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The subject of the paper is the solvability theory of evolution free boundary problems of

magnetohydrodynamics for viscous incompressible liquid in multi-connected domains. The main

result is the local existence theorem for such problems under rather general assumptions on the

initial data of the problem, i.e., on the initial configuration of the liquid and on the initial values of

the velocity vector field v and of the magnetic fieldH . The solution is found in anisotropic Sobolev–

Slobodetskii spaces.

2010 Mathematics Subject Classification: Primary 35Q35, 76W05.

Keywords: Sobolev spaces, coercive estimates.

Dedicated to the memory of Prof. M. Padula and Prof. A. Lascu

1. Formulation of the problem

We consider the problem of motion of a viscous incompressible capillary electrically conducting

liquid with a free surface surrounded with a vacuum. The liquid is subject to the mass forces,

capillary force at the free boundary and forces generated by the magnetic field. This field is induced

by the electric current prescribed in a fixed domain separated from the domain occupied with the

liquid.

The governing equations are the Navier–Stokes equations with the additional terms containing

the magnetic field and the Maxwell equations in quasistationary approximation, i.e., without the

displacement current (see [1, 2]).

Evolution initial-boundary value problems of magnetohydrodynamics are intensively studied in

the mathematical literature (see, for instance, [3–17]). The major part of the papers deals with the

problems in fixed domains. It seems that the first rigorous proof of the solvability of such problems

is given in the paper [23], where a global existence of a weak solution of the Hopf’s type and a local

existence of a weak solution with the square integrable time derivative is established (moreover, it

was proved that in the two-dimensional case this solution is global). These results are analogous to

those of Kiselev-Ladyzhenskaya [18] and Ladyzhenskaya [19] for the Navier–Stokes equations. It

has to be emphasized that in some problems studied in [3] the magnetic and electric fields are sought

not only in the domain˝1 filled with the liquid but also outside˝1, in a surrounding vacuum region

˝2, where the governing equations are of a completely different type in comparison with ˝1.

The construction of the strong solution possessing square integrable second space derivatives

of the velocity of the liquid v.x; t/ and of the magnetic field H is carried out in [4] in the case of

simply connected and in [17] for multi-connected ˝i . In particular, it is shown that in both cases
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the whole problem can be written in the form of the equation

U t C AU C BU D F; U jtD0 D U 0

for U D .v;H /, where A is a linear positive self-adjoint operator in a Hilbert space and B is a

nonlinear operator (like in the case of the Navier–Stokes equations). This provides the possibility of

studying the problems of magnetohydrodynamics with the methods of the semi-groups theory.

As for the free boundary problem, it has been first considered, to our knowledge, in the paper

[20] in the case of simply connected˝ . In the present paper the last condition is removed, which has

required an essential change of the scheme of the analysis. This concerns the way of determination

of the field H , where the ideas of the paper [17] are used, whereas [20] was essentially based on

the paper [4]. Using the transformation of independent variables that now is connected with the

name of Hanzawa [21] (although it has been used earlier), we write the problem in a fixed domain

with a smooth boundary, and we eliminate the electric field E . The resulting nonlinear problem is

solved in a certain finite time interval, on the basis of the coercive estimates for the solutions of

the corresponding linearized problem, after which the construction of E is carried out (this step

is missing in [20]). It should be also emphasized that one of the boundary conditions, namely, the

jump condition on the free surface for the tangential part of E , differs from the standard condition

ŒE � � D 0 on fixed surfaces, see (1.7), and this is essentially used in the construction of E . At this

point, a valuable help was delivered to the author by Dr. N. Filonov, who gave the proof of the

important Proposition 1. The author brings him his deep gratitude. The author is indebted also to

Prof. J. Rodrigues and to the referee for their important suggestions concerning the presentation of

the paper.

Now we pass to the precise formulation of our problem. We assume that the liquid fills a variable

connected compact domain˝1t � R
3 whose boundary �t is a free surface. The liquid is subject to

the external mass forces f .x; t/, capillary forces on �t and forces arising due to the presence of the

magnetic field. Moreover, in a fixed domain ˝3 an electric current of density j .x; t/ is given. This

vector field should have zero normal component on @˝3:

j � n D 0 (1.1)

and vanish outside ˝3.

Both ˝1t and ˝3 are surrounded by a vacuum region˝2t . The domain˝ D ˝1t [˝3 [˝2t
is bounded by a compact perfectly conducting surface S . If is assumed that the domains ˝1t and

˝3 are disjoint, as well as the surfaces S and �t (see Fig. 1).

The case S D ;; ˝ D R
3 is not excluded.

The state of the medium in ˝ is characterized by the following functions:

� v.x; t/: the velocity vector field of the liquid,

� p.x; t/: the pressure function,

� H .x; t/, x 2 ˝: the magnetic intensity,

� B.x; t/: the magnetic induction,

� E .x; t/, x 2 ˝: the electric intensity.

The vector fieldsH .x; t/ and B.x; t/ are connected by the relation

B.x; t/ D �H .x; t/

where � is a piece-wise constant function of magnetic permeability taking positive values �1 in

˝1t , �2 in˝2t , �3 in˝3. The domain˝3 may consist of several components with different values

of �3.
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The motion of the liquid is governed by the Navier–Stokes equations
(
vt C .v � r/v � r � T .v; p/ � r � TM .H / D f .x; t/;

r � v.x; t/ D 0; x 2 ˝1t ; t > 0;
(1.2)

where

� T .v; p/ D �pI C �S.v/ is the viscous stress tensor,

� S.v/ D rvC .rv/T is the doubled rate-of-strain tensor,

� TM .H / D �.H ˝H � 1
2
jH j2I / is the magnetic stress tensor.

Electric and magnetic fields satisfy the system of the Maxwell equations with the omitted

displacement current
8
ˆ̂̂
<
ˆ̂̂
:

�H t D �rotE ; r �H D 0; x 2 ˝1t [˝2t [˝3;

rotH D ˛.E C �.v �H //; x 2 ˝1t ; t > 0;
rotH D ˛E C j .x; t/; x 2 ˝3;
rotH D 0; r �H D 0; r �E D 0; x 2 ˝2t :

(1.3)

where ˛ is a piece-wise constant function of conductivity, positive for x 2 ˝1t [ ˝3 and equal

to zero in ˝2t . The last equation for E follows from the fact that the vacuum region ˝2t can not

contain electric charges.

Let us turn to the boundary conditions on the exterior boundary S and on the interfaces �t and

S3 separating media with different physical properties. On fixed surfaces S3 D @˝3 and S standard

boundary and jump conditions are prescribed (see [1, 2]):
(
H � n D 0; E � D 0; x 2 S;
Œ�H � n� D 0; ŒH � � D 0; ŒE � � D 0; x 2 S3;

(1.4)

and on the free surface �t we have
( �
T .v; p/C ŒTM .H /�

�
n D �nH; Vn D v � n;

Œ�H � n� D 0; ŒH � � D 0;
(1.5)
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where

� H is the doubled mean curvature of �t ,

� H � D H � n.n �H /, E � D E � n.n �E/ are tangential components ofH and E ,

� ŒF � is a jump of the vector field F .x/; x 2 ˝1t [˝2t [˝3, on �t and S3,

� Vn is the velocity of evolution of �t in the direction of the exterior normal n.

It remains to write the jump condition for E � on �t . Usually the jump conditions are deduced

from the Maxwell equations, assuming that they are satisfied in the sense of the distribution theory.

For instance, from Z

K

B � r'.x/dx D 0

where ' 2 C1
0 .K/, K � ˝ , K [ �t ¤ ; it follows that

�
Z

K

r �B'dx C
Z

�t \K

ŒB � n�'dS D 0;

and this implies

r �B D 0; x 2 K n �t ; ŒB � n� D 0; x 2 �t \K: (1.6)

In the same way the jump condition ŒH � �j�t
D 0 is deduced. Moreover, if the equation B t D

�rotE is satisfied in a generalized sense, i.e.,

Z t0C�

t0

Z

K

.�B � 't CE � rot'/dxdt D 0;

then on the manifold G� D fx 2 �t ; t 2 .t0; t0 C �/g � R
4 the relation

nt ŒB� �C Œnx �E � D 0 (1.7)

holds, where nx D .n1; n2; n3/ and nt are components of the normal vector n to G� in R
4. In

particular, for fixed interfaces, when nt D 0, the condition (1.7) takes a standard form Œnx�E � D 0,

i.e., ŒE � � D 0:

The following proposition is important for the construction of the solution of (1.2)–(1.5), (1.7).

PROPOSITION 1 If the relations (1.6) and (1.7) are satisfied, then

Œn � rotE � D �Œn �B t �; x 2 �t : (1.8)

Proof. Suppose the surface G� � K � .t0; t0 C �/ � R
4 is given by the equation �3 D z.�1; �2; t/,

where .�1; �2; �3/ are Cartesian coordinates in R
3. The functions given on G� can be considered as

functions of �1; �2; t . The normal n to G� is parallel to the vector .en; zt /; where en D .z�1
; z�2

;�1/:
It is easily verified that

�Œen � rotE � D
�
z�1
.E2;3 � E3;2/C z�2

.E3;1 �E1;3/ � .E1;2 � E2;1/
�

D
� @

@�1
.z�2

E3 C E2/C @

@�2
.�E1 � z�1

E3/
�

D @

@�1
Œen �E �1 C @

@�2
Œen �E �2; (1.9)
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where Ei;j is the partial derivative of Ei with respect to �j and

@E

@�˛
D E ;˛ C z�˛

E ;3; ˛ D 1; 2;

are derivatives calculated taking into account the dependence of E on �3. By (1.7), the equation

(1.9) is equivalent to

�Œen � rotE � D � @

@�1
zt ŒB1� �

@

@�2
zt ŒB2�

D �Œz�1;tB1 C ztB1;1 C z�1
ztB1;3 C z�2;tB2 C ztB2;2 C z�2

ztB2;3�: (1.10)

Now we differentiate Œen �B� D 0 with respect to t , which leads to

Œz�1;tB1 C z�1
B1;t C ztz�1

B1;3 C z�2;tB2 C z�2
B2;t C z�2

ztB2;3 � B3;t � ztB3;3� D 0: (1.11)

When we add (1.11) to (1.10) and take the equation r �B D 0 into account, we obtain

�Œen � rotE � D Œz�1
B1;t C z�2

B2;t � B3;t � D Œen �B t �;

The proof of the Proposition is due to Dr. N. Filonov.

