can be naturally equipped with a BV-structure whose
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BV-operator is the Connes operator and the product at the chain level (before the
shift of degree) is given by degree m � 1

a0Œa1; : : : ; ap� � b0Œb1; : : : ; bq� D

(
0 if p > 0
.�1/ja

0
0
jja00

0
ja000a

0
0b0Œb1; : : : ; bq�:

(4.1)

Proof. Proposition 2.2(4) implies that � is a chain map (of degreem). The product �
is strictly associative. We only have to check this for x D aŒ �, y D bŒ � and
z D cŒc1; : : : ; cn�. Using Proposition 2.2, we have

.x � y/ � z D
X

.�1/ja
0jja00jCj.a00a0b/00jj.a00a0b/0j.a00a0b/00.a00a0b/0c0Œc1; : : : ; cn�

D .�1/ja
0jja00jCm.ja0jCja00j/Cjb00j.jb0jCja0jCja00j/

X
b00a00a0b0c0Œc1; : : : ; cn�

D .�1/ja
0jja00jCm.ja0jCja00j/Cjb00jjb0jCjb00j.ja0jCja00j/Cjb00j.ja0jCja00j/

�

X
a00a0b00b0c0Œc1; : : : ; cn�

D .�1/ja
0jja00jCm.ja0jCja00j/Cjb00jjb0j/

X
a00a0b00b0c0Œc1; : : : ; cn�

D .�1/ja
0jja00jCmjajCm2Cjb00jjb0j

X
a00a0b00b0c0Œc1; : : : ; cn�

On the other hand

x � .y � z/ D .�1/ja
0jja00jCjb00jjb0j

X
a00a0b00b0c0Œc1; : : : ; cn�

D .�1/ja
0jja00jCjb00jjb0j

X
a00a0b00b0c0Œc1; : : : ; cn�

D .�1/mjxjCm.x � y/ � z

Next we prove that the product is commutative up to homotopy. Indeed the homotopy
for x D a0Œa1; : : : ; ap� and y D b0Œb1; : : : ; bq� is given by

K.x; y/ D
X
.a0/

.�1/.ja
0
0
jC1/.ja00

0
jCja1jC���Cjap jCp/a000Œa1; : : : ; ap; a

0
0b0; b1; : : : ; bq�;

that is

DHochK � .�1/
m�1K.DHoch ˝ 1C 1˝DHoch/ D x � y � .�1/

jyjjxjCmy � x:

Note that degK D m � 1. It is instructive to verify the case p D 0. The most
nontrivial case of cancellation in DHochK � .�1/

m�1K.DHoch ˝ 1 C 1 ˝ DHoch/

follows from the identityX
.�1/.ja

0
0
jC1/ja00

0
jC.jbq jC1/.ja

00
0
jCja0

0
jCjb0jC���Cjbq�1jCq/bqa

00
0Œa
0
0b0; : : : ; bq�1�

D .�1/m�1
X

.�1/ja0jCja
00
0
j.ja0

0
jC1/C.jbq jC1/.jb0jC���Cjbq�1jCq�1/

� a000Œa
0
0bqb0; : : : ; bq�1�
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whose proof is as follows:X
.�1/.ja

0
0
jC1/ja00

0
jC.jbq jC1/.ja

00
0
jCja0

0
jCjb0jC���Cjbq�1jCq/bqa

00
0Œa
0
0b0; : : : ; bq�1�

D

X
.�1/.j1

0jC1/.j100jCja0j/C.jbq jC1/.j1
00jCj10jCja0jCjb0jC���Cjbq�1jCq/

� bq1
00a0Œ1

0b0; : : : ; bq�1�

D

X
.�1/.j1

0jC1/.j100jCja0j/C.jbq jC1/.mCja0jCjb0jC���Cjbq�1jCq/

� bq1
00a0Œ1

0b0; : : : ; bq�1�

D

X
.�1/mCj1

00jj10jC.j100jC1/.j10jCja0j/C.jbq jC1/.mCja0jCjb0jC���Cjbq�1jCq/

� bq1
0a0Œ1

00b0; : : : ; bq�1�

D

X
.�1/

mCmjbq jCjb
00
q j.jb

0
q jCjbp j/C.jb

00
q jC1/.jb

0
q jCjbp jCja0j/

C.jbp jC1/.mCja0jCjb0jC���Cjbq�1jCq/

� b0qa0Œb
00
qb0; : : : ; bq�1�

D

X
.�1/

mCmjbq jC.j1
00jCjbq j/.j1

0jCjbq j/C.j1
00jCjbq jC1/.j1

0jCjbq jCja0j/
C.jbq jC1/.mCja0jC���Cjbq�1jCq/

� 10a0Œ1
00bqb0; : : : ; bq�1�

D

X
.�1/mCj1

00jj10jCjbp jC.j1
00jCjbp jC1/.j1

0jCjbp jCja0j/C.jbp jC1/.mCja0jC���Cjbp�1jCq/

� 10a0Œ1
00bqb0; : : : ; bq�1�

D

X
.�1/jbq jC.j1

0jCjbq jC1/.j1
00jCjbq jCja0j/C.jbq jC1/.mCja0jCjb0jC���Cjbq�1jCq/

� 100a0Œ1
0bqb0; : : : ; bq�1�

D

X
.�1/jbq jC.ja

0
0
jCjbq jC1/.ja

00
0
jCjbq j/C.jbq jC1/.mCja0jCjb0jC���Cjbq�1jCq/

� a000Œa
0
0bqb0; : : : ; bq�1�

D

X
.�1/m�1Cja0jCja

00
0
j.ja0

0
jC1/C.jbq jC1/.jb0jC���Cjbq�1jCq�1/

� a000Œa
0
0bqb0; : : : ; bq�1�:

Let us examine the case of p D q D 0. For x D aŒ � and y D bŒ �: for the
external differential we have

d1K.x; y/ D
X

.�1/ja
00jC.ja0jC1/ja00ja00a0bŒ �

C

X
.�1/ja

00j.ja0jCjbjC1/C1C.ja0jC1/ja00ja0ba00Œ �

D x � y �
X

.�1/ja
00jjbja0ba00Œ �

D x � y �
X

.�1/.j1
00jCjaj/jbj10b100aŒ �

D x � y �
X

.�1/.j1
0jCjaj/jbjCj10jj100jCm100b10aŒ �

D x � y �
X

.�1/.jb
0jCjaj/jbjCjb0j.jb00jCjbj/Cmb00b0aŒ �

D x � y � .�1/jajjbjCm
X

.�1/.jb
0jjb0jb00b0aŒ �

D x � y � .�1/jxjjyjCmy � x :

As for the internal differential d0, we have

d0K.x; y/ D .�1/
m�1K.d0 ˝ 1C 1˝ d0/.x ˝ y/;
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therefore

DHochK � .�1/
m�1K.DHoch˝ 1C 1˝DHoch/.x � y/ D x � y � .�1/

jxjjyjCmy � x:

The Gerstenhaber bracket is naturally defined to be

fx; yg WD K.x; y/C .�1/jxjjyjCmK.y; x/: (4.2)

Next we prove that the identity

fx; yg D B.x � y/ � .�1/m.Bx � y � .1/jxjx � By/ (4.3)

holds up to homotopy. First note that Bx � y D 0 for all x and y. A homotopy
between all the remaining three terms is given byH C .�1/1CmK.1˝ B/ where

H.x; y/ D
X

.a/;1�k�qC1

.�1/˛k1Œbk; : : : ; bq; a
00
0; a1; : : : ap; a

0
0b0; b1; : : : bk�1�;

with
˛k D .ja

0
0j C 1/.ja

00
0j C ja1j C � � � C japj C p/

C .jbkj C � � � C jbqj C q � k � 1/.ja
0
0j C ja

00
0j C ja1j C � � �

� � � C japj C jb0j C jb1j C � � � C jbk�1j C k C p C 1/:

First notice that ŒDHoch; K ı .1˝ B/�.x ˝ y/ is exactly x � By. To analyse the
rest we have to consider two cases:

Case p � 1. In this case B.x � y/ D 0. In computing ŒDHoch;H �.x ˝ y/ only two
term survives. Those are the ones corresponding to k D 1 and k D q C 1. The
one corresponding to k D q C 1 gives us exactly K.x; y/ and for k D 1 we obtain
.�1/mCjxjjyjK.y; x/. This terms is produced when we compute the last term of the
external part ofDHochH :

.�1/.ja
0
0
jC1/.ja00

0
jCja1jC���Cjap jCp/C.jb1jC���Cjbq jCq/.ja

0
0
jCja00

0
jCja1jC���Cjap jCjb0jCp/

.�1/.ja
0
0
jCjb0jC1/.jb1jC���Cjbq jCja

00
0
jCja1jC���CpC1Cq/C1

� a00b0Œb1; : : : ; bq; a
00
0; a1; : : : ; ap�

D .�1/ja
0
0
jC.jb0jCjb1jC���Cjbq jCq/.ja

00
0
jCja1jC���Cjap jCpC1/

� a00b0Œb1; � � � ; bq; a
00
0; a1 � � � ; ap�

D .�1/j1
0jC.jb0jCjb1jC���Cjbq jCq/.j1

00jCja0jCja1jC���Cjap jCpC1/

� 10b0Œb1; : : : ; bq; 1
00a0; a1 : : : ; ap�

D .�1/mCj1
0jj100jCj100jC.jb0jCjb1jC���Cjbq jCq/.j1

0jCja0jCja1jC���Cjap jCpC1/

� 100b0Œb1; : : : ; bq; 1
0a0; a1; : : : ; ap�

D .�1/mC.jb
0
0
jC1/.jb00

0
jCjb0j/C.jb0jCjb1jC���Cjbq jCq/.jb

0
0
jCja0jCja1jC���Cjap jCpC1/

� b000 Œb1; : : : ; bq; b
0
0a0; a1; : : : ; ap�

D .�1/mCjxjjyjC.jb
0
0
jC1/.jb00

0
jCjb1jC���Cjbq jCq/b000 Œb1; : : : ; bq; b

0
0a0; a1; : : : ; ap�

D .�1/mCjxjjyjK.y; x/;

therefore ŒDHoch;H �.x ˝ y/ D fx; yg.
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Case p D 0. In this case, comparing to the previous case, an extra term in
ŒDHoch;H �.x ˝ y/ shows up. This is the term where a000 and a00b0 are multiplied.
This is precisely

B.x � y/ D

nX
iD1

X
.a/

˙1Œbi ; : : : ; bq; a
00
0a
0
0b0; b1; : : : ; bi�1�

which is not necessarily zero if p D 0. Finally we prove the that Leibniz identity
(before the shift of the grading)

fx; y � zg D fx; yg � z C .�1/.m�1Cjxj/jyjy � fx; zg

holds up to homotopy. We prove that it in fact it holds strictly. First note that
if y 2 ˚n>0.A ˝ .sA/˝n/ then all the terms vanish. Therefore we suppose that
y D bŒ �. Since fx; yg 2 ˚n>0.A˝ .sA/˝n/, it suffices to prove that

fx; y � zg D .�1/.m�1Cjxj/jyjy � fx; zg;

and to that end we check the follow identities

K.x; y � z/ D .�1/.m�1Cjxj/jyjy �K.x; z/

and

K.y � z; x/ D .�1/.m�1Cjxj/jyjCjxjjyjCmy �K.z; x/:

We prove the first identity, the second one is similar. For x D a0Œa1; : : : ; ap� and
z D c0Œc1; : : : cq�, we have

K.x; y � z/ D .�1/jb
00jjb0jC.ja0

0
jC1/.ja00

0
jCja1jC���Cjap jCp/

� a000Œa1; : : : ; ap; a
0
0b
00b0c0; c1; : : : ; cq�

and

y �K.x; z/ D .�1/jb
00jjb0jC.ja0

0
jC1/.ja00

0
jCja1jC���Cjap jCp/

� b00b0a000Œa1; : : : ; ap; a
0
0c0; c1; : : : ; cq�
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The claimed equality is proved as follows:

.�1/jb
00jjb0jC.ja0

0
jC1/.ja00

0
jCja1jC���Cjap jCp/a000Œa1; : : : ; a

0
0b
00b0c0; : : : ; cq�

D .�1/mja0jCjb
00jjb0jC.ja0jCj1

0jC1/.j100jCja1jC���Cjap jCp/

� 100Œa1; : : : ; a01
0b00b0c0; : : : ; cq�

.�1/mja0jCjb
00jjb0jCj10jj100jCmC.ja0jCj1

00jC1/.j10jCja1j���Cjap jCp/

� 10Œa1; : : : ; a01
00b00b0c0; : : : ; cq�

D .�1/
mja0jCjb

00jjb0jCj.b00b0/0j.j.b00b0/00jCjb00b0j/Cm
C.ja0jCj.b

00b0/00jCjb00b0jC1/.j.b00b0/0jCja1jC���Cjap jCp/

� .b00b0/0Œa1; : : : ; a0.b
00b0/00c0; : : : ; cq�

D .�1/
mja0jCm.mCjbj/Cjb

00jjb0jC.jb00b0jCj10j/.j100jCjb00b0j/Cm
C.ja0jCj1

00jCjb00b0jC1/.j10jCjb00b0jCja1jC���Cjap jCp/

� b00b010Œa1; : : : ; a01
00c0; : : : ; cq�

D .�1/
mja0jCm.mCjbj/Cjb

00jjb0jC.mCjbjCj10j/.j100jCmCjbj/Cm
C.ja0jCj1

00jCjbjCmC1/.j10jCmCjbjCja1jC���Cjap jCp/

� b00b010Œa1; : : : ; a01
00c0; : : : ; cq�

D .�1/
mja0jCjb

00jjb0jCj10jj100jCmCjbjCm
C.ja0jCj1

00jCjbjCmC1/.j10jCmCjbjCja1jC���Cjap jCp/

� b00b010Œa1; : : : ; a01
00c0; : : : ; cq�

D .�1/mja0jCjb
00jjb0jCjbjCmC.ja0jCj1

0jCjbjCmC1/.j100jCmCjbjCja1jC���Cjap jCp/

� b00b0100Œa1; : : : ; a01
0c0; : : : ; cq�

D .�1/jb
00jjb0jCjbjCmC.ja0

0
jCjbjCmC1/.mCjbjCja00

0
jCja1jC���Cjap jCp/

� b00b0a000Œa1; l; : : : ; a
0
0c0; : : : ; cq�

D .�1/mjxjC.m�1Cjxj/jyjCjb
00jjb0jC.ja0

0
jC1/.ja00

0
jCja1jC���Cjap jCp/

� b00b0a000Œa1; : : : ; ap; a
0
0c0; c1; : : : ; cq�:

5. Frobenius compatibility of the product and coproduct

As we mentioned previously we are inspired by the algebraic structures of the
homology of free loop spaces. Cohen–Godin [3] result holds even for the manifolds
which are not closed. The difference with the closed case would be that there won’t be
a counit for the underlying algebra structure. The coalgebra structure generically has
no counit, otherwise the homology of the free loop space would have the homotopy
type of a finite dimensional manifold which is not true except for very special kind
of aspherical manifolds. Therefore it is natural to expect a Frobenius compatibility
condition (Definition 2.1, (3)) between the product and coproduct.
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Theorem 5.1. LetA be a symmetric open Frobenius algebra. The product � (4.1) and
coproduct � (3.1) on HH�.A;A/Œm� satisfy the Frobenius compatibility conditions,
Definition 2.1, (3).

Proof. We have to prove that � is a map of (degree m) left and right HH�.A;A/-
modules, that is .�1/m.1 ˝ �/ ı .� ˝ 1/ D � ı � at homology level. First we
consider the right HH�.A/-module structure. Let x D a0Œa1; : : : ; am� and y D
b0Œb1; : : : ; bn� 2 C�.A;A/. If m � 1, then �.x � y/ D 0, and

�x � y D

� X
.a0/;1�k�m

.�1/�k ja
0
0
ja000Œa1; : : : ; ak�˝ a

0
0ŒakC1; � � � ; am�

�
� y

D

� X
.a0/;1�k�m

.�1/�k ja
0
0
ja000Œa1; : : : ; ak�˝ .a

0
0ŒakC1; : : : ; am� � y/

�
D

X
.a0/;.a

0
0
/

.�1/�mja
0
0
jCj.a0

0
/0jj.a0

0
/00ja000Œa1; : : : ; am�˝ .a

0
0/
00.a00/

0b0Œb1; : : : ; bn�

D

X
.a0/;.1/

.�1/mC�mja
0
0
jCja0

0
jj.a00

0
/0j.a000/

00Œa1; : : : ; am�˝ .a
00
0/
0a00b0Œb1; : : : ; bn�

D

X
.a0/;.1/

.�1/mC�mja
0
0
jCja0

0
j.j100jCja00

0
j/100a000Œa1; : : : ; am�˝ 1

0a00b0Œb1; : : : ; bn�:

So we have to prove the latter is homotopic to zero. The homotopy is given by

H.x; y/ D
X

.a0/;.1/

.�1/mC�m.ja
0
0
jC1/Cja0

0
j.j100jCja00

0
j/Cj10j

� 100a000Œa1; : : : ; am�˝ 1
0Œa00b0; b1; : : : ; bn�

Two non-trivial cancellations occur in computing

DHochH � .�1/
2mH.DHoch ˝ 1C I ˝DHoch//

as consequences of the follow identities (we omit the signs for the sake of simplicity):

am1
00a000Œa1; : : : ; am�1�˝ 1

0a00b0Œb1; : : : ; bn�

D am1
0a000Œa1; : : : ; am�1�˝ 1

00a00b0Œb1; : : : ; bn�

D a0ma
00
0Œa1; : : : ; am�1�˝ a

00
ma
0
0b0Œb1; : : : ; bn�

D 10a000Œa1; : : : ; am�1�˝ 1
00ama

0
0b0Œb1; : : : ; bn�

D 10.ama0/
00Œa1; : : : ; am�1�˝ 1

00.ama0/
0b0Œb1; : : : ; bn�
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and

100a000Œa1; : : : ; am�˝ bn1
0Œa00b0; b1; : : : ; bn�1�

D b00na
00
0Œa1; : : : ; am�˝ b

0
nŒa
0
0b0; b1; : : : ; bn�1�

D 100bna
00
0Œa1; : : : ; am�˝ 1

0Œa00b0; b1; : : : ; bn�1�

D 100bn1
00Œa1; : : : ; am�˝ 1

0Œa01
0b0; b1; : : : ; bn�1�

D 100bn1
0Œa1; : : : ; am�˝ 1

0Œa01
00b0; b1; : : : ; bn�1�

D 100b0nŒa1; : : : ; am�˝ 1
0Œa0b

00
nb0; b1; : : : ; bn�1�

D 10010Œa1; : : : ; am�˝ 1
0Œa01

00bnb0; b1; : : : ; bn�1�

D 100100Œa1; : : : ; am�˝ 1
0Œa01

0bnb0; b1; � � � ; bn�1�

D 100a000Œa1; : : : ; am�˝ 1
0Œa00bnb0; b1; : : : ; bn�1�

If m D 0, then for x D aŒ �

�.x � y/ D �

�X
.a/

.�1/ja
0jja00ja00a0b0Œb1; : : : ; bn�

�
D

X
.a/;.a00a0b0/
0�k�n

.�1/ja
0jja00jCj.a00a0b0/

0j.j.a00a0b0/
00jCjb1jC���Cjbk jCk//

� .a00a0b0/
00Œb1; : : : ; bk�˝ .a

00a0b0/
0ŒbkC1; : : : ; bn�

D

X
.a/;.1/
0�k�n

.�1/ja
0jja00jCmja00jC.j.a0b0/

0jCja00j/.j.a0b0/
00jCjb1jC���Cjbk jCk/

� .a0b0/
00Œb1; : : : ; bk�˝ a

00.a0b0/
0ŒbkC1; : : : ; bn�

D

X
.a/;.1/
0�k�n

.�1/ja
0jja00jCmja00jC.j10jCja00j/.j100jCja0jCjb0jCjb1jC���Cjbk jCk/

� 100a0b0Œb1; : : : ; bk�˝ a
0010ŒbkC1; : : : ; bn� :

On the other hand,

Œ.�1/m.1˝ �/ ı .� ˝ 1/�.x ˝ y/

D

X
.a/

.�1/mCmja
00jCja0jja00ja00Œ �˝ .a0Œ � � y/

D

X
.a/

.�1/mCja
00j.jajCja00j/a00Œ �˝ .a0Œ � � y/

D

X
.a/;.a00/

.�1/mCja
00j.jajCja00j/Cj.a0/0jj.a0/00ja00Œ �˝ .a0/00.a0/0b0Œb1; : : : ; bn�

D

X
.a/;.a00/

.�1/mja
0jCj.a00/00j.jajCj.a00/00j/Cja0jj.a00/0j.a00/00Œ �˝ .a00/0a0b0Œb1; : : : ; bn�

D

X
.a/;.a00/

.�1/mja
00jCmja0jCj100j.jajCj100j/Cja0j.ja00jCj10j/100Œ �˝ a0010a0b0Œb1; : : : ; bn�
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D

X
.a/;.a00/

.�1/mja
0jCmja00jCj10j.jajCj10j/Cja0j.ja00jCj100j/Cj10jj100jCm

� 10Œ �˝ a00100a0b0Œb1; : : : ; bn�

D

X
.a/;.a00/

.�1/m.ja
0jCja00j/Cj10j.jajCm/Cja0j.ja00jCj100j/Cm10Œ �˝ a00100a0b0Œb1; : : : ; bn�

D

X
.a/;.a00/

.�1/m.ja
0jCja00j/Cj.a0b0/

0j.jajCm/Cja0j.ja00jCj.a0b0/
00jCja0b0j/Cm

� .a0b0/
0Œ �˝ a00.a0b0/

00Œb1; : : : ; bn�

D

X
.a/;.a00/

.�1/m.ja
0jCja00j/Cmja0b0jC.ja

0b0jCj1
0j/.jajCm/Cja0j.ja00jCj100jCja0b0j/Cm

� a0b01
0Œ �˝ a00100Œb1; : : : ; bn�

D

X
.a/;.a00/

.�1/m.ja
0jCja00j/Cmja0b0jC.ja

0b0jCj1
00j/.jajCm/Cja0j.ja00jCj10jCja0b0j/Cj1

0jj100j

� a0b01
0Œ �˝ a00100Œb1; : : : ; bn�

D

X
.a/;.a00/

.�1/mjbjCmja
0jCmja00jCj10j100jCja00jbjCj100jja00ja0b01

00Œ �˝ a0010Œb1; : : : ; bn� :

The homotopy between .�1/m.1˝�/ ı .� ˝ 1/.x˝ y/ and � ı �.x˝ y/ is given by

G.x; y/ WD
X
.1/;.1/
0�k�n

.�1/j1
00jCja0jja00jCmja00jC.j10jCja00j/.j100jCja0jCjb0jC���Cjbk jCk/

� 100Œa0b0; b1; : : : ; bk�˝ a
0010ŒbkC1; : : : ; bn�;

The left HH�.A;A/-module condition .�1/m� ı � D .� ˝ 1/.1 ˝ �/ actually
holds at the chain level. The only nontrivial case is when m D 0, otherwise both
x � �.y/ and �.x � y/ are zero. For x D aŒ � we have,

.� ˝ 1/.1˝ �/.x ˝ y/

D .�1/mjxjx � �.y/

D

X
.b0/
0�k�n

.�1/mjajCjb
0
0
j.jb00

0
jC���Cjbk jCk/.x � b000 Œb1; : : : ; bk�/˝ b

0
0ŒbkC1; : : : ; bn�

D

X
.b0/;.a0/
0�k�n

.�1/mjajCja
00jja0jCjb0

0
j.jb00

0
jC���Cjbk jCk/a00a0b000 Œb1; : : : ; bk�˝ b

0
0ŒbkC1; : : : ; bn�:

On the other hand,

.�1/m.� ı �/.x ˝ y/

D .�1/m�.x � y/

D �

�X
.a/

.�1/mCja
0jja00ja00a0b0Œb1; : : : ; bn�

�
D �

�X
.a/

.�1/mCja
0jja00jCjb0j.mCjaj/b0a

00a0Œb1; : : : ; bn�

�
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D

X
.�1/mCja

0jja00jCjb0j.ja
00jCja0j/Cj.b0a

00a0/0j.j.b0a
00a0/00jC���Cjbk jCk/

� .b0a
00a0/00Œb1; : : : ; bk�˝ .b0a

00a0/0ŒbkC1; : : : ; bn�

D

X
.�1/mCja

0jja00jCjb0j.ja
00jCja0j/Cjb0

0
j.ja00jCja0jCjb00

0
jCjb1jC���Cjbk jCk/

� b000a
00a0Œb1; : : : ; bk�˝ b

0
0ŒbkC1; : : : ; bn�

D

X
.�1/mCja

0jja00jC.jb00
0
jCjb0j/.ja

00jCja0j/Cjb0
0
j.ja00jCja0jCjb00

0
jCjb1jC���Cjbk jCk/

� a00a0b000 Œb1; : : : ; bk�˝ b
0
0ŒbkC1; : : : ; bn�

D

X
.�1/mCja

0jja00jC.jb00
0
jCjb0jCjb

0
0
j/.ja00jCja0j/Cjb0

0
j.jb00

0
jCjb1jC:::Cjbk jCk/

� a00a0b000 Œb1; : : : ; bk�˝ b
0
0ŒbkC1; : : : ; bn�

D

X
.�1/mCja

0jja00jCm.jajCm/Cjb0
0
j.jb00

0
jCjb1jC���Cjbk jCk/

� a00a0b000 Œb1; : : : ; bk�˝ b
0
0ŒbkC1; : : : ; bn�

D

X
.�1/ja

0jja00jCmjajCjb0
0
j.jb00

0
jCjb1jC���Cjbk jCk/

� a00a0b000 Œb1; : : : ; bk�˝ b
0
0ŒbkC1; : : : ; bn� :

6. SuspendedBV structure on the relativeHochschild homology of commutative
open Frobenius algebras

In this section we exhibit a BV structure on the relative Hochschild homology of a
commutative symmetric open Frobenius algebra. In particular we introduce a product
on the shifted relative Hochschild homology of symmetric commutative Frobenius
algebras which should be an algebraic model for Goresky–Hingston [10] product on
H�.LM;M/.

For a commutative DG-algebraA the relative Hochschild chains are defined to be

eC �.A;A/ D ˚n�1A˝ NA˝n:
equipped with the Hochschild differential. Since A is commutative, eC �.A;A/ is
stable under the Hochschild differential and fits in the split short exact sequence of
complexes,

0 // .A; dA/ // C�.A;A/ // eC �.A;A/ // 0

The homology of eC �.A;A/ is denoted eHH�.A;A/ and is called the relative
Hochschild homology of A.

