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Partial Di¤erential Equations — Local integrability for solutions to some quasilin-
ear elliptic systems, by Francesco Leonetti and Pier Vincenzo Petricca.

Abstract. — In this paper we prove local integrability for weak solutions u of quasilinear elliptic

systems whose o¤-diagonal coe‰cients are small when juj is large.
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1. Introduction

In this paper we deal with weak solutions u : WHRn ! RN of quasilinear sys-
tems

�
Xn

i¼1

Di

�Xn

j¼1

XN
b¼1

a
ab
ij ðx; uðxÞÞDju

bðxÞ
�
¼ 0; x a W; a ¼ 1; . . . ;N:ð1:1Þ

We assume that aab
ij ðx; uÞ are measurable with respect to x and continuous with

respect to u; they are also bounded and elliptic. De Giorgi’s counterexample [1]
shows that, in general, weak solutions u of elliptic systems (1.1) are not regular;
see also [2], [13] and chapter 3 of the survey [10]. In order to get regularity, we
need additional assumptions on the coe‰cients. If aab

ij ðx; uÞ are diagonal

a
gb
ij ðx; uÞ ¼ 0 for bA gð1:2Þ

then the N equations (1.1) are decoupled and maximum principle applies to every
component ug of u ¼ ðu1; . . . ; uNÞ:

sup
W

ug
a sup

qW

ug:ð1:3Þ

In [12] the authors assume that coe‰cients are diagonal only for large values
of ug:

yg
a ug ) a

gb
ij ðx; uÞ ¼ 0 for bA g;ð1:4Þ
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then it results that

sup
W

ug
amax yg; sup

qW

ug

� �
;ð1:5Þ

see also [9] and [7]. Now we no longer assume that o¤-diagonal coe‰cients
vanish; we only know that they are small when juj is large:

jagb
ij ðx; uÞja

c

ð1þ jujÞq for bA g;ð1:6Þ

for some constants c; q a ð0;þlÞ. We assume ellipticity only for diagonal coe‰-
cients agg

ij ðx; uÞ and only for large values of juj:

ya juj ) njxj2 a
Xn

i; j¼1

a
gg
ij ðx; uÞxjxið1:7Þ

for some constants y a ½0;þlÞ and n a ð0;þlÞ. Also diagonal coe‰cients are
assumed to be bounded:

jagg
ij ðx; uÞja ~ccð1:8Þ

for some constant ~cc a ð0;þlÞ. In this paper we prove that every weak solution

u : WHRn ! RN , with u a W 1;2ðW;RNÞ, of quasilinear system (1.1) verifying
(1.6)–(1.8) enjoys the following higher integrability

u a L
2�ðtþ1Þ
loc ðW;RNÞð1:9Þ

for every t such that

0 < t <
n

n~cc2N
and ta

q

2
ð1:10Þ

where 2� is the Sobolev exponent 2n
n�2 and nb 3, see Theorem 2.1 in section 2.

Note that reverse Hölder inequality gives us higher integrability of the gradient:
Du a L2þe

loc , see [3], chapter 6 in [4] and [5]; this improves on the integrability of u

by means of Sobolev embedding: u a L
ð2þeÞ�
loc . It seems that strong ellipticity of aab

ij

is required; in the present paper we need ellipticity only for diagonal entries
a
gg
ij and only for large values of juj. Please, note that we do not assume ellipti-
city for small values of juj: on such a set u is bounded but it might oscillate
very much and the gradient Du might loose regularity. Let us come back to the
regularity result (1.9) of this paper. Let us assume, in addition, that all diagonal
coe‰cients come from the same matrix

a
gg
ij ðx; uÞ ¼ bijðx; uÞð1:11Þ
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for all g ¼ 1; . . . ;N; then we are able to improve on the integrability (1.9)

u a L
2�ðq=2þ1Þ
loc ðW;RNÞ;ð1:12Þ

see Theorem 2.2 in section 2. This means that the additional assumption (1.11)
allows us to remove the left restriction t < n

n~cc2N in (1.10). In this last theorem,
the faster o¤-diagonal agb

ij ðx; uÞ decay when juj ! l the higher u is integrable.
Note that in this paper we prove local integrability: u a Ls

loc; global integrability
has been studied in [8] by means of a di¤erent technique, under the assumption
that ujqW is bounded.