Let us go back to the formulation of the problem. At the initial moment t D 0 the configuration

of the liquid and the values of v.x; 0/ andH .x; 0/ are prescribed:

v.x; 0/ D v0.x/; x 2 ˝10; H .x; 0/ D H 0.x/; x 2 ˝10 [˝20 [˝3; (1.12)

where ˝10; ˝20 are given domains. Finally, we need some normalization conditions for E.x; t/,

x 2 ˝2. Indeed, together with E the vector field E C E 0 also satisfies (1.3), (1.4), if E 0 D 0 in

˝1t [˝3 and E 0 is so called Dirichlet vector field in ˝2t , satisfying the conditions

rotE 0.x; t/ D 0; r �E 0.x; t/ D 0; x 2 ˝2t ; E 0
� D 0; x 2 @˝2t ;

in other words, E 0.x; t/ D
Pb2

jD1 Cj .t/�j .x; t/;

r2�j .x; t/ D 0; x 2 ˝2t ; �j .x; t/
ˇ̌
x2Sk

D ıjk; �j .x; t/
ˇ̌
x2�t

D 0;

where Sk, k D 1; : : : ; b2 are all the connected components of @˝2t , except �t and b2 is the second

Betti number of ˝2t . The normalization conditions can be taken in the form

Z

Sk

E � ndS D 0: (1.13)

Since the matrix with the elements
R
Si

@�j

@n
dS , i; j D 1; : : : ; b2 is not degenerate, the equations

(1.13) define Cj .t/ (and the vector field E.x; t/, x 2 ˝2t ) in a unique way.
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The aim of the paper is to prove local (in time) unique solvability of the problem (1.2)–(1.5),

(1.7), (1.12), (1.13) under the assumption that the initial data satisfy only natural compatibility

conditions

r � v0.x/ D 0; x 2 ˝10;
�
.S.v0/n/�

�
D 0; x 2 �0;

r �H 0.x/ D 0; x 2 ˝10 [˝20 [˝30; rotH 0.x/ D 0; x 2 ˝20;
ŒH 0� � D 0; Œ�H 0 � n0� D 0; x 2 �0;
ŒH 0� � D 0; Œ�H 0 � n� D 0; x 2 S3;
H 0.x/ � n D 0; x 2 S;

(1.14)

where n0 is the exterior normal to �0.

The precise formulation of the result is given in Theorem 2.1.

2. Transformation of the problem and formulation of the main result

It is customary to write free boundary problems as nonlinear problems in fixed domains. We

introduce now the corresponding coordinate transformation. We assume that �0 is located in the

neighborhood of a smooth connected surface G of arbitrary topological type, and can be regarded as

a normal perturbation of G:

�0 D
˚
x D y CN .y/�0.y/; y 2 G

	
;

where �0 is a given small function andN .y/ is the exterior normal to G. Moreover, we assume that

also for t > 0

�t D
˚
x D y CN .y/�.y; t/; y 2 G

	
; (2.1)

with an unknown function �.y; t/ such that �.y; 0/ D �0.y/. We extend N .y/ and �.y; t/ from G

into ˝ in such a way that the extension N � of N is a smooth non-zero regular function in ˝ and

�� vanishes in ˝3 and near S [ S3 and satisfies the inequalities (4.11) (hence �� is small for small

�). We denote by F1 the domain bounded by G and we set F2 D ˝ n .F1 [ ˝3/; ˝3 � F3 (for

uniformity of notation).

The transformation

x � e�.y; t/ D y CN �.y/��.y; t/; y 2 G (2.2)

maps Fi on˝i t , i D 1; 2, and leaves˝3 invariant. We denote by L D L.y; ��/ D .lij /i;jD1;2;3 the

Jacobi matrix of the transformation (2.2) and we set J D detL, bL D JL
�1 D .bLij /i;jD1;2;3; bL is

the co-factors matrix of L. We note that J.y; ��/ D 1 and L D bL D I for y 2 F3 and y 2 S .

We set

u.y; t/ D v.e�; t/ q.y; t/ D p.e�; t/;

introduce new unknown vector fields

h D bLH .e�; t/; e D bLE.e�; t/; (2.3)
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and make use of the formulas

n.e�/ D
bLT .y; �/N .y/
jbLT .y; �/N .y/j

; y 2 G; (2.4)

r � h.y; t/ D bLTry �H .e�; t/ D J.y; ��/rx �H .x; t/jxDe�.y;t/;

r � e.y; t/ D J.y; ��/rx �E .x; t/jxDe�.y;t/;

rotxH .x; t/ D L

J
rotyPh.y; t/; rotxE.x; t/ D L

J
rotyP e.y; t/;

(2.5)

where x D e�.y; t/ and

P .y; ��/ D L
T

J
L: (2.6)

Repeating the calculations from [20], Sec.1, we show that the transformation (2.2) converts (1.2)–

(1.5) in
8
<̂

:̂

ut � ��
t .L

�1N �.y/ � r/uC .L�1u � r/u
�er � eT .u; q/ � er � TM .L

J
h/ D f .e�; t/;

r � bLu D 0; y 2 F1; t > 0;

(2.7)

8
ˆ̂̂
<
ˆ̂̂
:

�.ht � 1
J

bLtLh � ��
t
bL.L�1N �.y/ � r/ 1

J
Lh/ D �rotP e; y 2 F1 [ F2 [ F3;

P rotPh D ˛.P e C �.L�1u � h//; r � h D 0; y 2 F1;

rotPh D 0; r � h D 0; r � e D 0; x 2 F2;

roth D ˛e C j .y; t/; r � h D 0; y 2 F3;

(2.8)

(
h � n D 0; e� D 0; y 2 S;
Œ�h � n� D 0; Œh� � D 0; Œe� � D 0; y 2 S3;

(2.9)

8
<
:
Œ�h �N � D 0;

�
h � bLbLT N

jbLT N j2
.h �N /

�
D 0;

eT .u; q/n.e�/C
�
T .L

J
h/n.e�/

�
D �Hn; �t D u�bLT N

�.y;�/
; y 2 G;

(2.10)

where

� er D L
�Try is the transformed gradient rx (”T ” means transposition, L

�T D .L�1/T /;

� eS.u/ D eruC .eru/T is the transformed rate-of-strain tensor,

� eT .u; q/ D �qI C �eS.u/ is the transformed stress tensor,

� �.y; �/ D N .y/ � bL.y; �/N .y/ D 1 � �HG.y/C �2KG.y/

and

� HG, KG are the doubled mean curvature and the Gaussian curvature of G; respectively.

Now we turn to the boundary condition (1.7). We compute the components nt and nx of the

normal to the surface fx 2 �t ; t 2 .0; T /g in R
4. We consider the four-dimensional transformation

.x; t 0/ D e�.y; t/ defined by

x D e�.y; t/; t 0 D t (2.11)

and we make use of the four-dimensional analog of (2.4), i.e.,

n.e�; t/ D
bLTN 0

jbLTN 0j
;
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whereN 0.y/ D .N1.y/;N2.y/;N3.y/; 0/ is the normal to G�.0; T / and bL is the co-factors matrix

corresponding to the transformation (2.11). The Jacobi matrix of this transformation is given by

L D

0
BB@

l11 l12 l13 N �
1 .y/�

�
t .y; t/

l21 l22 l23 N �
2 .y/�

�
t .y; t/

l31 l32 l33 N �
3 .y/�

�
t .y; t/

0 0 0 1

1
CCA ;

hence

bL D

0
BBB@

bL11 bL12 bL13 �.bLN /1�t .y; t/
bL21 bL22 bL23 �.bLN /2�t .y; t/
bL31 bL32 bL33 �.bLN /3�t .y; t/
0 0 0 J

1
CCCA

for y 2 G and
bLTN 0 D .bLTN ;���t /:

It follows that (1.7) is equivalent to

���t Œ�H �C ŒbLTN �E � D 0; x D e�.y; t/ (2.12)

or, in view of the algebraic identity Af �Ag D bAT .f �g/ and the kinematic boundary condition,

to

�.u � bLTN /Œ�h�C J ŒN � P e� D 0: (2.13)

Finally, we have the initial and normalization conditions

8
<̂

:̂

u.y; 0/ D u0.y/ D v0.e�0
/; y 2 F1; �.y; 0/ D �0.y/; y 2 G;

h0.y; 0/ D h0.y/ D bL.y; ��
0 /H 0.e�0

/; y 2 F1 [ F2 [ F3;R
Sk
e.y; t/ � n.y/dS D 0; k D 1; : : : ; b2.F2/:

(2.14)

We find the solution of the problem (2.7)–(2.10), (2.13), (2.14) in anisotropic Sobolev–Slobodetskii

spaces. We recall the definition of the corresponding norms. Let ˝ be a domain in R
n. The

(isotropic) Sobolev space W l
2 .˝/ with l > 0 is the space of functions u.x/, x 2 ˝ , with the

norm

kuk2
W l

2
.˝/

D
X

06jj j6l

kDjuk2L2.˝/
�

X

06jj j6l

Z

˝

jDju.x/j2dx;

if l D Œl �, i.e. l is an integral number, and

kuk2
W l

2
.˝/

D kuk2
W

Œl�
2
.˝/

C
X

jj jDŒl�

Z

˝

Z

˝

jDju.x/ �Dju.y/j2 dxdy

jx � yjnC2�
;

if l D Œl �C�; � 2 .0; 1/. As usual,Dju denotes a (generalized) partial derivative @jj ju

@x
j1
1
:::@x

jn
n

where

j D .j1; j2; : : : ; jn/ and jj j D j1C: : :Cjn. The anisotropic spaceW
l;l=2
2 .QT /,QT D ˝�.0; T /,

can be defined as

L2
�
.0; T /;W l

2 .˝/
�

\W l=2
2

�
.0; T /; L2.˝/

�
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and supplied with the norm

kuk2
W

l;l=2
2

.QT /
D

Z T

0

ku.�; t/k2
W l

2
.˝/
dt C

Z

˝

ku.x; �/k2
W

l=2
2

.0;T /
dx: (2.15)

There exist many other equivalent norms inW
l;l=2
2 .QT /; some of them will be used below. Sobolev

spaces of functions given on smooth surfaces, in particular, on G and on GT D G � .0; T /,

are introduced in a standard way, with the help of local maps and partition of unity. We also

find it convenient to introduce the spaces W
l;0
2 .QT / D L2.0; T IW l

2 .˝// and W
0;l=2
2 .QT / D

W
l=2
2 .0; T IL2.˝//I the squares of norms in these spaces coincide, respectively, with the first and

the second integral in (2.15).

In order to obtain uniform estimates of the solutions of the above problem for small T , we

introduce in W
l;l=2
2 .QT / equivalent norms defined by

kukbW l;l=2
2

.QT /
D kuk

W
l;l=2

2
.QT /

;

if l=2 is an integer or l=2 D Œl=2�C �; � 2 .1=2; 1/,

kuk2bW l;l=2
2

.QT /
D kuk2

W
l;l=2

2
.QT /

C 1

T 2�
k @

Œl=2�

@t Œl=2�
uk2L2.QT /

;

if � 2 .0; 1=2/, and

kuk2
H l;l=2.OT /

D kuk2bW l;l=2
2

.OT /
C

X

06j<.l�1/=2

sup
t<T

kDj
t u.�; t/k2W l�1�2j

2
.˝/
:

Similar norms can be introduced on the manifold GT D G � .0; T /. The advantages furnished by

working with H -norms are discussed in [22, Propositions 1.1 and 1.2].

We prove the following theorem.