Theorem 6.1. The shifted relative Hochschild homology eHH�.A;A/Œm � 1� of a
degree m commutative symmetric open Frobenius algebra A is a BV algebra whose
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BV-operator is the Connes operator and the product at the chain level on QC�.A;A/
(before the shift) is given by

x � y D
X
.a0b0/

.�1/j.a0b0/
0jC.j.a0b0/

00jCjb0jC1/.ja1jC���Cjap jCp/

� .a0b0/
0Œa1; : : : ; ap; .a0b0/

00; b1; : : : ; bq�

D

X
a0

.�1/ja
0
0
jC.ja00

0
jC1/.ja1jC���Cjap jCp/a00Œa1; : : : ; ap; a

00
0b0; b1; : : : ; bq�

D

X
b0

.�1/.mC1/ja0jCjb
0
0
jC.jb00

0
jCjb0jC1/.ja1jC���Cjap jCp/

� a0b
0
0Œa1; : : : ; ap; b

00
0 ; b1; : : : ; bq�

for x D a0Œa1; : : : ; ap� and y D b0Œb1; : : : ; bq� 2 eC �.A/.
Proof. Note that the identities above hold because A is an open Frobenius algebra.
Before the shift, the product is degree is a chain map and strictly associative of degree
m � 1, that is

DHoch.x � y/ D .�1/
m�1.DHoch.x/ � y C .�1/

jxjx �DHoch.y//

and
.x � y/ � z D .�1/.m�1/x.x � .y � z// :

It is noteworthy to mention that commutativity is used in proving that � is a chain
map and associative, as it is shown below. For instance, the term corresponding to
first term of the external part of the Hochschild differentialDHoch.x � y/ isX
.a0/

.�1/ja
0
0
jC.ja00

0
jC1/.ja1jC���Cjap jCp/Cja

0
0
ja00a1Œa2; : : : ; ap; a

00
0b0; b1; : : : ; bq�

D

X
.a0/

.�1/.j1
00jC1/.ja1jC���Cjap jCp/Cmja0ja01

0a1Œa2; : : : ; ap; 1
00b0; b1; : : : ; bq�

D

X
.a0/

.�1/.j1
00jC1/.ja2jC���Cjap jCp�1/Cmja0jCja1jj1

0jC.ja1jC1/.j1
00jC1/

� a0a11
0Œa2; : : : ; ap; 1

00b0; b1; : : : ; bq�

D

X
.a0/

.�1/.j1
00jC1/.ja2jC���Cjap jCp�1/Cm.ja0jCja1j/Cja1jCj1

00jC1

� a0a11
0Œa2; : : : ; ap; 1

00b0; b1; : : : ; bq�

D

X
.a0/

.�1/..a0a1/
00jC1/.ja2jC���Cjap jCp�1/Cja1jCj.a0a1/

00jC1

� .a0a1/
0Œa2; : : : ; ap; .a0a1/

00b0; b1; : : : ; bq�

D

X
.a0/

.�1/..a0a1/
00jC1/.ja2jC���Cjap jCp�1/Cja1jCja0jCja1jCj.a0a1/

0jCmC1/

� .a0a1/
0Œa2; : : : ; ap; .a0a1/

00b0; b1; : : : ; bq�

D .�1/m�1
X
.a0/

.�1/j.a0a1/
0jC.j.a0a1/

00jC1/.ja2jC���Cjap jCp�1/Cja0j

� .a0a1/
0Œa2; : : : ; ap; .a0a1/

00b0; b1; : : : ; bq�;
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This is precisely the term which corresponds to first terms corresponding to
the external part of the differential in DHochx � y. The commutativity and
cocommutativity (or equivalently, commutativity and being symmetric) of A is
required for the associativity of � as well: we have

.x � y/ � z

D

�X
.�1/ja

0
0
jC.ja00

0
jC1/.jxj�ja0j/a00Œa1; : : : ; ap; a

00
0b0; b1; : : : ; bq�

�
� z

D

X
.�1/ja

0
0
jC.ja00

0
jC1/.jxj�ja0j/C.mC1/ja

0
0
jCjc0

0
jC.jc00

0
jCjc0jC1/.jxj�ja0jCja

00
0
jCjyjC1//

� a00c
0
0Œa1; : : : ; ap; a

00
0b0; : : : ; bq; c

00
0 ; : : : ; cr �:

On the other hand

.�1/.m�1/jxjx � .y � z/

D x �

�X
.�1/.m�1/jxjC.mC1/jb0jCjc

0
0
jC.jc00

0
jCjc0jC1/.jyjCjb0j/

�
� b0c

0
0Œb1; : : : ; bq; c

00
0 ; : : : ; cr �

D

X
.�1/.m�1/jxjCja

0
0
jC.ja00

0
jC1/.jxj�ja0j/C.mC1/jb0jCjc

0
0
jC.jc00

0
jCjc0jC1/.jyjCjb0j//

� .a00Œa1; : : : ; ap; a
00
0b0c

0
0; b1; : : : ; bq; c

00
0 ; : : : ; cr �

D

X
.�1/

.m�1/jxjCjc0
0
jjb0jCja

0
0
jC.ja00

0
jC1/.jxj�ja0j/

C.mC1/jb0jCjc
0
0
jC.jc00

0
jCjc0jC1/.jyjCjb0j//

� .a00Œa1; : : : ; ap; a
00
0c
0
0b0; : : : ; bq; c

00
0 ; : : : ; cr �

D

X
.�1/

.m�1/jxjCjc0
0
jjb0jCj.a0c0/

0jC.j.a0c
0
0
/00jCjc0

0
jC1/.jxj�ja0j/

C.mC1/jb0jCjc
0
0
jC.jc00

0
jCjc0jC1/.jyjCjb0j//

� .a0c
0
0/
0Œa1; : : : ; ap; .a0c

0
0/
00b0; : : : ; bq; c

00
0 ; : : : ; cr �

D

X
.�1/

.m�1/jxjCjc0
0
jja0jCjc

0
0
jjb0jCj.c

0
0
a0/
0jC.j.c0

0
a0/
00jCjc0

0
jC1/.jxj�ja0j/

C.mC1/jb0jCjc
0
0
jC.jc00

0
jCjc0jC1/.jyjCjb0j//

� .c00a0/
0Œa1; : : : ; ap; .c

0
0a0/

00b0; : : : ; bq; c
00
0 ; : : : ; cr �

D

X
.�1/

.m�1/jxjCjc0
0
jja0jCmjc

0
0
jCjc0

0
jjb0jCja

0
0
jCjc0

0
jC.ja00

0
jCjc0

0
jC1/.jxj�ja0j/

C.mC1/jb0jCjc
0
0
jC.jc00

0
jCjc0jC1/.jyjCjb0j//

� c00a
0
0Œa1; : : : ; ap; a

00
0b0; : : : ; bq; c

00
0 ; : : : ; cr �

D

X
.�1/

.m�1/jxjCjc0
0
jja0

0
jCjc0

0
jja0jCmjc

0
0
jCjc0

0
jjb0jCja

0
0
jCjc0

0
jC.ja00

0
jCjc0

0
jC1/.jxj�ja0j/

C.mC1/jb0jCjc
0
0
jC.jc00

0
jCjc0jC1/.jyjCjb0j//

� a00c
0
0Œa1; : : : ; ap; a

00
0b0; : : : ; bq; c

00
0 ; : : : ; cr � :

After comparing the coefficient the associativity follows.
However the commutative holds only up to homotopy, and the homotopy is given

by

T .x; y/ WD

qX
iD0

X
.a0/

.�1/�ib0Œb1; : : : ; bi ; a
0
0; a1; : : : ; ap; a

00
0; biC1; : : : ; bq�;
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where

�i D .jb0j C jb1j � � � jbi j C i/.mC ja0j C ja1j C � � � C japj C p/

C ja00j C .ja
00
0j C 1/.ja1j C � � � C japj C p/:

By doing the computation we see that for i D 0, the first term of the external
differential of DHochT .x; y/ is precisely x � y, and for i D q the last term of the
external differential DHochT .x; y/ is �.�1/jxjjyjCm�1y � x. For the latter, one has
to use the commutativity and cocommutativity.

To prove that the 7-term relation holds, we adapt once again Chas–Sullivan’s [1]
idea to a simplicial situation. First we define the Gerstenhaber bracket directly

fx; yg WD T .x; y/C .�1/m�1CjxjjyjT .y; x/ :

Next we prove that the bracket f�;�g is homotopic

B.x � y/ � .�1/m�1.Bx � y C .�1/jxjx � By/:

For that we decompose B.x � y/ in two pieces:

B1.x; y/ WD

qX
jD1

X
.a0b0/

˙1ŒbjC1; : : : ; bq; .a0b0/
0; a1; : : : ; ap; .a0b0/

00; b1; : : : ; bj �;

B2.x; y/ WD

pX
jD1

X
.a0b0/

˙1ŒajC1; : : : ; ap; .a0b0/
00; b1; : : : ; bq; .a0b0/

0; a1; : : : ; aj �;

so that B D B1 C B2. The homotopy between

T .x; y/ and B1.x; y/ � .�1/
m�1Cjxjx � By

is given by

H.x; y/

D

X
0�j�i�q

X
.a0/

.�1/si;j 1ŒbjC1; : : : ; bi ; a
0
0; a1; : : : ; ap; a

00
0; biC1; : : : ; bq; b0; : : : ; bj �:

where

si;j D .jb0j C jb1j � � � jbi j C i/.mC ja0j C ja1j C � � � C japj C p/

C ja00j C .ja
00
0j C 1/.ja1j C � � � C japj C p/C .jb0j C jb1j C � � �

� � � C jbj j C i C 1/.jbjC1j � � � jbi j CmC ja0j C ja1j � japj C jbiC1j � � �

� � � jbqj C q � j C i C 2/ :
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The terms inDHochH � .1/
mH.DHoch˝1C1˝DHoch/ corresponding to j D 0,

j D i and i D q are respectively, T .x; y/, .�1/m�1Cjxjx � By and �B1.x; y/.
Similarly for .�1/m�1CjxjjyjT .y; x/ and B2.x � y/� .�1/m�1Bx � y. Therefore we
have proved that on eHH�.A;A/ the bracket f�;�g is the deviation of B from being
a derivation for �.

Now proving the 7-term relation is equivalent to proving the Leibniz rule for the
bracket and the product �, i.e.

fx; y � zg D fx; yg � z C .�1/.mCjxj/jyjy � fx; zg:

It turns out that at the chain level

T .x; .y � z// D T .x; y/ � z C .�1/.mCjxj/jyjy � T .x; z/

and T ..y � z/; x/ is homotopic to

.�1/jxj.jzjCm�1/T .y; x/ � z C .�1/m.jxj�jyj/Cjxjy � T .z; x/

using the homotopy

H3.x; y; z/ D
X
˙a0Œa1; : : : ; ai ; b

0
0; b1; : : : ; bp; b

00
0 ; aiC1; : : :

: : : ; aj ; c
0
0; c1; : : : ; cr ; c

00
0 ; ajC1; : : : ; ap�:

Here z D c0Œc1; : : : ; cp�. This proves that the Leibniz rule holds up to homotopy.