2. Assumptions and results

Let W be a bounded open subset of Rn, nb 3. For Nb 2, let aab
ij : W� RN ! R

be Carathéodory functions, that is, aab
ij ðx; yÞ are measurable with respect to x and

continuous with respect to y. We assume that diagonal coe‰cients a
gg
ij are

bounded: there exists c1 a ð0;þlÞ such that

jagg
ij ðx; yÞja c1ð2:1Þ

for almost every x a W, for every y a RN , for all i; j a f1; . . . ; ng, for any
g a f1; . . . ;Ng. Now we assume ellipticity of diagonal coe‰cients a

gg
ij for large

values of y: there exist y a ½0;þlÞ and n a ð0;þlÞ such that

ya jyj ) njxj2 a
Xn

i; j¼1

a
gg
ij ðx; yÞxjxið2:2Þ

for almost every x a W, for any x a Rn and for any g a f1; . . . ;Ng. Now we as-
sume that o¤-diagonal coe‰cients agb

ij ðx; yÞ do not vanish any more, but they are
small when y is large: there exist q a ð0;þlÞ and c2 a ð0;þlÞ such that

jagb
ij ðx; yÞja

c2

ð1þ jyjÞq for bA g:ð2:3Þ

Note that both diagonal and o¤-diagonal coe‰cients are bounded.

Theorem 2.1. Under the previous assumptions (2.1), (2.2), (2.3) let u ¼
ðu1; . . . ; uNÞ be a weak solution of the system (1.1), that is, u a W 1;2ðW;RNÞ and

Z
W

XN
a;b¼1

Xn

i; j¼1

a
ab
ij ðx; uðxÞÞDju

bðxÞDiv
aðxÞ dx ¼ 0 Ev a W 1;2

0 ðW;RNÞ:ð2:4Þ
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Then

u a L
2�ðtþ1Þ
loc ðW;RNÞð2:5Þ

for every t such that

0 < t <
n

nc12N
and ta

q

2
:ð2:6Þ

If we also assume that diagonal coe‰cients are taken from the same array,
namely, there exists bijðx; yÞ such that

ya jyj ) a
gg
ij ðx; yÞ ¼ bijðx; yÞð2:7Þ

for every g ¼ 1; . . . ;N, then we can improve on the previous theorem as fol-
lows.

Theorem 2.2. Under the previous assumptions (2.1), (2.2), (2.3) and (2.7), let
u ¼ ðu1; . . . ; uNÞ be a weak solution of the system (1.1). Then

u a L
2�ðq=2þ1Þ
loc ðW;RNÞ:ð2:8Þ

3. Proof of Theorem 2.1

Let f : ½0;þlÞ ! ½0;þlÞ be increasing and C1ð½0;þlÞÞ; moreover we assume
that there exists a constant ~cc a ½1;þlÞ such that

0a fðtÞa ~cc Et a ½0;þlÞð3:1Þ
0a f 0ðtÞa ~cc Et a ½0;þlÞð3:2Þ
0a f 0ðtÞta ~cc Et a ½0;þlÞ:ð3:3Þ

Let Br ¼ Bðx0; rÞ and BR ¼ Bðx0;RÞ be open balls with the same center x0 and
radii 0 < r < Ra 1, with BR HW. We assume that h : Rn ! R, h a C1

0 ðBRÞ with
0a ha 1 in Rn, h ¼ 1 on Br, jDhja 4=ðR� rÞ in Rn. Note that 0 < R� r <
Ra 1 so 4=ðR� rÞ > 4. We fix g a f1; . . . ;Ng. We consider the test function
v ¼ ðv1; . . . ; vNÞ defined as follows

va ¼ 0 if aA g;

fðjujÞuah2 if a ¼ g;

�
ð3:4Þ

it results that

v a W
1;2
0 ðBR;R

NÞHW
1;2
0 ðW;RNÞð3:5Þ
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and

Div
g ¼ f 0ðjujÞ1fjuj>0g

XN
d¼1

ud

juj ðDiu
dÞug þ fðjujÞDiu

g

" #
h2 þ fðjujÞug½ �Diðh2Þð3:6Þ

where 1AðxÞ ¼ 1 if x a A and 1AðxÞ ¼ 0 if x B A. We insert such a test function v
into (2.4):

0 ¼
Z
W

Xn

i; j¼1

XN
a;b¼1

a
ab
ij ðx; uðxÞÞDju

bðxÞDiv
aðxÞ dxð3:7Þ

¼
Z
W

Xn

i; j¼1

XN
b¼1

a
gb
ij ðx; uÞDju

bf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2

þ
Z
W

Xn

i; j¼1

XN
b¼1

a
gb
ij ðx; uÞDju

bfðjujÞDiu
gh2

þ
Z
W

Xn

i; j¼1

XN
b¼1

a
gb
ij ðx; uÞDju

bfðjujÞugDiðh2Þ

¼
Z
W

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2

þ
Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2

þ
Z
fjujbyg

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞDiu
gh2

þ
Z
fjuj<yg

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞDiu
gh2

þ
Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bfðjujÞDiu
gh2

þ
Z
W

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞugDiðh2Þ

þ
Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bfðjujÞugDiðh2Þ:

Then

119local integrability for solutions to some quasilinear elliptic systems



Z
fjujbyg

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞDiu
gh2ð3:8Þ

¼ �
Z
W

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2

�
Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2

�
Z
fjuj<yg

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞDiu
gh2

�
Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bfðjujÞDiu
gh2

�
Z
W

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞugDiðh2Þ

�
Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bfðjujÞugDiðh2Þ:

Now we use ellipticity (2.2):

n

Z
fjujbyg

fðjujÞjDugj2h2 a
Z
fjujbyg

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞDiu
gh2:ð3:9Þ

Applying twice Cauchy Schwartz inequality we get

Xn

i; j¼1

a
gg
ij ðx; uÞxjhi

�����
�����a

� Xn

i; j¼1

jagg
ij ðx; uÞj

2
�1=2

jxj jhj;ð3:10Þ

if we keep in mind boundedness (2.1) we get

Xn

i; j¼1

a
gg
ij ðx; uÞxjhi

�����
�����a nc1jxj jhj;ð3:11Þ

now we use this inequality with xi ¼ hi ¼ Diu
g and we get

Z
fjuj<yg

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞDiu
gh2

�����
�����a

Z
fjuj<yg

nc1fðjujÞjDugj2h2;ð3:12Þ
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then we use inequality (3.11) with xi ¼ Diu
g, hi ¼

PN
d¼1

u d

juj ðDiu
dÞug; since

jhja jDuj jugj, we get
Z
W

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2

�����
�����ð3:13Þ

a

Z
W

nc1jDugjf 0ðjujÞjDuj jugjh2;

eventually we use inequality (3.11) with xi ¼ Diu
g, hi ¼ ugDiðh2Þ; since

jhja jugj2hjDhj, we get

Z
W

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞugDiðh2Þ
�����

�����a
Z
W

nc1jDugjfðjujÞjugj2hjDhj:ð3:14Þ

Now we keep in mind that o¤-diagonal coe‰cients satisfy (2.3) and we get

Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2

�����
�����ð3:15Þ

a

Z
W

n2Nc2

ð1þ jujÞq jDujf 0ðjujÞjDuj jugjh2;

Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bfðjujÞDiu
gh2

�����
�����a

Z
W

n2Nc2

ð1þ jujÞq jDuj2fðjujÞh2ð3:16Þ

and

Z
W

Xn

i; j¼1

X
bAg

a
gb
ij ðx; uÞDju

bfðjujÞugDiðh2Þ
�����

�����ð3:17Þ

a

Z
W

n2Nc2

ð1þ jujÞq jDujfðjujÞjuj2hjDhj:

Since f increases, we have

Z
fjuj<yg

Xn

i; j¼1

a
gg
ij ðx; uÞDju

gfðjujÞDiu
gh2

�����
�����a

Z
fjuj<yg

nc1jDugj2fðjujÞh2ð3:18Þ

a

Z
fjuj<yg

nc1jDugj2fðyÞh2

a nc1fðyÞ
Z
W

jDugj2
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and

n

Z
fjuj<yg

jDugj2fðjujÞh2 a n

Z
fjuj<yg

jDugj2fðyÞh2 a nfðyÞ
Z
W

jDugj2:ð3:19Þ

Let us collect all these inequalities:

n

Z
W

jDugj2fðjujÞh2ð3:20Þ

a ðnþ nc1ÞfðyÞ
Z
W

jDugj2 þ n2Nc2

Z
W

fðjujÞ þ f 0ðjujÞjuj
ð1þ jujÞq jDuj2

þ n2Nc2

Z
W

fðjujÞ
ð1þ jujÞq 2hjDuj juj jDhj

þ nc1

Z
W

2hjDugj juj jDhjfðjujÞ þ nc1

Z
W

jDuj2f 0ðjujÞjujh2:

We recall the inequality 2ABa eA2 þ B2=e, provided e > 0; then

nc1

Z
W

2hjDugj juj jDhjfðjujÞð3:21Þ

a e

Z
W

h2jDugj2fðjujÞ þ n2c21
e

Z
W

juj2jDhj2fðjujÞ

and

n2Nc2

Z
W

fðjujÞ
ð1þ jujÞq 2hjDuj juj jDhjð3:22Þ

a n2Nc2

Z
W

fðjujÞ
ð1þ jujÞq h

2jDuj2 þ n2Nc2

Z
W

fðjujÞ
ð1þ jujÞq juj

2jDhj2:

This results in

ðn� eÞ
Z
W

jDugj2fðjujÞh2ð3:23Þ

a ðnþ nc1ÞfðyÞ
Z
W

jDugj2 þ n2Nc2

Z
W

2fðjujÞ þ f 0ðjujÞjuj
ð1þ jujÞq jDuj2

þ n2Nc2

Z
W

fðjujÞ
ð1þ jujÞq juj

2jDhj2 þ n2c21
e

Z
W

juj2jDhj2fðjujÞ

þ nc1

Z
W

jDuj2f 0ðjujÞjujh2:
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Let us sum over g from 1 to N:

ðn� eÞ
Z
W

jDuj2fðjujÞh2ð3:24Þ

a ðnþ nc1ÞfðyÞ
Z
W

jDuj2 þ n2N 2c2

Z
W

2fðjujÞ þ f 0ðjujÞjuj
ð1þ jujÞq jDuj2

þ n2N 2c2

Z
W

fðjujÞ
ð1þ jujÞq juj

2jDhj2 þ n2Nc21
e

Z
W

juj2jDhj2fðjujÞ

þ nNc1

Z
W

jDuj2f 0ðjujÞjujh2

so that

Z
W

jDuj2½ðn� eÞfðjujÞ � nNc1f
0ðjujÞjuj�h2ð3:25Þ

a

Z
W

�
ðnþ nc1ÞfðyÞ þ n2N 2c2

2fðjujÞ þ f 0ðjujÞjuj
ð1þ jujÞq

�
jDuj2

þ
Z
W

� n2N 2c2

ð1þ jujÞq þ
n2Nc21

e

�
fðjujÞjuj2jDhj2:

Let us consider p a
�
0; 12

�
and let us assume that

juj2ðpþ1Þ a L1ðBRÞ:ð3:26Þ

For t a ½0;þlÞ we set

cðtÞ ¼ ðpþ 1Þ2t2p;ð3:27Þ

we would like to take f ¼ c in (3.25) but we cannot do that, since f must satisfy
(3.1), (3.2) and (3.3). So we approximate c in this way: for every k a N we con-
sider ck : ½0;þlÞ ! R as follows

ckðtÞ ¼

c
�
1
k

�
þ c 0�1

k

��
t� 1

k

�
if t a

	
0; 1

k

�
cðtÞ if t a

	
1
k
; k



cðkÞ þ c 0ðkÞ
2 ð1� ðk þ 1� tÞ2Þ if t a ðk; k þ 1Þ

cðkÞ þ c 0ðkÞ
2 if t a ½k þ 1;þlÞ

8>>>>><
>>>>>:

ð3:28Þ

then ck : ½0;þlÞ ! ½0;þlÞ is increasing, C1ð½0;þlÞÞ and
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0ac 0
kðtÞta 2pckðtÞ Et a ½0;þlÞ;ð3:29Þ

0ackðtÞacð1Þ þ cðtÞ Et a ½0;þlÞ;ð3:30Þ

in addition, there exists ck a ½0;þlÞ such that

0ackðtÞa ck Et a ½0;þlÞ;ð3:31Þ
0ac 0

kðtÞa ck Et a ½0;þlÞ;ð3:32Þ
0ac 0

kðtÞta ck Et a ½0;þlÞ:ð3:33Þ

Moreover

lim
k!þl

ckðtÞ ¼ cðtÞ Et a ½0;þlÞ:ð3:34Þ

Now we can take f ¼ ck in (3.25) and we getZ
W

jDuj2½ðn� eÞckðjujÞ � nNc1c
0
kðjujÞjuj�h2ð3:35Þ

a

Z
W

�
ðnþ nc1ÞckðyÞ þ n2N 2c2

2ckðjujÞ þ c 0
kðjujÞjuj

ð1þ jujÞq
�
jDuj2

þ
Z
W

� n2N 2c2

ð1þ jujÞq þ
n2Nc21

e

�
ckðjujÞjuj

2jDhj2:

In order to lower the left hand side we use (3.29) and we get

ðn� eÞckðjujÞ � nNc1c
0
kðjujÞjujb ðn� eÞckðjujÞ � nNc12pckðjujÞð3:36Þ

¼ ðn� e� nNc12pÞckðjujÞ:

We require that

0 < n� nNc12pð3:37Þ

that is

p <
n

nc12N
:ð3:38Þ

Note that (2.2) and (3.11) imply

njxj2 a
Xn

i; j¼1

a
gg
ij ðx; uÞxjxi a nc1jxj2ð3:39Þ

thus, for xA 0, we get

na nc1ð3:40Þ
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so that

0 <
n

nc12N
a

1

2N
a

1

4
:ð3:41Þ

Under (3.38) we have (3.37) thus we can choose

e ¼ n� nNc12p

2
ð3:42Þ

and it turns out that e > 0 with

n� e� nNc12p ¼ n� nNc12p

2
> 0:ð3:43Þ

In order to estimate the right hand side of (3.35) we recall (3.29), (3.30) and
(3.27):

ckðyÞacð1Þ þ cðyÞ ¼ ðpþ 1Þ2 þ ðpþ 1Þ2y2p ¼ ðpþ 1Þ2ð1þ y2pÞð3:44Þ
a ðpþ 1Þ22ð1þ yÞ2p a 222ð1þ yÞ ¼ 8ð1þ yÞ

where we also used 0 < p < 1
2 ; moreover

2ckðjujÞ þ c 0
kðjujÞjuja 2ckðjujÞ þ 2pckðjujÞ ¼ 2ðpþ 1ÞckðjujÞð3:45Þ

a 2ðpþ 1Þðcð1Þ þ cðjujÞÞ
¼ 2ðpþ 1Þððpþ 1Þ2 þ ðpþ 1Þ2juj2pÞ
¼ 2ðpþ 1Þ3ð1þ juj2pÞa 2� 23 � 2ð1þ jujÞ2p

¼ 32ð1þ jujÞ2p;

on the other hand

n2N 2c2

ð1þ jujÞq a n2N 2c2ð3:46Þ

and

n2Nc21
e

¼ 2n2Nc21
n� nNc12p

;ð3:47Þ

moreover

ckðjujÞjuj
2
a ðcð1Þ þ cðjujÞÞjuj2 ¼ ððpþ 1Þ2 þ ðpþ 1Þ2juj2pÞjuj2ð3:48Þ
¼ ðpþ 1Þ2ð1þ juj2pÞjuj2 a 22 � 2ð1þ jujÞ2pð1þ jujÞ2

¼ 8ð1þ jujÞ2ðpþ1Þ:

125local integrability for solutions to some quasilinear elliptic systems



We insert these estimates into (3.35):

n� nNc12p

2

Z
W

jDuj2ckðjujÞh2ð3:49Þ

a

Z
W

�
ðnþ nc1Þ8ð1þ yÞ þ 32n2N 2c2

ð1þ jujÞ2p

ð1þ jujÞq
�
jDuj2

þ
Z
W

�
n2N 2c2 þ

2n2Nc21
n� nNc12p

�
8ð1þ jujÞ2ðpþ1ÞjDhj2:

Now we further require that

2pa qð3:50Þ

so that (3.49) becomes

n� nNc12p

2

Z
W

jDuj2ckðjujÞh2ð3:51Þ

a ððnþ nc1Þ8ð1þ yÞ þ 32n2N 2c2ÞkDuk2L2ðWÞ

þ 27

ðR� rÞ2
�
n2N 2c2 þ

2n2Nc21
n� nNc12p

�Z
BR

ð1þ jujÞ2ðpþ1Þ:

Positivity of ck and pointwise convergence (3.34) allow us to use Fatou lemma:

n� nNc12p

2

Z
W

jDuj2ðpþ 1Þ2juj2ph2ð3:52Þ

a ððnþ nc1Þ8ð1þ yÞ þ 32n2N 2c2ÞkDuk2L2ðWÞ

þ 27

ðR� rÞ2
�
n2N 2c2 þ

2n2Nc21
n� nNc12p

�Z
BR

ð1þ jujÞ2ðpþ1Þ:

Let us set

w ¼ juj pþ1h;ð3:53Þ

then

w a W
1;2
0 ðBRÞð3:54Þ

and

jDwj2 a 2ðpþ 1Þ2juj2pjDuj2h2 þ 2njuj2ðpþ1Þ
� 4

R� r

�2
:ð3:55Þ

The previous inequality and (3.52) give
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Z
BR