THEOREM 1 Let u0 2 W lC1
2 .F1/, �0 2 W lC2

2 .G/, h0 2 W l 0C1
2 .Fi /; i D 1; 2; 3; with 1=2 < l 0 <

l < 1, and let the compatibility conditions

er � u0 D 0; y 2 F1; eS.u0/n0.e�0
/ � n0.n0 � eS.u0/n0/ D 0; y 2 G;

r � h0 D 0; y 2 Fi ; i D 1; 2; 3;

rotP .y; �0/h0 D 0; y 2 F2;

Œ�h0 �N � D 0; Œh0� � D
�bL.y; �0/bLTN

jbLTN j2
�N

�
Œh0 �N �; y 2 G;

Œ�h0 � n� D 0; Œh0� � D 0; y 2 S3;
h0 � njS D 0;

(2.16)

and the smallness condition

k�0kW lC3=2
2

.G/
6 � � 1 (2.17)

be satisfied. Assume also that

f 2 W l=2
2

�
0; T IW 2

2 .R
3/

�
\W lC2;0

2

�
R
3 � .0; T0/

�
;

j 2 W l 0=2
2

�
0; T IW 1

2 .F3/
�

\W
l 0C1;0
2

�
F3 � .0; T0/

� (2.18)
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and that the condition (1.1) holds. Then the problem (2.7)–(2.11) has a unique solution defined in a

certain (small) time interval .0; T / with the following regularity properties:

u 2 W 2Cl:1Cl=2
2 .Q1

T /; rq 2 W l;l=2
2 .Q1

T /;

q 2 W lC1=2;0
2 .GT / \W l=2

2

�
0; T IW 1=2

2 .G/
�
;

� 2 W lC5=2;0
2 .GT / \W l=2

2

�
0; T IW 5=2

2 .G/
�
;

�t 2 W lC3=2;l=2C3=4
2 .GT /; h.i/ 2 W l 0C2;l 0=2C1

2 .Qi
T /;

e.i/ 2 W l 0C1;0
2 .Qi

T / \W l 0=2
2

�
0; T IW 1

2 .Fi /
�
;

where Qi
T D Fi � .0; T /; GT D G � .0; T /, h.i/ D hjQi

T
, e.i/ D ejQi

T
, i D 1; 2; 3: The solution

satisfies the inequality

kukH lC2;l=2C1.Q1
T
/ C krqkbW l;l=2

2
.Q1

T
/

C kqk
W

lC1=2;0
2

.GT /
C kqkbW l=2

2

�
0;T IW

1=2
2

.GT /
�

C k�k
W

lC5=2;0
2

.GT /
C k�kbW l=2

2

�
0;T IW

5=2
2

.GT /
� C k�tkH lC3=2;l=2C3=4.GT //

C sup
t<T

k�.�; t/k
W

lC2
2

.G/
C

3X

iD1

h.i/kH l0C2;l0=2C1.Qi
T
/

C
3X

iD1

�
ke.i/k

W
l0C1;0

2
.Qi

T
/
C ke.i/kbW l0=2

2

�
0;T IW 1

2
.G/

��

6 c
�
kf kbW l;l=2

2
.Q1

T
/

C kHGk
W

lC1=2
2

.G/
C ku0kW lC1

2
.F1/

C k�0kW lC2
2

.G/

C
3X

iD1

kh0kW l0C1
2

.˝i0/
C kj k

W
l0C1;0

2
.Q3

T
/

C kj kbW l0=2
2

�
0;T IW 1

2
.F3/

�
�
:

(2.19)

For the problem (1.2)–(1.5), (1.7), (1.12), (1.13) this means that it is solvable in the time interval

.0; T / and

v ı e� 2 W 2Cl:1Cl=2
2 .Q1

T /; rp ı e� 2 W l;l=2
2 .Q1

T /;

p ı e� 2 W lC1=2;0
2 .GT / \W l=2

2

�
0; T IW 1=2

2 .G/
�
;

� 2 W lC5=2;0
2 .GT / \W

l=2
2

�
0; T IW 5=2

2 .G/
�
;

�t 2 W lC3=2;l=2C3=4
2 .GT /; H .i/ ı e� 2 W l 0C2;l 0=2C1

2 .Qi
T /;

E .i/ ı e� 2 W l 0C1;0
2 .Qi

T / \W
l 0=2
2 .0; T IW 1

2 .Fi //; i D 1; 2; 3:

Once the solution with the above-mentioned properties is obtained, it can be shown that

h.i/ 2 W lC2;l=2C1
2 .Qi

T /;

e.i/ 2 W lC1;0
2 .Qi

T / \W
l=2
2

�
0; T IW 1

2 .Fi /
�
; i D 1; 2; 3;

provided h0 2 W lC1
2 .˝i0/, i D 1; 2; 3; j 2 W lC1;0

2 .Q3
T / \W

l=2
2 .0; T IW 1

2 .F3// (see Sec. 4).

The restriction l > 1=2 comes from the estimates of nonlinear terms, and l < 1 can be relaxed

and replaced with l < 5=2. For l > 5=2 additional compatibility conditions are required.
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Theorem 1 is proved in the paper [20] under the following extra assumptions: f D 0, j D 0,

˝3 D ;,˝1 and˝ are simply connected. In this case the equations rotH D 0; r�H D 0; x 2
˝2t imply

H .2/ D r'; (2.20)

where ' is a solution of the Neumann problem

r2'.x; t/ D 0; x 2 ˝2t ; �2
@'

@n
D �1H

.1/ � n; x 2 �t ;
@'

@n
D 0; x 2 S (2.21)

and H .i/.x; t/ D H .x; t/jx2˝it
. Hence H .2/ is completely determined by H .1/ � njx2�t

, which

permits to excludeE and to work only with the functionH .1/ satisfying the relations
8
ˆ̂̂
<̂
ˆ̂̂
:̂

�1H t C ˛�1rot rotH � �1rot.v �H / D 0;

r �H .x; t/ D 0; x 2 ˝1t ;
H � D B.H .1/ � n/; x 2 �t ;
H .x; 0/ D H 0.x/; x 2 ˝10;

where B is a non-local linear operator defined through (2.21). In the general case (2.20) is not true,

nevertheless, one can separate the determination of u; �;h from that of e. Let  2 W
1;0
2 .Qi

T /,

i D 1; 2; 3 be a test vector field satisfying the conditions

r � .y; t/ D 0; y 2 F1 [ F2 [ F3; rot .y; t/ D 0; y 2 F2; (2.22)

Œ� �N � D 0; Œ � � D 0; y 2 G;

Œ� � n� D 0; Œ � � D 0; y 2 S3;
 � n D 0; y 2 S:

(2.23)

Since, in view of (2.13),

Z

˝

rotP e.y; t/ � .y; t/dy D
Z

˝

P e � rot dy C
Z

G

u � bLTN
J

Œ�h� � dS;

it is easy to obtain from the equations (2.8) the integral identity

Z T

0

Z

˝

�
�
ht �˚.h; �/

�
� .y; t/dydt C

Z T

0

Z

F1[F3

˛�1
P rotPh � rot .y; t/dydt

� �1
Z T

0

Z

F1

.L�1u � h/ � rot .y; t/dydt C
Z T

0

dt

Z

G

	 .u;h; �/ � dS

D
Z T

0

Z

F3

˛�1j .y; t/ � rot .y; t/dydt; (2.24)

where

˚.h; �/ D 1

J
bLtLhC ��

t
bL.L�1N �.y/ � r/ 1

J
Lh;

	 .u;h; �/ D u � bLTN
J

Œ�h�:

(2.25)

This identity, together with the initial and boundary conditions for h and the equation rotPh D 0

in ˝2, constitutes a nonlinear problem studied in Sec. 4.
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3. Linear problems

The proof of the solvability of the problem (2.7)–(2.10) is based on the analysis of the following

non-homogeneous linear problems:

1. Find .v; p; �/ such that

8
ˆ̂̂
ˆ̂̂
<
ˆ̂̂
ˆ̂̂
:

vt � �r2vCm.y; t/�� C rp D f .y; t/;

r � v D f .y; t/ D r � F .y; t/; y 2 F1; t > 0;

T .v; p/N .y/C �N .y/B� D d.y; t/;

�t C V .x/ � r�� � v �N .y/ D g.y; t/; y 2 G;

v.y; 0/ D v0.y/; y 2 F1; �.y; 0/ D �0.y/; y 2 G;

(3.1)

where B� D ��G� � b.y/�, b D .H2
G � 2KG/, �G is the Laplace–Beltrami operator on G,

2. Find the vector fieldH .y; t/, satisfying the equations

rotH .y; t/ D rot`.y; t/; y 2 F2; H .y; 0/ D H 0.y/; y 2 F1 [ F2 [ F3;

Œ�H �N � D 0; ŒH � � D a; y 2 G; Œ�H � n� D 0; ŒH � � D 0; y 2 S3;
H � n D 0; y 2 S:

(3.2)

and the integral identity

Z T

0

Z

˝

�H t � .y; t/dydt C
Z T

0

Z

F1[F3

˛�1rotH � rot .y; t/dydt

D
Z T

0

Z

F1[F3

G1.y; t/ � rot .y; t/dydt C
Z T

0

Z

˝

�G2.y; t/ � .y; t/dydt;
(3.3)

with the same kind of the test function .y; t/ as in (2.24).

In addition, we need to consider the auxiliary problem

8
ˆ̂̂
<
ˆ̂̂
:

roth.y/ D k.y/; r � h D 0; y 2 F1 [ F2 [ F3;

Œ�h �N � D 0; Œh� � D a; y 2 G;

Œ�h � n� D 0; Œh� � D 0; y 2 S3;
h � n.y/ D 0; y 2 S:

(3.4)

We start with the existence theorem for the problem (3.1).

THEOREM 2 Assume that l 2 .1=2; 1/ and that the data of the problem (3.1) possess the

following regularity properties: f 2 W
l;l=2
2 .Q1

T /, f 2 W
lC1;0
2 .Q1

T /, F 2 W
0;1Cl=2
2 .Q1

T /,

d � N 2 W
lC1=2;0
2 .GT / \ W

l=2
2 .0; T IW 1=2

2 .G//, d � N .d � N / 2 W
lC1=2;l=2C1=4
2 .GT /, g 2

W
lC3=2;l=2C3=4
2 .GT /, v0 2 W lC1

2 .F1/; �0 2 W lC2
2 .G/, where T < 1, Q1

T D F1 � .0; T /,

GT D G � .0; T /. Moreover, let m 2 W
l;l=2
2 .Q1

T /, V 2 W
lC3=2
2 .G/ and let the compatibility

conditions
r � v0.x/ D f .x; 0/; x 2 F1;

�˘GS.v0/N D ˘Gd.x; 0/; x 2 G;
(3.5)
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be satisfied, where

˘Gd D d �N .N � d/
is the tangential component of d on G. Then the problem (3.1) has a unique solution v; p; � such

that

v 2 W lC2;l=2C1
2 .Q1

T /; rp 2 W l;l=2
2 .Q1

T /; p 2 W lC1=2;0
2 .GT / \W

l=2
2 .0; T IW 1=2

2 .G//;

� 2 W lC5=2;0
2 .GT / \W l=2

2 .0; T IW 5=2
2 .G//; �t 2 W lC3=2;l=2C3=4

2 .GT /;

and the solution satisfies the inequality

kvkH lC2;l=2C1.Q1
T
/ C krpkbW l;l=2

2
.Q1

T
/
C kpk

W
lC1=2;0

2
.GT /

C kpkbW l=2
2
.0;T IW

1=2
2

.GT //

C k�k
W

lC5=2;0
2

.GT /
C k�kbW l=2

2
.0;T IW

5=2
2

.GT //
C k�tkH lC3=2;l=2C3=4.GT /

6 c
�
kf kbW l;l=2

2
.Q1

T
/
C kf k

W
lC1;0

2
.Q1

T
/

C kF kbW 0;1Cl=2

2
.Q1

T
/

C k˘GdkH lC1=2;l=2C1=4.GT /
C kd �Nk

W
lC1=2;0

2
.GT /

C kd �NkbW l=2
2
.0;T IW

1=2
2

.G//

C kgkH lC3=2;l=2C3=4.GT /
C ku0kW lC1

2
.F1/

C k�0kW lC2
2

.G/

�
:

(3.6)

This theorem is proved in [23] in the case m D 0. The term m�� in (3.1) is weak and can be

estimated by the interpolation inequality

km��kbW l;l=2
2

.Q1
T
/

6 c�.k�k
W

lC5=2;0
2

.GT /
C k�tkW lC3=2;l=2C3=4

2
.GT //

/C c.�/k�kL2.GT /;

with arbitrarily small �, so the result of [23] extends to the case m ¤ 0 in a standard way.