A. Ten commandments for signs

(1) Morphism. A k-linear map f of degree jf j between differential k-modules A
and B is said to be a morphism of differential graded k-modules if

fdA D .�1/
jf jdBf : (A.1)

(2) Tensor product of morphisms. We use the following sign rule for the tensor
product of graded maps f 2 Homk.A

˝p;M/ and g 2 Homk.A
˝q; N /

.f ˝ g/.a1 ˝ � � � ˝ apCq/

D .�1/jgj.ja1jC���Cjap j/f .a1 ˝ � � � ˝ ap/˝ g.apC1 ˝ � � � ˝ apCq/ : (A.2)

So as a result the associativity condition �.�˝ 1/ D �.1˝�/ for a binary operator
� W A˝2 ! A of degree m means that

�.�.a˝ b/˝ c// D .�1/ma�.a; �.b ˝ c// : (A.3)
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(3) Tensor product of algebra. If A and B are differential k-modules then A˝ B
is also a differential k-module whose differential is give by dA ˝ 1C 1˝ dB . If A
andB are differential graded algebras thenA˝B is also a differential graded algebra
whose product is defined by

.a˝ x/.b ˝ y/ D .�1/jbjjxjab ˝ xy:

An important case is whenB D Aop. The differentialA˝Aop-modules are precisely
differential A-bimodules.

(4) Differential of the dual. The dual k-module A_ D homk.A;k/ is negatively
graded i.e. A_

�i D Homk.Ai ;k/ and equipped with the differential d_ which is
defined by

dA_.˛/.x/ D �.�1/
jxj˛.dA.x// D .�1/

j˛j˛.dA.x//; ˛ 2 A_;

and also of degree one. Our choice of signmakes the evaluationmap ev W A˝A_ ! k
a chainmap of degree zero. We apply the same rule for a generalA-bimoduleM . That
isM_

�i D homk.Mi ;k/ is equipped with the differential dM_� D .�1/j�j� ı dM .

(5) Transpose of morphisms. If f W A ! B is a homogeneous morphism of
differential graded k-modules then the induced map f _ on the k-duals is defined by

f _.�/ D .�1/j�jjf jf ı � :

Using the previous sign conventions f _ is also a (homogeneous) morphism of
differential graded k-module of degree jf j.

(6) Module structure of the dual. There is a natural A right and left A-module
structure on A_ given by x:˛ W y ! ˛.yx/ and ˛:x W y ! .�1/jxj˛.xy/. The maps
.x; ˛/! x:˛ and .x; ˛/! ˛:x are chain maps.

We apply the same rule for a general A-bimodule M . That is M_ is equipped
with the A-bimodule structure .x:˛/.y/ WD ˛.yx/ and .˛:x/.y/ WD .�1/jxj˛.xy/,
where ˛ 2M_.

(7)Dual of tensorproduct. For each pair of rightA-moduleM and leftA-moduleN ,
note thatM ˝N is an A-bimodule, so is .M ˝N/_. There is a natural inclusion of
A-bimodules the inclusion iN;M WN_ ˝M_ ,! .M ˝N/_ given by

�1 ˝ �2 ! .�1/j�1jj�2j�2 ˝ �1:

(8) Transpose and tensor product. If f W A˝l ! A˝k is graded (homogenous)
morphism of degree jf j then then adjoint map f _ W .A_/˝k ! .A_/˝l is defined
by

f _.�1 ˝ � � � ˝ �k/ D .�1/
.j�1jC���Cj�k j/jf j.�1 ˝ � � � ˝ �k/ ı f: (A.4)
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(9) Shift of Grading. The shift of the degree by m to the right is denoted by
sm W A ! A and deg.sm.a// D deg.a/ C m, or in other words AŒm�k D Ak�m.
Using the shift operation one can pullback other operations, for instance a product
� W A˝ A! A is pulled back to

�m WD s
�
m.�/ D sm ı � ı .s

�1
m ˝ s

�1
m /; (A.5)

or more explicitly �m.sm.a/; sm.b// D .�1/mjajsm�.a; b/.
So if� is of degreem then�m is of degree zero and�m is associative (of degree 0)

product on AŒm� if � is associative (of degree m) i.e.

�.�˝ 1/ D �.1˝ �/

�.�.a; b/c/ D .�1/mjajCm�.a; �.b; c// :

The commutativity condition for �0 is equivalent to � D .�1/m� ı � where
t W A˝ A! A˝ A is given by �.x ˝ y/ D .�1/jxjjyjy ˝ x.

Similarly the coassociativity rule for coprodcut ı of degree m is obtained
by writing down the usual associative rules of the the degree zero coproduct
ı0 D .s�m ˝ s�m/ıs

�1
�m, which translates to

.ı ˝ 1/ı D .�1/m.1˝ ı/ı:

Using the same argument the equations defining a degree m (right and left)
counit for ı are id D� ı.� ˝ 1/ı0 D� ı.1 ˝ �/ı0 where � stands for the natural
isomorphisms A˝k k ' A and k˝k A ' A. Said explicitly,

x D
X
.x/

.�1/mjx
0j�.x0/x00 D

X
.x/

.�1/mjx
0j�.x00/x0:

The cocommutativity condition for ı0 becomes ı D .�1/m�ı.

(10) Grading shift and derivations. A degree jDj derivation D W A ! A for a
degree m bilinear map � W A˝ A! is k-linear map which satisfies the identity

D� D .�1/jDjj�j�.D ˝ 1C 1˝D/ :

After a shift of degree to the right,D is a still derivation of degree jDj on AŒm� with
respect to the degree zero binary operation �m. In particular if jDj D 1, D2 D 0

and � is associative then .AŒm�; �m;D/ is a differential graded associative algebra.
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