jDwj2 a 2

Z
BR

ðpþ 1Þ2juj2pjDuj2h2 þ 2n
� 4

R� r

�2Z
BR

juj2ðpþ1Þð3:56Þ

a
4

n� nNc12p
ððnþ nc1Þ8ð1þ yÞ þ 32n2N 2c2ÞkDuk2L2ðWÞ

þ 4

n� nNc12p

27

ðR� rÞ2

�
�
n2N 2c2 þ

2n2Nc21
n� nNc12p

�Z
BR

ð1þ jujÞ2ðpþ1Þ

þ 2n
� 4

R� r

�2Z
BR

juj2ðpþ1Þ

a

32
�
ðnþ nc1Þð1þ yÞ þ 4n2N 2c2

�
n� nNc12p

kDuk2L2ðWÞ

þ 29

ðR� rÞ2
� n2N 2c2

n� nNc12p
þ 2n2Nc21

ðn� nNc12pÞ2
�Z

BR

ð1þ jujÞ2ðpþ1Þ

þ n
25

ðR� rÞ2
Z
BR

ð1þ jujÞ2ðpþ1Þ:

We recall (3.37) and (3.40):

0 < n�Nc12p < na nc1ð3:57Þ

then

1a
nc1

n�Nc12p
:ð3:58Þ

Thus (3.56) becomes

Z
BR

jDwj2 a 32ððnþ nc1Þð1þ yÞ þ 4n2N 2c2Þ
n� nNc12p

kDuk2L2ðWÞð3:59Þ

þ 29

ðR� rÞ2
� n2N 2c2

n� nNc12p
þ ð2N þ nÞn2c21
ðn� nNc12pÞ2

�Z
BR

ð1þ jujÞ2ðpþ1Þ:

Since 2 < n, we can use Sobolev embedding

Z
BR

jwj2
�
a

� 2ðn� 1Þ
n� 2

Z
BR

jDwj2
�2�=2

ð3:60Þ
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and we get

Z
Br

jujðpþ1Þ2�
a

Z
BR

j juj pþ1
hj2

�
¼

Z
BR

jwj2
�
a

� 2ðn� 1Þ
n� 2

Z
BR

jDwj2
�2�=2

ð3:61Þ

a

� 32ððnþ nc1Þð1þ yÞ þ 4n2N 2c2Þ
n� nNc12p

kDuk2L2ðWÞ

þ 29

ðR� rÞ2
� n2N 2c2

n� nNc12p
þ ð2N þ nÞn2c21
ðn� nNc12pÞ2

�

�
Z
BR

ð1þ jujÞ2ðpþ1Þ
�2�=2

�
� 2ðn� 1Þ

n� 2

�2�=2
:

Let us summarize as follows: if for some p a
�
0; 12

�
with

p <
n

nc12N
and pa

q

2
ð3:62Þ

and for some 0 < r < Ra 1 with BR HW we have

juj2ðpþ1Þ a L1ðBRÞð3:63Þ

then it results that

juj2
�ðpþ1Þ a L1ðBrÞ:ð3:64Þ

Since u a W 1;2ðW;RNÞ and BR HW, Sobolev embedding gives us

juj2ðn=ðn�2ÞÞ a L1ðBRÞð3:65Þ

thus (3.63) is fulfilled, provided

pþ 1a
n

n� 2
ð3:66Þ

that is

pa
n

n� 2
� 1 ¼ 2

n� 2
:ð3:67Þ

Let us fix t such that

0 < t <
n

nc12N
a

1

4
and ta

q

2
;ð3:68Þ

128 f. leonetti and p. v. petricca



moreover, we fix 0 < sa 1 with BsHW; we claim that

juj2
�ðtþ1Þ a L1ðBs=2Þ:ð3:69Þ

Indeed, we start using (3.63) with (3.65): this improves the integrability accord-
ingly to (3.64); then we start again using (3.63) with a larger p and we improve
the integrability accordingly to (3.64) and so on. Let us evaluate how much we
gain at every step:

2�ðpþ 1Þ � 2ðpþ 1Þ ¼ ð2� � 2Þðpþ 1Þ > ð2� � 2Þ > 0;ð3:70Þ

thus, in a finite number of steps we reach the exponent 2�ðtþ 1Þ and claim
(3.69) is proved: this is a finite Moser’s iteration, [11]. This ends the proof of
Theorem 2.1. r

4. Proof of Theorem 2.2

We start as in the proof of Theorem 2.1 and we arrive at formula (3.12). Instead
of writing (3.13) we remark that our new assumption (2.7) guarantees that, on the
set fjujb yg,