Before discussing the problems (3.2), (3.3) and (3.4), we recall some basic results concerning

the space L2.D/ of square summable vector fields given in the domain D � R
3 with a smooth

connected boundary @D. We introduce the finite dimensional spaces of the Neumann and Dirichlet

vector fields

Un.D/ D fu 2 W 1
2 .D/ W r � u D 0; rotu D 0; u � nj@D D 0g;

Ud .D/ D fv 2 W 1
2 .D/ W r � v D 0; rotv D 0; v� j@D D 0g:

The dimensions of these spaces are equal to the first and the second Betti numbers of D, b1.D/ and

b2.D/, respectively. Following [24, 17], we recall the structure of the Neumann vector fields. In the

case b1.D/ > 0 there exist b1.D/ closed contours C 2 R
3 n D generating the first homology group

of R
3 n D, end every such contour generates the Neumann vector field of the form

u D u1 C u2

with u1 given through the Biot–Savart law

u1.x/ D
Z

C

x � y

jx � yj3 � d ly

and u2 D r',

4' D 0; in D;
@'

@n

ˇ̌
@D

D �u1 � n
ˇ̌
@D
:
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As for b2.D/, it is equal to the number of connected components �j of the boundary of D minus

one (denoted by �0), and the basis in Ud .D/ consists of vector fields vk.x/ D r˚k.x/, where ˚k
is a solution of the Dirichlet problem

�2˚k D 0; ˚kj�j
D ıkj ; k; j D 1; : : : ; b2.D/; ˚kj�0

D 0:

We also recall the Weyl decomposition formula for the space L2.D/ [25]:

L2.D/ D
ı

G.D/˚ U.D/˚
ı

J .D/ D G.D/˚
ı

J .D/ D
ı

G.D/˚ J.D/; (3.7)

where
ı

G.D/ D fu 2 L2.D/ W u D r'; ' 2 W 1
2 .D/; 'j@D D 0g;

U.D/ D fu 2 L2.D/ W u D r ;  2 W 1
2 .D/; r2 D 0g;

ı

J .D/ D fu 2 L2.D/ W r � u D 0; u � nj@D D 0gI

G.D/ D
ı

G.D/ ˚ U.D/ is the space of the potential vector fields and J.D/ D
ı

J .D/ ˚ U.D/ is

the space of divergence free vector fields.

It is clear that Un.D/ �
ı

J .D/ and Ud .D/ � U.D/:

Following [17], we introduce in the domain ˝ D F 1 [ F2 [ F 3 the b1.˝/-dimensional space

of the modified Neumann vector fields eU n.˝/ whose elements euk.y/ satisfy the relations

roteuq.x/ D 0; r � euq.x/ D 0; x 2 Fi ; i D 1; 2; 3;

Œ�euq �N � D 0; Œeuq� � D 0; x 2 G;

Œ�euq � n� D 0; Œeuq� � D 0; x 2 S3;
euq.x/ � n.x/ D 0; x 2 S:

It is clear that euq.x/ D uq.x/C r!q.x/ W uq 2 Un.˝/,
8
ˆ̂̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂
ˆ̂:

r2!q.x/ D 0; x 2 Fi ; i D 1; 2; 3;

Œ�
@!q

@N
� D �Œ��uq �N ; Œ!q � D 0; x 2 G;

Œ�
@!q

@n
� D �Œ��uq � n; Œ!q � D 0; x 2 S3;

@!q

@n
D 0; x 2 S:

We denote by H
l.˝/ the space of the vector fields  2 W l

2 .Fi /; i D 1; 2; 3; satisfying (2.22),

(2.23). For l < 1=2 the boundary conditions (2.23) are replaced with

Œ� �N � D 0; y 2 G; Œ� � n� D 0; y 2 S3;  � n D 0; y 2 S; (3.8)

because  � has no sense in this case. By H
0.˝/ we mean the closure of H

l.˝/ in L2.˝/: If  2
H
0.˝/, then  .i/ 2 J.Fi /, i D 1:3: and  .2/ D r'.y/C

Pb1.F2/
iD1 cjwj .y/; where wj 2 Un.F2/
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and ' is the solution of the Neumann problem

8
<̂

:̂

r2'.y/ D 0; y 2 F2; �2
@'

@N
D �1 

.1/ �N ; y 2 G;

�2
@'

@n
D �3 

.3/ � n; y 2 S3;
@'

@n
D 0 y 2 S:

(3.9)

Along with (3.7), we shall use in ˝ the decomposition

L2;�.˝/ D G�.˝/˚
ı

J�.˝/ D
ı

G�.˝/˚ J�.˝/; (3.10)

where L2;�.˝/ is the space L2.˝/ supplied with the scalar product

.u; v/� D
Z

˝

�u � vdy; (3.11)

ı

J�.˝/ is the space of divergence free vector fields satisfying the conditions (2.23), and G�.˝/ D
G.˝/ D fu D r'; ' 2 W 1

2 .˝/g. The projection operator P� on
ı

J�.˝/ is defined by P�u D
u � r'; where ' 2 W 1

2 .˝/ is the solution of the problem

8
<̂

:̂

r2' D r � u.y/; Œ'�jG[S3
D 0;

�
�
@'

@N

�ˇ̌
G

D Œ�u �N �jG;
�
�
@'

@n

�ˇ̌
S3

D Œ�u � n�jS3
;

@'

@n

ˇ̌
S

D u � njS ;
(3.12)

or, in a weak form,
Z

˝

�r' � r�dy D
Z

˝

�u � r�dy; 8� 2 W 1
2 .˝/;

and it is continuous not only in L2.˝/, but also in [3iD1W r
2 .Fi /, which is a consequence of the

estimates of the solution of (3.12).

It is clear that H
l.˝/;eU n.˝/ �

ı

J�.˝/. We denote by PHf , f 2
ı

J �.˝/, the projection of f

on H
0 and by PH?

f the projection of f on the subspace H
0
? � H

0 whose elements are orthogonal

to eU n.˝/: Z

˝

� � euqdy D 0; q D 1; : : : ; b1.˝/: (3.13)

It is easily verified that for f 2 J�.˝/

PHf .y/ D

8
ˆ̂<
ˆ̂:

f .i/.y/; y 2 Fi ; i D 1; 3;

r'.y/C
b1.F2/X

jD1

ajwj .y/; y 2 F2;

where '.y/ is a solution of the Neumann problem

8
<
:

r2'.y/ D 0; y 2 F2;

@'

@n

ˇ̌
ˇ
S

D 0;
@'

@N
D f .2/.y/ �N ; y 2 G [ S3
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(note that Œ�f � D 0 on G [ S3), wj .y/ are the Neumann vector fields in F2 orthonormalized in

L2.F2/ and

ak D
Z

F2

f .2/.y/ �wk.y/dy; k D 1; : : : ; b1.F2/:

As P�, the operators PH and PH?
are continuous not only in L2.˝/, but also in [3iD1W r

2 .Fi /.

Now we turn to the problem (3.4).

THEOREM 3 If k 2 W lC1
2 .Fi /, i D 1; 2; 3 and the conditions

r � k.y; t/ D 0; y 2 F1 [ F2 [ F3;

k � njS D 0; Œk � n�S3
D 0; Œk �N � D N � rota; y 2 G

hold, then the problem (3.4) has a unique solution h 2 W lC2
2 .Fi /; i D 1; 2; 3, orthogonal to the

space eU n: Z

˝

�h � euqdx D 0; q D 1; : : : ; b1.˝/: (3.14)

The solution satisfies the inequality

3X

iD1

khk
W

lC2
2

.Fi /
6 c.

3X

iD1

kkk
W

lC1
2

.Fi /
C kak

W
lC3=2
2

.G/
/: (3.15)

Moreover, if

k D rotK ; ŒK � �jS3
D 0; K � jS D 0; ŒK � � � ˛jG D 0 (3.16)

and a is representable in the form a D ŒA�G with A.3/ D 0, A D 0 near S and S3, A.1/ �N jG D
A.2/ �N jG D 0; then

khkL2.˝/ 6 c
�
kKkL2.˝/ C kAkL2.˝/

�
: (3.17)

Proof. Following [20], we construct the solution in the form

h.y/ D a� C r C � C
b1.˝/X

jD1

cjeuj ; (3.18)

where a� is the extension of a into ˝ such that a�.y/ D 0 for y 2 F2 [ F3 and

ka�k
W

lC2
2

.F1/
6 ckak

W
lC3=2

2
.G/

(3.19)

The functions  .x/ and � we define as solutions to the problems

(
r2 D �r � a�.x/; x 2 F1 [ F2 [ F3;

Œ � D 0; Œ� @ 
@N
� D 0; x 2 G; Œ � D 0; Œ� @ 

@n
� D 0; x 2 S3; @ 

@n

ˇ̌
ˇ
S

D 0I (3.20)

(
rot� D k.x/ � rota�.x/; r � � D 0; x 2 F1 [ F2 [ F3;

Œ�� �N � D 0; Œ�� � D 0; x 2 G; Œ�� � n� D 0; Œ�� � D 0; x 2 S3; � � njS D 0:

(3.21)



FREE BOUNDARY PROBLEMS OF MAGNETOHYDRODYNAMICS 585

The solution of (3.21) has the form �.x/ D �1 C r! with

�1.x/ D 1

4�
rot

Z

˝

k.y/ � rota�.y/

jx � yj dy;

(
r2!.x/ D 0; x 2 F1 [ F2 [ F3; Œ!� D 0; Œ� @!

@N
� D �Œ���1 �N ; x 2 G;

Œ!� D 0; Œ� @!
@n
� D �Œ���1 � n; x 2 S3; @!

@n
D ��1 � n; y 2 S:

(3.22)

The constants cj are found from the orthogonality conditions (3.14):

0 D
Z

˝

�.a� C r C �/ � eukdx C
b1.˝/X

jD1

cj

Z

˝

�euj � eukdx; (3.23)

k D 1; : : : ; b1.˝/. It is clear that

b1X

iD1

jci j 6 cka� C r C �kL2.˝/;

which implies
3X

iD1

k
b1X

jD1

cjeuj k
W

lC2
2

.Fi /
6 cka� C r C �kL2.˝/: (3.24)

Making use of well known estimates of the Newtonian potential and of solutions of the elliptic

boundary value problems (3.20) and (3.22), we obtain

3X

iD1

kr k
W

lC2
2

.Fi /
6 cka�k

W
lC2

2
.F1/

6 ckak
W

lC3=2
2

.G/
;

3X

iD1

k�k
W

lC2
2

.Fi /
6 c

3X

iD1

kk � rota�k
W

lC1
2

.Fi /
6 c.

3X

iD1

kkk
W

lC1
2

.Fi /
C kak

W
lC3=2

2
.G/
/:

Together with (3.24), these inequalities yield (3.15) The uniqueness follows from the fact that the

solution of a homogeneous problem (3.4) belongs to eU n.˝/.
Now we prove (3.17). We use the following representation formula for h:

h D A C r	 CX C
b1.˝/X

jD1

cjeuj ;

where 	 andX are solutions to the problems

(
r2	.x/ D �r �A.x/; x 2 F1 [ F2 [ F3;

@	
@N

ˇ̌
ˇ
S

D 0;

Œ	 � D 0; Œ� @	
@N
� D 0; x 2 G; Œ	 � D 0; Œ� @	

@n
� D 0; x 2 S3;

(3.25)

(
rotX D rotk � rotA.x/; r �X D 0; x 2 F1 [ F2 [ F3; X � njS D 0;

Œ�X �N � D 0; ŒX � � D 0; x 2 G; Œ�X � n� D 0; ŒX � � D 0; x 2 S3:
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SinceAjS D 0; Œ�A �N �jG D 0; Œ�A � n�jS3
D 0; the problem (3.25) is solvable, and

kr	kL2.˝/ 6 ckAkL2.˝/: (3.26)

As for X , we represent it as the sum

X.x/ D X1.x/C rU.x/;

X1.x/ D 1

4�
rot

Z

˝

rot.K .y/ �A.y//
jx � yj dy;

(
r2U.x/ D 0; x 2 F1 [ F2 [ F3; ŒU.x/� D 0; Œ� @U

@N
� D �Œ��X 1 �N ; x 2 G;

ŒU.x/� D 0; Œ� @U
@n
� D �Œ��X 1 � n; x 2 S3; @U

@n
jS D �X1 � n:

Since ŒN �.K�A/�jG D N �.ŒK � ��a/jG D 0, we haveX1.x/ D 1
4�
rot

R
˝ r 1

jx�yj
�.K�A/dy,

and by the Calderon–Zygmund theorem

kX1kL2.˝/ 6 c
�
kKkL2.˝/ C kAkL2.˝/

�
: (3.27)

In addition,

krU kL2.˝/ 6 c
�
kX1 �Nk

W
�1=2

2
.G/

C kX1 � nk
W

�1=2
2

.S3/

�

6 ckX1kL2.˝/;
(3.28)

because X1 is divergence free.

Putting the inequalities (3.26)–(3.28) together, we obtain (3.17). The theorem is proved.

COROLLARY 1 Assume that k, K , a, A in (3.4), (3.16) depend on t 2 .0; T /, k 2 W
lC1;0
2 .Q

j
T /,

k.�; t/ 2 W l
2 .Fj /, j D 1; 2; 3, a 2 W

lC3=2;0
2 .GT /, a.�; t/ 2 W

lC1=2
2 .G/ 8t < T , K ;A 2

W
0;1Cl=2
2 .QT /. Then

3X

jD1

kh.j /k
H lC2;l=2C1.Q

j
T
/

6 c
� 3X

iD1

.kk.i/k
W

lC1;0
2

.Qi
T
/
C sup
t<T

kk.i/.�; t/kW l
2
.Fi /

C kKkbW 0;1Cl=2
2

.QT /
/
�

C kak
W

lC3=2;0
2

.GT /
C sup
t<T

kak
W

lC1=2
2

.G/

C kAkbW 0;1Cl=2

2
.QT /

: (3.29)

Estimate (3.29) follows from (3.15) and from (3.17) applied to the time derivative ht and to the

finite difference of the time derivative ht .x; t C s/ � ht .x; t/ (cf. the analogous corollary in [20]).

Let us pass to the problem 2. (3.2), (3.3).

THEOREM 4 Assume thatG1 2 W lC1;0
2 .Qi

T /\W
l=2
2 .0; T IW 1

2 .Fi //, i D 1; 3;G2 2 W l;l=2
2 .Qi

T /,

H 0 2 W lC1
2 .Fi /, i D 1; 2; 3; ` 2 W

lC2;l=2C1
2 .Q2

T /; `.y; t/jy2S3[S D 0, a 2 W
lC3=2;0
2 .GT /,
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a.�; t/ 2 W
lC1=2
2 .G/, 8t 2 .0; T /, a D ŒA�, A t 2 W

0;l=2
2 .QT / and that the compatibility

conditions

r �H 0.y/ D 0; y 2 F1 [ F2 [ F3; rotH 0.y/ D rot`.y; 0/; y 2 F2;

Œ�H 0 �N � D 0; ŒH 0� � D
� bLbLTN
jbLTN j2

N

ˇ̌
ˇ
�D�0

�N
�
ŒH 0 �N �;

Œ�H 0 � n� D 0; ŒH 0� � D 0; y 2 S3; H 0 � n D 0; y 2 S:

(3.30)

are satisfied. Then the problem 2. has a unique solutionH 2 W lC2;l=2C1
2 .Qi

T /, i D 1; 2; 3; and

3X

iD1

kH kH lC2;l=2C1.Qi
T
/

6 c.
X

jD1;3

.kG1kW lC1;0
2

.Q
j
T
/

C kG1kbW l=2
2
.0;T IW 1

2
.Fj //

/C
3X

iD1

kG2kbW l;l=2
2

.Qi
T
/

C k`k
W

lC2;0
2

.Q2
T
/

C sup
t<T

k`.�; t/k
W

lC1
2

.F2/
C k`kbW 0;lCl=2

2
.Q2

T
/

C kak
W

lC3=2;0
2

.GT /
C supt<T ka.�; t/k

W
lC1=2
2

.G/
C kAkbW 0;1Cl=2

2
.QT /

C
3X

iD1

kH 0kW lC1
2

.Fi /
/:

(3.31)

The solution is unique in the class of vector fields with the above-mentioned regularity properties

that are orthogonal to eU n.˝/:
Z

˝

�H � euk.y/dy D 0; k D 1; : : : ; b1.˝/:

Proof. Step 1. Reduction to the case ` D 0, a D 0.

We extend ` from F2 in F1 in such a way that the extension `� satisfies

k`�k
W

lC2
2

.F1[F2/
6 ck`�k

W
lC2
2

.F2/
;

k`kL2.F1[F2/ 6 ck`kL2.F2/;

then

k`�k
W

lC2;0
2

.Q1
T

[Q2
T
/

C k`�kbW 0;1Cl=2
2

.Q1
T

[Q2
T
/

6 c.k`k
W

lC2;0
2

.Q2
T
/

C k`kbW 0;1Cl=2
2

.Q2
T
/
/: (3.32)

For y 2 F3 we set `.y; t/ D 0: We define h1 as a solution of the problem (3.4) with k D rot.`� C
A/; it satisfies the inequality (3.29) with K D `� C A. For h D H � h1 we obtain the problem 2.

with ` D 0, a D 0 and with G1; G2 replaced by G 0
1 D G1 � ˛�1roth1; G

0
2 D G2 � h1t .

Step 2. Proof of the solvability of the Problem 2 with ` D 0; a D 0.
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This problem can be written in the form

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:̂

Z T

0

Z

˝

�ht � .y; t/dydt C
Z T

0

Z

F1[F3

˛�1roth � rot .y; t/dydt

D
Z T

0

Z

F1[F3

g1.y; t/ � rot .y; t/dydt C
Z T

0

Z

˝

�g2.y; t/ � .y; t/dydt;

r � h.y; t/ D 0; y 2 F1 [ F2 [ F3; roth.y; t/ D 0; y 2 F2;

Œ�h �N � D 0; Œh� � D 0; y 2 G;

Œ�h � n� D 0; Œh� � D 0; y 2 S3; h � n D 0; y 2 S;
h.y; 0/ D H 0.y/ � h1.y; 0/ � h0.y/;

(3.33)

where

g1 D PJG
0
1; g2 D PHP�G

0
2;

PJ is the orthogonal projection on the space
ı

J .F1 [ F3/.

Now we decompose g2 and h in the sum of linear combinations of the modified Neumann

vector fields euq.x/ in ˝ and of the vector fields that are orthogonal to eU n.˝/. We set

h D h0 C h
00

; g2 D g0
2 C g

00

2;

where

h0 D PH?
h; g 0

2 D PH?
g2; h

00

.y; t/ D
b1.˝/X

jD1

xj .t/euj .y/; g
00

2.y; t/ D
b1.˝/X

jD1

j .t/euj .y/:

In the same way we decompose the test function  and the initial datum h0. Then (3.33) is

decomposed in two problems. Setting  D  
00

, we reduce (3.33) to

h
00

t D g
00

2; h
00

.y; 0/ D h
00

0.y/; (3.34)

and for h0 we obtain the problem

8
ˆ̂̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂
ˆ̂:

R T
0

R
˝ �h

0
t � 0.y; t/dydt C

R T
0

R
F1[F3

˛�1roth0 � rot 0.y; t/dydt

D
R T
0

R
F1[F3

g1.y; t/ � rot 0.y; t/dydt C
R T
0

R
˝
�g 0

2.y; t/ � 0.y; t/dydt;

r � h0.y; t/ D 0; y 2 F1 [ F2 [ F3; roth0.y; t/ D 0; y 2 F2;

Œ�h0 �N � D 0; Œh0
� � D 0; y 2 G;

Œ�h0 � n� D 0; Œh0
� � D 0; y 2 S3; h0 � n D 0; y 2 S;

h0.y; 0/ D h0
0.y/:

(3.35)

Clearly, (3.34) is easily solved. We have

h
00

.y; t/ D h
00

0.y/C
Z t

0

g
00

2.y; �/d�; (3.36)
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which is equivalent to

xj .t/ D xj .0/C
Z t

0

j .�/d�; j D 1; : : : ; b1.˝/:

As for (3.35), this problem is studied in [17]. Indeed, let E be the extension operator defined on the

space
ı

J .F1 [ F3/ \W 1
2 .F1 [ F3/ such that E 2 W 1

2 .˝/ and .E /� D 0 on S . Then

Z

F1[F3

g1 � rot 0dy D
Z

˝

Eg1 � rot 0dy D
Z

˝

rotEg1 � 0dy D
Z

˝

�PH?
��1rotEg1 � 0dy;

Z

F1[F3

˛�1roth0 � rot 0.y; t/dy D
Z

˝

�PH?
.�˛/�1rot.Eroth/ � rot 0dy:

Consequently (3.35) can be written as the Cauchy problem

h0
t C Ah0 D g 0

2 C g3 � g4; h0jtD0 D h
0

0; (3.37)

where

g3 D PH?
��1rotEg1 (3.38)

and

Ah0 D PH?
��1rotE˛�1roth0: (3.39)

The operator A is a positive operator defined on the space of vector fields h 2 W 2
2 .F1 [ F2 [ F3/[

H
2.˝/ (see details in [17]). Now we pass to the proof of (3.31). It is clear that

3X

iD1

kh00kH lC2;l=2C1.Qi
T
/

6 c.T /.kxkbW 1Cl=2

2
.0;T /

C jx0j C kkbW l=2

2
.0;T //

/

6 c.T /

3X

iD1

.kh0kW lC1
2

.Fi /
C kg2kbW l;l=2

2
.Qi

T
/
/;

(3.40)

because

Z

˝

�h0.y/ � euk.y/dy D
Z

˝

�h
00

0.y/ � euk.y/dy D
b1.˝/X

qD1

xq.0/

Z

˝

�euk.y/ � euq.y/dy;

Z

˝

�g2.y; t/ � euk.y/dy D
b1.˝/X

qD1

q.t/

Z

˝

�euk.y/ � euq.y/dy;

Next, we estimate the functionsg0
2 and g3 in (3.37) making use of the boundedness of the projection

operators PJ , P�, PH, PH?
:

kPJG 0
1kW r

2
.Fi /

6 ckG 0
1kW r

2
.Fi /
; i D 1; 3; r D 1; r D l C 1;

kP�G 0
2kL2.˝/ 6 ckG 0

2kL2.˝/;

3X

iD1

kP�G 0
2kW l

2
.Fi /

6 ckG 0
2kW l

2
.Fi /

I
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moreover we require that

kEf kW r
2
.˝/ 6 c

X

iD1;3

kf kW r
2
.Fi /
; r D 1; l C 1:

This implies

3X

iD1

kg3kbW l;l=2

2
.Qi

T
/

6 c
X

iD1;3

�
kg1kW lC1;0

2
.Qi

T
/

C kg1kbW l=2

2
.0;T WW 1

2
.Fi //

�

6 c
X

iD1;3

�
kG 0

1kW lC1;0
2

.Qi
T
/
C kG 0

1kbW l=2
2
.0;T WW 1

2
.Fi //

�
;

(3.41)

X

iD1;3

kg0
2kbW l;l=2

2
.Qi

T
/

6 c
X

iD1;3

kG 0
2kbW l;l=2

2
.Qi

T
/
:

Hence

3X

iD1

kg4kbW l;l=2
2

.Qi
T
/

6 c
� 3X

iD1

kG 0
2kbW l;l=2

2
.Qi

T
/

C
X

iD1;3

�
kG 0

1kW lC1;0
2

.Qi
T
/
C kG 0

1kbW l=2
2
.0;T IW 1

2
.Fi /

��
: (3.42)

Now we make use of the following result.

THEOREM 5 For arbitrary g4 2 \3iD1W
l;l=2
2 .Qi

T / \ L2.0; T I H
l
?.˝// and h0

0 2 H
lC1
? .˝/ the

problem (3.37) has a unique solution

h0 2 \3iD1W
2Cl;1Cl=2
2 .Qi

T / \L2
�
0; T I H

1C2
? .˝/

�

and

3X

iD1

kh0kH2Cl;1Cl=2.Qi
T
/ 6 c

3X

iD1

�
kg4kbW l;l=2

2
.Qi

T
/
C kh0

0kW lC1
2

.Fi /

�
: (3.43)

This result is obtained in [17] for l D 0, F3 D ;, and in [20] it is extended to l 2 .1=2; 1/ in the

case of simply connected F1 and ˝ , when eU n.˝/ D ;. The general case is considered in a similar

manner.

The inequality (3.31) for the solution of the Problem 2 is a consequence of (3.29), (3.40)–(3.43).

The uniqueness follows from the uniqueness of the solution of (3.37). Theorem 4 is proved.
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4. Nonlinear problem

In this section we consider the main nonlinear problem

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:

ut � ��
t .L

�1N �.y/ � r/uC .L�1u � r/u

� er � eT .u; q/ � er � TM .
L

L
h/ D f .e�; t/;

r � bLu D 0; y 2 F1; t > 0;

eT .u; q/n.e�/C ŒTM .
L

L
h/n� D �H.e�/n; �t D u � bLTN

�.y; �/
; y 2 G;

Z T

0

Z

˝

�.ht �˚.h; �// � .y; t/dydt C
Z T

0

Z

F1[F3

˛�1
P rotPh � rot .y; t/dydt

� �1

Z T

0

Z

F1

.L�1u � h/ � rot .y; t/dydt C
Z T

0

dt

Z

G

	 .u;h; �/ � dSdt

D
Z T

0

Z

F3

˛�1j .y; t/ � rot .y; t/dydt;

r � h.y; t/ D 0; y 2 F1 [ F2 [ F3; rotPh.y; t/ D 0; y 2 F2;

Œ�h �N � D 0; Œh� � D
� bLbLTN
jbLTN j2

�N
�
Œh �N �; y 2 G;

Œ�h � n� D 0; Œh� � D 0; y 2 S3; h � n D 0; y 2 S;
u.y; 0/ D u0.y/; y 2 F1; h.y; 0/ D h0.y/; y 2 F1 [ F2 [ F3;

(4.1)

where  is an arbitrary test function satisfying the conditions (2.22), (2.23).

As in [20], we transform the problem (4.1) by separating the linear and nonlinear parts with

respect to u; q; �;h in all the equations and separating the tangential and normal components in the

equation eT .u; q/n.e�/ D �H.e�/n. We also make use of the formulas

f .e�; t/ D f .y; t/C
Z 1

0

d

ds
f .es�; t/ds D f .y; t/C d

ds
f .es�; t/

ˇ̌
ˇ
sD0

C
Z 1

0

.1 � s/
d 2

ds2
f .es�; t/ds D f .y; t/C ��.y; t/.N � � r/f .y; t/

C
Z 1

0

.1 � s/
d 2

ds2
f .es�; t/ds;

(4.2)

H.e�/ D �rx � n.x/jxDe�.y;t/ D �L
�T .y; �/r � L

T .y; �/N .y/

jLT .y; �/N .y/j

D HG.y/ � B� �
Z 1

0

.1 � s/ d
2

ds2
L

�T .y; s�/r � L
T .y; s�/N .y/

jLT .y; s�/N .y/j ;

where B� D ��G� � .H2
G

� 2KG/� is the first variation of �.H.e�/ � HG.y// with respect to �.

Without restriction of generality, we assume that f .x; t/ is given in the whole space R
3. Since
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	 � D 	 � � � D .N �	 / � .N � /; the surface integral in (4.1) can be written in the form

Z

G

	 � .y; t/dS D �
Z

F1

rot.N � � 	 �/ � .y; t/dy C
Z

F1

.N � � 	 �/ � rot .y; t/dy;

whereN � is the extension of N in ˝ mentioned in Sec.2 and

	 � D u � bLT .y; ��/N �.y/

J.y; ��/
Œ��

�
h �N �.N � � h/

�
; y 2 F1: (4.3)

Finally, we introduce the vector field V 2 W lC3=2
2 .G/, satisfying the condition

kV � u0kW lC1=2
2

.G/
6 ı � 1: (4.4)

It is easily seen that (4.1) is equivalent to

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:

ut .y; t/ � �r2uC rq � ��.y/.N �.y/ � r/f .y; t/ D f .y; t/C l1.u; q; �/;

r � u D l2.u; �/; y 2 F1;

˘GS.u/N .y/ D l3.u; �/;

� q C �N � S.u/N C �B� D l4.u; �/C l5.�/C �HG.y/;

�t C V .y/ � r�� � u �N D l6.u; �/;
Z T

0

Z

˝

�ht � .y; t/dydt C
Z T

0

Z

F1[F3

˛�1roth � rot .y; t/dydt D

D
Z T

0

Z

F1

l7.u;h; �/ � rot .y; t/dydt C
Z T

0

Z

˝

�˚.h; �/ � .y; t/dydt

C
Z T

0

Z

F1

rot.N � �	 �/ � .y; t/dydt �
Z T

0

Z

F1

.N � �	 �/ � rot .y; t/dydt

C
Z T

0

Z

F3

˛�1j .y; t/ � rot .y; t/dydt;

r � h.y; t/ D 0; y 2 F1 [ F2 [ F3;

roth D rotl8.h; �/; y 2 F2;

Œ�h �N � D 0; Œh� � D l9.h; �/; y 2 G;

Œ�h � n� D 0; Œh� � D 0; y 2 S3; h � n D 0; y 2 S;
u.y; 0/ D u0.y/; y 2 F1; h.y; 0/ D h0.y/; y 2 F1 [ F2 [ F3;

(4.5)
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where 8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:

l1.u; q; �/ D �.er2 � r2/uC .r � er/q C ��
t .L

�1N �.y/ � r/u

� .L�1u � r/uC er � TM .
L

J
h/C

Z 1

0

.1 � s/
d 2

ds2
f .es�; t/ds;

l2.u; �/ D .I � bLT /r � u D r �L.u; �/;
L.u; �/ D .I � bL/u; y 2 F1;

l3.u; �/ D ˘G.˘GS.u/N /.y/ �˘eS.u/n.e�.y//;

l4.u;h; �/ D �.N � S.u/N � n � eS.u/n/ � Œn.e�/ � TM .
L

J
h/n�;

l5.�/ D ��
Z 1

0

.1 � s/ d
2

ds2
L

�T .y; s�/r �
eLT .y; s�/N
jeLT .y; s�/N j

ds;

l6.u;h; �/ D
� bLTN
�.y; �/

C r�� �N
�

� uC .V � u/ � r��; y 2 G;

l7.h; �/ D ˛�1.roth � P rotPh/C �1.L
�1u � h/; y 2 F1;

l8.h; �/ D .I � P /h; y 2 F2;

l9.h; �/ D
� bLbLTN
jbLTN j2

�N
�
Œh �N � D ŒA.h; �/�; y 2 G;

A.i/.h; �/ D .
bLbLTN �

jbLTN �j2
�N �/.h.i/ �N �/; y 2 Fi ; i D 1; 2;

˘f D f � n.n � f /; ˘Gg D g �N .g �N /:

(4.6)

We note that the vector field

˚.h; �/ D 1

J
bLtLhC ��

t
bL.L�1N �.y/ � r/ 1

J
Lh D ht .y; t/ � bL.H t .x; t/jxDe�

/

is divergence free and ˚ D 0 in F3 and in the neighborhood of S [ S3.
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The solvability of the problem (4.5) can be proved by successive approximations, according to

a usual scheme

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂<
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂:

umC1;t .y; t/ � �r2umC1 C rqmC1 � ��
mC1.y/.N

�.y/ � r/f .y; t/
D f .y; t/C l1.um; qm; �m/;

r � umC1 D l2.um; �m/; y 2 F1;

˘GS.umC1/N .y/ D l3.um; �m/;

� qmC1 C �N � S.umC1/N C �B�mC1 D l4.um; �m/C l5.�m/C �HG.y/;

�mC1;t C V .y/ � r��mC1 � umC1 �N D l6.um; �m/;
Z T

0

Z

˝

�hmC1;t � .y; t/dydt C
Z T

0

Z

F1[F3

˛�1rothmC1 � rot .y; t/dydt

D
Z T

0

Z

F1

l7.um;hm; �m/ � rot .y; t/dydt C
Z T

0

Z

˝

�˚.hm; �m/ � .y; t/dydt

C
Z T

0

Z

F1

rot.N � � 	 �
m/ � .y; t/dydt �

Z T

0

Z

F1

.N � �	 �
m/ � rot .y; t/dydt

C
Z T

0

Z

F3

˛�1j .y; t/ � rot .y; t/dydt;

r � hmC1.y; t/ D 0; y 2 F1 [ F2 [ F3;

rothmC1 D rotl8.hm; �m/; y 2 F2;

Œ�hmC1 �N � D 0; ŒhmC1;� � D l9.hm; �m/; y 2 G;

Œ�hmC1 � n� D 0; ŒhmC1;� � D 0; y 2 S3; hmC1 � n D 0; y 2 S;
umC1.y; 0/ D u0.y/; y 2 F1; hmC1.y; 0/ D h0.y/; y 2 F1 [ F2 [ F3;

(4.7)

where m D 1; : : : ; and 	 �
m is defined by (4.3) with um;hm; �m instead of u;h; �.

The first approximation, .u1; q1; �1;h1/, is defined for t 2 .0;1/ in the following way: q1 D 0,

u1, �1 and h1 satisfy the initial conditions

u1.y; 0/ D u0.y/; y 2 F1; �1.y; 0/ D �0.y/; y 2 G;

h1.y; 0/ D h0.y/; y 2 F1 [ F2 [ F3;

the equation r � h1.y; t/ D 0, y 2 F1 [ F2 [ F3 and the inequalities

ku1kH lC2;l=2C1.Q1
1/ 6 cku1kW lC2;l=2C1

2
.Q1

1/
6 cku0kW lC1

2
.F1/

;

k�1kW lC5=2;0
2

.G1/
C k�1;tkW lC3=2;l=2C3=4

2
.G1/

6 ck�0kW lC2
2

.G/
;

3X

iD1

kh1kW l0C2;l0=2C1
2

.Qi
1/

6 c

3X

iD1

kh0kW l0C1
2

.Fi /

(4.8)

(concerning the construction of �1, see [23], Proposition 4.1). The proof of the solvability of (4.7)

is based on the estimates of non-linear terms and of the solutions of the linear Problems 1 and 2
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studied in Sec. 3. Let

Xm.T / D kumkH lC2;l=2C1.Q1
T
/ C krqmkbW l;l=2

2
.Q1

T
/
C kqmk

W
lC1=2;0
2

.GT /

C kqmkbW l=2
2
.0;T IW

1=2
2

.G//

C k�mk
W

lC5=2;0
2

.GT /
C k�mkbW l=2

2
.0;T IW

5=2
2

.G//
C k�m;tkH lC3=2;l=2C3=4.GT /

C sup
t<T

k�m.�; t/kW lC2
2

.G/
C

3X

iD1

kh.i/m kH l0C2;l0=2C1.Qi
T
/ (4.9)

and

Zm.T / D kl1.um; qm;hm; �/kbW l;l=2
2

.Q1
T
/

C kl2.um; �m/kW lC1;0
2

.Q1
T
/
C sup
t<T

kl2.um; �m/kW l
2
.F1/

C kLt .um; �m/kbW 0;l=2
2

.Q1
T
/

C kl3.um; �m/kH lC1=2;l=2C1=4.GT /
C kl4.um;hm; �m/kW lC1=2;0

2
.GT /

C kl5.�m/kW lC1=2;0
2

.GT /
C kl4.um;hm; �m/kbW l=2

2
.0;T IW

1=2
2

.G//
C kl5.�m/kbW l=2

2
.0;T IW

1=2
2

.G//

C kl6.um; �m/kH lC3=2;l=2C3=4.GT /
C kl7kW l0C1;0

2
.Q1

T
/

C kl7kbW l0=2

2
.0;T IW 1

2
.F1//

C kl8kH l0C2;l0=2C1.Q2
T
/ C kl9.hm; �m/kH l0C3=2;l0=2C3=4.GT /

C kA.hm; �m/kbW 0;1Cl0=2

2
.QT /

C
3X

iD1

k˚.hm; �m/kbW l0;l0=2
2

.Qi
T
/

C k	 �.um;hm; �m/kW l0C1;0
2

.Q1
T
/
C k	 �.um;hm; �m/kbW l0=2

2
.0;T IW 1

2
.F1//

:

The following proposition is an analog of Theorem 7 in [20].

PROPOSITION 2 Assume that (4.4) holds and

sup
t<T

k�m.�; t/kW lC3=2
2

.G/
6 ı � 1; (4.10)

moreover, let the extension �� of � (see (2.2)) possess the properties

@��

@N

ˇ̌
ˇ
G

D 0;

��.y; t/ D 0; when y 2 F3 or y belongs to a neighborhood of S and

k��.�; t/k
W

rC1=2
2

.˝/
6 ck�kW r

2
.G/; r 2 .0; l C 5=2�;

k��
t .�; t/kW rC1=2

2
.˝/

6 ck�tkW r
2
.G/; r 2 .0; l C 3=2�; l 2 .1=2; 1/:

(4.11)

Then

Zm 6 ı1

3X

jD1

Xjm; (4.12)

where ı1 is a small number dependent on ı and T .
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The non-linear terms (4.6) are identical or very similar to the nonlinear terms (1.10), (1.11) in

[20], and they are estimated in the same manner (cf. [20], Sec. 4, [22], Sec. 3). We point out that

the estimate of l9 are made here slightly better than in [20], because the norms in W
�1=2
2 .G/ are

excluded from the final inequality (4.12).

Making use of the inequalities (3.6) and (3.31) applied to the problem (4.7), we obtain

XmC1 6 c1ı1

3X

jD1

Xjm C c2N;

where ı1 � 1,

N D ku0kW lC1
2

.F1/
C k�0kW lC2

2
.G/

C kHGk
W

lC1=2
2

.G/

C
3X

iD1

kh0kW l0C1
2

.Fi /
C kj k

W
l0C1;0

2
.Q3

T
/

C kj kbW l0=2

2
.0;T IW 1

2
.F3//

C kf kbW l;l=2

2
.Q1

T
/

and the constants c1 and c2 are independent of T .

It follows that in the case of small ı1 the estimate

XmC1 6 2c2N (4.13)

holds and, in addition,

k�m.�; t/kW lC3=2
2

.G/
6 k�0kW lC3=2

2
.G/

C
Z t

0

k�m;� .�; �/kW lC3=2
2

.G/
d�

6 k�0kW lC3=2
2

.G/
C 2c2N

p
T 6 � C 2c2

p
TN � ı:

(4.14)

Thus, we have proved that (4.13) is satisfied for all m > 1. The convergence of the sequences um;

qm, hm, �m follows from the estimates of the differences umC1 � um; qmC1 � qm, hmC1 � hm,

�mC1 � �m (cf. [20], Theorem 8). Makingm tend to infinity, we obtain the inequality

X.T / 6 2c2N (4.15)

for the solution of the problem (4.7) constructed above ( hereX.T / is defined by (4.9) with u; q; �;h

instead of um; qm; �m;hm).

The uniqueness of the solution obtained in this way follows from the same kind of estimates for

the differences u � u0, q � q0, � � �0, h� h0 of two possible solutions of (4.5).

We conclude the proof of Theorem 1 by the construction of the vector field e assuming that the

solution of (4.1) is already obtained. For this we need to solve the problem

8
<̂

:̂

rotE.y/ D ��.y/; r � P
�1

E D 0; y 2 F1 [ F2 [ F3;

Œ�P
�1

E �N � D 0; ŒE� � D ˛.y/; y 2 G;

Œ�P
�1

E � n� D 0; ŒE� � D 0; y 2 S3; E� D 0; y 2 S:
(4.16)
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THEOREM 6 Assume that � 2 W l 0

2 .Fi /, i D 1; 2; 3, ˛ 2 W l 0C1=2
2 .G/ and that the compatibility and

orthogonality conditions

r � �.y/ D 0; y 2 F1 [ F2 [ F3;

Œ�� �N � D N � rot˛; y 2 G; Œ�� � n� D 0; y 2 S3; � � n D 0; y 2 S;
(4.17)

Z

˝

��.y/ � euq.y/dy D
Z

G

.N � ˛/ � euqdS; euq 2 eU n.˝/; q D 1; : : : ; b1.˝/ (4.18)

are satisfied. Then the problem (4.16) has a unique solution E 2 W l 0C1
2 .Fi /, i D 1; 2; 3 orthogonal

to the b2.˝/-dimensional space eU d of vector fields v.y/ such that

rotv D 0; r � P
�1v.y/ D 0;

Œv� � D 0; y 2 S3 [ G; Œ�P
�1v �N �jG D 0; Œ�P

�1v � n�jS3
D 0; v� jS D 0:

(4.19)

The solution satisfies the inequality

3X

iD1

kEk
W

rC1
2

.Fi /
6 c

� 3X

iD1

k�kW r
2
.Fi /

C k˛k
W

rC1=2
2

.G/

�
(4.20)

with r D l 0; r D 0:

Proof. We seek the solution in the form

E D ˛� C E1 C rZ.y/C
b2.˝/X

jD1

djvj .y/; (4.21)

where ˛� is the extension of ˛, as in Theorem 3,

E1.y/ D 1

4�
rot

Z

˝

.��.z/ � rot˛�.z//dz

jy � zj ;

8
ˆ̂̂
<
ˆ̂̂
:

r � P
�1rZ D �rP

�1.˛� C E1.y//; y 2 F1 [ F2 [ F3;

Z.y/ D �g.y/; y 2 S; ŒZ.y/� D 0; y 2 G [ S3;
Œ�P

�1rZ �N � D �Œ�P
�1.˛� C E1/ �N �; y 2 G;

Œ�P
�1rZ � n� D �Œ�P

�1.˛� C E1/ � n�; y 2 S3:

(4.22)

It is easily seen that rotE1 D �� � rot˛�: The function g is defined as follows. Since .�� �
rot˛�/ �njS D 0, we have

R
˙
rotE1 �ndS D 0 for arbitrary˙ � S , and this relation holds also for

˙ D ˙k , k D 1; : : : ; b1.˝/; where ˙k are cuts of ˝ that make ˝ simply connected (this follows

from the orthogonality conditions (4.18), i.e., from

Z

˝

.�� � rota�/ � uqdy D 0;

see [6]). Hence by the Stokes formula, the relation

Z



E1 � d l D 0
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holds for arbitrary closed contour  � S , which implies E1jS D r�g.y/ with a certain single-

valued g.y/. Now the relations (4.16) are easily verified.

Making use of the estimates of the volume potential and of the solution of elliptic problem (4.22)

for Z, we estimate E1 and rZ, after which the term
Pb2.˝/
jD1 djvj .y/ is estimated with the help of

the condition of orthogonality of E to vj (cf. the proof of (3.15)). In this way we obtain (4.20). The

uniqueness of the solution in the class indicated in the statement of the theorem is obvious. The

theorem is proved.

Now we pass to the construction of e. We want to solve the problem (4.16) with � D �ht C �

and ˛ D �N �	 ; in this case the condition ŒE� � D ˛ on G is equivalent to

ŒN � E� D 	 : (4.23)

Let us verify the assumptions (4.17), (4.18) of Theorem 6. From Proposition 1 it follows that

arbitrary b and E given on F1 [ F2 and G, respectively, and such that

r � b D 0; y 2 F1 [ F2; Œb �N � D 0; y 2 G;

ŒN � E� D u � bLTN
J

Œb�; y 2 G;

satisfy

ŒN � rotE� D �
�
N � .bt � 1

L
bLTLb � �tbL.L�1.N � r/ 1

L
Lb/

�
:

For b D �h, this coincides with the main compatibility condition in (4.17). As for (4.18), this

condition can be verified by setting  D euq in the integral identity in (4.1). Hence the problem

(4.16) with the above-mentioned data is solvable, and the solution satisfies the identity

Z T

0

Z

F1[F3

.�E C ˛�1roth/ � rot .y; t/dydt

D
Z T

0

Z

F1

l7.u;h; �/ � rot .y; t/dydt C
Z T

0

Z

F3

˛�1j .y; t/ � rot .y; t/dydt:
(4.24)

By Theorem 3, rot runs over the whole
ı

J .F1 [ F3/, when  runs over H
1.˝/. It follows that

� E
.1/ C ˛�1

1 P rotPh.1/ � �1.L�1u � h.1// D rY .1/;
� E

.3/ C ˛�1roth.3/ � ˛�1j .y; t/ D rY .3/:
(4.25)

We set

P e D E C rY; y 2 F1 [ F3

and

P e D E C rY .2/ C
b2.˝/X

jD1

Cj .t/r!j .y/; y 2 F2;

where Y .2/ is a solution of the problem

r � P
�1rY .2/ D 0; y 2 F2; Y .2/jy2G D Y .1/; Y .2/jy2S3

D Y .3/; Y .2/jy2S D 0 (4.26)
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and !j are solutions of

r � P
�1r!j D 0; y 2 F2; !j .y/jy2Sk

D ıjk; j; k D 1; : : : ; b2.F2/; !j jy2G D 0:

Then the equations

r � e.2/.y; t/ D 0; y 2 F2; Œ.P e/� �jy2G D ˛; y 2 G;

Œ.P e/� �jy2S3
D 0; .P e/� jy2S D 0

are satisfied.

We pass to the estimates of e. By (4.20),

3X

iD1

kEk
W

l0C1;0
2

.Qi
T
/

6 c
� 3X

iD1

kht � ˚k
W

l0;0
2

.Qi
T
/
C k	 k

W
l0C1=2;0
2

.GT /

�
: (4.27)

Applying the same inequality with l 0 D 0 to E
0 and to the finite difference�t .h/E D E.y; t C h/�

E
0.y; t/, we easily obtain

3X

iD1

kEkbW l0=2
2

.0;T IW 1
2
.Fi //

6 c
� 3X

iD1

kht � ˚kbW 0;l0=2
2

.Qi
T
/
C k	 kbW l0=2

2
.0;T IW

1=2
2

.G/

�
: (4.28)

Hence

3X

iD1

.kEk
W

l0C1;0
2

.Qi
T
/
C kEkbW l0=2

2
.0;T IW 1

2
.Fi //

/

6 c
� 3X

iD1

kht �˚kbW l0;l0=2
2

.Qi
T
/
C k	k

W
l0C1=2;0

2
.GT /

C k	kbW l0=2
2

.0;T IW
1=2
2

.G/

�
:

(4.29)

Furthermore, from (4.25) it follows that

krY .1/k
W

l0C1;0
2

.Q1
T
/

6 kEk
W

l0C1;0
2

.Q1
T
/

C k˛�1
1 P rotPh � �1.L�1u � h/k

W
l0C1;0
2

.Q1
T
/
;

krY .1/kbW l0=2
2

.0;T IW 1
2
.F1//

6 kEkbW l0=2
2

.0;T IW 1
2
.F1//

C k˛�1
1 P rotPh � �1.L�1u � h/kbW l0=2

2
.0;T IW 1

2
.F1//

;

krY .3/k
W

l0C1;0
2

.Q1
T
/

6 kEk
W

l0C1;0
2

.Q3
T
/
C k˛�1.roth � j /k

W
l0C1;0

2
.Q1

T
/
;

krY .3/kbW l0=2

2
.0;T IW 1

2
.F3//

6 kEkbW l0=2

2
.0;T IW 1

2
.F3//

C k˛�1.roth � j /kbW l0=2

2
.0;T IW 1

2
.F3//

:

(4.30)

In addition, since Y .2/ is a solution of (4.26), we have

krY .2/k
W

l0C1;0
2

.Q2
T
/
C krY .2/kbW l0=2

2
.0;T IW 1

2
.F2//

6 c.krY .1/k
W

l0C1;0
2

.Q1
T
/
C krY .1/kbW l0=2

2
.0;T IW 1

2
.F1//

C krY .3/k
W

l0C1;0
2

.Q3
T
/
C krY .3/kbW l0=2

2
.0;T IW 1

2
.F3//

/: (4.31)
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The functions Cj .t/ are found from the condition (1.13), since the matrix with the elementsR
Sk

P
�1r!j � ndS is non-degenerate. Indeed, otherwise there would exist the constants aj such

that Z

Sk

P
�1rA.y/ � ndS D 0; k D 1; : : : ; b2.˝/

where A.y/ D
Pb2.˝/
jD1 aj!j . This would imply

0 D
Z

˝

Ar � P
�1rAdy D

Z

@F2

P
�1rA.y/ � nA.y/dS �

Z

F2

P
�1rA.y/ � rA.y/dy

D �
Z

F2

P
�1rA.y/ � rA.y/dy;

because AjSk
D const; k D 0; : : : ; b2.F2/: Hence rA D 0 and aj D 0.

By (1.13),

0 D
Z

Sk

e � ndS D
Z

Sk

P e � ndS D
Z

Sk

.E C rY .2// � ndS

C
b2.˝/X

jD1

Cj .t/

Z

Sk

r!j � ndS; (4.32)

from which it follows that

k
b2X

jD1

CjP
�1r!j k

W
l0C1;0

2
.Q2

T
/
C k

b2X

jD1

CjP
�1!j kbW l0=2

2
.0;T IW 1

2
.F2//

6 c.krY .2/k
W

l0C1;0
2

.Q2
T
/

C krY .2/kbW l0=2

2
.0;T IW 1

2
.F2//

C kEk
W

l0C1;0
2

.Q2
T
/

C kEkbW l0=2

2
.0;T IW 1

2
.F2//

/:

(4.33)

Finally,

3X

iD1

�
kek

W
l0C1;0

2
.Qi

T
/
C kekbW l0=2

2
.0;T IW 1

2
.Fi //

�
6 c

3X

iD1

�
kEk

W
l0C1;0

2
.Qi

T
/

C kEkbW l0=2
2

.0;T IW 1
2
.Fi //

C krY .i/k
W

l0C1;0
2

.Qi
T
/
C krY .i/kbW l0=2

2
.0;T IW 1

2
.Fi //

C k
b2X

jD1

CjP
�1r!j k

W
l0C1;0

2
.Q2

T
/

C k
b2X

jD1

CjP
�1!j kbW l0=2

2
.0;T IW 1

2
.F2//

�
:

(4.34)

Inequality (2.19) for e is a consequence of (4.27)–(4.34), (4.12), (4.13). This completes the proof

of Theorem 1.

The solution of the problem (1.2)–(1.5), (1.7), (1.12), (1.13) is defined by

v.x; t/ D u.e�1
� .x; t/; t/; p.x; t/ D q.e�1

� .x; t/; t/;

H .x; t/ D L.y; ��/

J.y; ��/
h.x; t/

ˇ̌
yDe�1

� .x;t/
; E .x; t/ D L.y; ��/

J.y; ��/
e.y; t/

ˇ̌
yDe�1

� .x;t/
;
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the free surface �t is given by (2.1).

In conclusion we show that h 2 W lC2;l=2C1
2 .Qi

T /, provided h0 2 W lC1
2 .Fi /, i D 1; 2; 3; j 2

W
lC1;0
2 .Q3

T /\W
l=2
2 .0; T IW 1

2 .F3// The condition l 0 < l was used for obtaining the estimate (4.17)

with a small ı1 that is a linear combination of ı and T

i , i > 0; in particular,  may be equal to

.l � l 0/=2. Analysis of such estimates (see [20], Sec 4. ) shows that the factor T .l�l
0/=2 appears in

the estimates of the norms k.I � P /hk
W

l0C2;l0=2C1
2

.Qi
T
/
; they contain the expression

c
�
k�k

W
5=2Cl0;0

2
.GT /

C k�kbW l0=2
2

.0;T I.W
5=2
2

.G//

� 3X

iD1

sup
t<T

khk
W

3=2C�
2

.Fi //

6 cT .l�l
0/=2 sup

t<T

k�.�; t/kl�l 0
W

3=2Cl
2

.G/
.k�k1�lCl 0

W
lC5=2;0

2
.GT /

C k�k1�lCl 0

bW l=2
2
.0;T IW

5=2
2

.GT //
/

3X

iD1

sup
t<T

khk
W

3=2C�
2

.Fi //
; (4.35)

with 3=2 C � < 2 C l 0. In the estimate of k.I � P /hk
W

lC2;l=2C1
2

.Qi
T
/

this expression would be

replaced by

c.k�k
W

5=2Cl;0
2

.GT /
C k�kbW l=2

2
.0;T IW

5=2
2

.G//
/

3X

iD1

sup
t<T

khk
W

3=2C�
2

.Fi //

6 c.k�k
W

5=2Cl;0
2

.GT /
C k�kbW l=2

2
.0;T IW

5=2
2

.G//
/

3X

iD1

sup
t<T

khk
W

2Cl0;1Cl0=2
2

.Qi
T
//
; (4.36)

that is finite in view of (2.19). This yields the missing bound for the norm

3X

iD1

khk
W

2Cl;1Cl=2
2

.Qi
T
//
:

It is easily seen that also

e 2 W lC1;0
2 .Qi

T / \W l=2
2 .0; T IW 1

2 .Fi //;

which follows from the estimates (4.27)–(4.34) with l 0 replaced by l .
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