XN
g¼1

Xn

i; j¼1

a
gg
ij ðx; uÞðDju

gÞf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2ð4:1Þ

¼
XN
g¼1

Xn

i; j¼1

bijðx; uÞðDju
gÞf 0ðjujÞ1fjuj>0g

XN
d¼1

ud

juj ðDiu
dÞugh2

¼
Xn

i; j¼1

bijðx; uÞ
XN
g¼1

ðDju
gÞf 0ðjujÞ1fjuj>0g

XN
d¼1

ud

juj ðDiu
dÞugh2

¼ f 0ðjujÞ1fjuj>0g
1

juj h
2
Xn

i; j¼1

bijðx; uÞ
XN
g¼1

ugðDju
gÞ
XN
d¼1

udðDiu
dÞ

¼ f 0ðjujÞ1fjuj>0g
1

juj h
2
Xn

i; j¼1

bijðx; uÞ3u;Dju43u;Diu4 ¼ ð�Þ;

then (2.7) and (2.2) with xi ¼ 3u;Diu4 give, on the set fjujb yg,

ð�Þb 0;ð4:2Þ

on the set fjuj < yg we use inequality (3.11) with xi ¼ Diu
g and hi ¼PN

d¼1
u d

juj ðDiu
dÞug; since jhja jDuj jugj, we get
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Xn

i; j¼1

a
gg
ij ðx; uÞðDju

gÞf 0ðjujÞ1fjuj>0g
XN
d¼1

ud

juj ðDiu
dÞugh2

�����
�����ð4:3Þ

a nc1jDugj jDuj jugjf 0ðjujÞ1fjuj>0g a nc1f
0ðjujÞjuj jDuj2:

We use inequalities (3.14), (3.15), (3.16), (3.17), (3.18), (3.19) as in the proof of
theorem 2.1 and we arrive at the analog of (3.20):

n

Z
W

jDugj2fðjujÞh2ð4:4Þ

a ðnþ nc1ÞfðyÞ
Z
W

jDugj2

þ n2Nc2

Z
W

fðjujÞ þ f 0ðjujÞjuj
ð1þ jujÞq jDuj2

þ n2Nc2

Z
W

fðjujÞ
ð1þ jujÞq 2hjDuj juj jDhj

þ nc1

Z
W

2hjDugj juj jDhjfðjujÞ þ nc1

Z
fjuj<yg

f 0ðjujÞjuj jDuj2

�
Z
fjujbyg

Xn

i; j¼1

bijðx; uÞðDju
gÞf 0ðjujÞ1fjuj>0g

XN
d¼1

ud

juj ðDiu
dÞugh2:

As in the proof of the previous theorem, we get estimates (3.21) and (3.22): this
results in the analog of (3.23)

ðn� eÞ
Z
W

jDugj2fðjujÞh2ð4:5Þ

a ðnþ nc1ÞfðyÞ
Z
W

jDugj2

þ n2Nc2

Z
W

2fðjujÞ þ f 0ðjujÞjuj
ð1þ jujÞq jDuj2

þ n2Nc2

Z
W

fðjujÞ
ð1þ jujÞq juj

2jDhj2

þ n2c21
e

Z
W

juj2jDhj2fðjujÞ þ nc1

Z
fjuj<yg

f 0ðjujÞjuj jDuj2

�
Z
fjujbyg

Xn

i; j¼1

bijðx; uÞðDju
gÞf 0ðjujÞ1fjuj>0g

XN
d¼1

ud

juj ðDiu
dÞugh2:
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Let us sum over g from 1 to N:

ðn� eÞ
Z
W

jDuj2fðjujÞh2ð4:6Þ

a ðnþ nc1ÞfðyÞ
Z
W

jDuj2

þ n2N 2c2

Z
W

2fðjujÞ þ f 0ðjujÞjuj
ð1þ jujÞq jDuj2

þ n2N 2c2

Z
W

fðjujÞ
ð1þ jujÞq juj

2jDhj2

þ n2Nc21
e

Z
W

juj2jDhj2fðjujÞ þ nNc1

Z
fjuj<yg

f 0ðjujÞjuj jDuj2

�
Z
fjujbyg

XN
g¼1

Xn

i; j¼1

bijðx; uÞðDju
gÞf 0ðjujÞ1fjuj>0g

XN
d¼1

ud

juj ðDiu
dÞugh2:

We use (4.2) and we get

�
Z
fjujbyg

XN
g¼1

Xn

i; j¼1

bijðx; uÞðDju
gÞf 0ðjujÞ1fjuj>0g

XN
d¼1

ud

juj ðDiu
dÞugh2 a 0;ð4:7Þ

then

ðn� eÞ
Z
W

jDuj2fðjujÞh2ð4:8Þ

a

Z
W

�
ðnþ nc1ÞfðyÞ þ n2N 2c2

2fðjujÞ þ f 0ðjujÞjuj
ð1þ jujÞq

�
jDuj2

þ
Z
W

� n2Nc21
e

þ n2N 2c2

ð1þ jujÞq
�
fðjujÞjuj2jDhj2

þ nNc1

Z
fjuj<yg

f 0ðjujÞjuj jDuj2:

We want to remark that additional assumption (2.7) and ellipticity (2.2) guaran-
tee inequality (4.7) by means of (4.1) and (4.2) as in the sign condition (H3) of [6].
Let us consider p a ð0;þlÞ and let us assume that

juj2ðpþ1Þ a L1ðBRÞ:ð4:9Þ
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For t a ½0;þlÞ we set

cðtÞ ¼ ðpþ 1Þ2t2p;ð4:10Þ

we would like to take f ¼ c in (4.8) but we cannot do that, since f must satisfy
(3.1), (3.2) and (3.3). So we approximate c in this way; for every k a N we con-
sider ck : ½0;þlÞ ! R as follows: when p < 1

2 we take

ckðtÞ ¼

c
�
1
k

�
þ c 0�1

k

��
t� 1

k

�
if t a

	
0; 1

k

�
cðtÞ if t a

	
1
k
; k



cðkÞ þ c 0ðkÞ
2 ð1� ðk þ 1� tÞ2Þ if t a ðk; k þ 1Þ

cðkÞ þ c 0ðkÞ
2 if t a ½k þ 1;þlÞ

8>>>>><
>>>>>:

ð4:11Þ

when pb 1
2 we take

ckðtÞ ¼
cðtÞ if t a ½0; k�
cðkÞ þ c 0ðkÞ

2 ð1� ðk þ 1� tÞ2Þ if t a ðk; k þ 1Þ
cðkÞ þ c 0ðkÞ

2 if t a ½k þ 1;þlÞ

8>><
>>:ð4:12Þ

in both cases ck : ½0;þlÞ ! ½0;þlÞ is increasing, C1ð½0;þlÞÞ and satisfies
(3.29), (3.30), (3.31), (3.32), (3.33) and (3.34). Now we can take f ¼ ck in (4.8)
and we get

ðn� eÞ
Z
W

jDuj2ckðjujÞh2ð4:13Þ

a

Z
W

�
ðnþ nc1ÞckðyÞ þ n2N 2c2

2ckðjujÞ þ c 0
kðjujÞjuj

ð1þ jujÞq
�
jDuj2

þ
Z
W

� n2Nc21
e

þ n2N 2c2

ð1þ jujÞq
�
ckðjujÞjuj

2jDhj2

þ nNc1

Z
fjuj<yg

c 0
kðjujÞjuj jDuj2:

We select

e ¼ n

2
:ð4:14Þ

In order to estimate the right hand side of (4.13) we recall (3.29), (3.30) and
(4.10):
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ckðtÞacð1Þ þ cðtÞ ¼ ðpþ 1Þ2 þ ðpþ 1Þ2t2pð4:15Þ
¼ ðpþ 1Þ2ð1þ t2pÞa ðpþ 1Þ22ð1þ tÞ2p

and

c 0
kðtÞta 2pckðtÞa 2pðpþ 1Þ22ð1þ tÞ2pð4:16Þ

then (4.13) becomes

n

2

Z
W

jDuj2ckðjujÞh2ð4:17Þ

a

Z
W

"
ðnþ nc1Þðpþ 1Þ22ð1þ yÞ2p

þ n2N 2c2
2ðpþ 1Þ22ð1þ jujÞ2p þ 2pðpþ 1Þ22ð1þ jujÞ2p

ð1þ jujÞq

#
jDuj2

þ
Z
W

� 2n2Nc21
n

þ n2N 2c2

ð1þ jujÞq
�
ðpþ 1Þ22ð1þ jujÞ2pjuj2jDhj2

þ nNc1

Z
fjuj<yg

2pðpþ 1Þ22ð1þ jujÞ2pjDuj2

a

Z
W

ðpþ 1Þ22
"
ðnþ nc1Þð1þ yÞ2p

þ n2N 2c22ð1þ pÞ ð1þ jujÞ2p

ð1þ jujÞq

#
jDuj2

þ
Z
W

� 2n2Nc21
n

þ n2N 2c2

1

�
ðpþ 1Þ22ð1þ jujÞ2pþ2jDhj2

þ nNc1

Z
W

2pðpþ 1Þ22ð1þ yÞ2pjDuj2:

We further require that

pa
q

2
ð4:18Þ

and (4.17) becomes
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n

2

Z
W

jDuj2ckðjujÞh2ð4:19Þ

a

Z
W

ðpþ 1Þ22½ðnþ ð1þ 2pNÞnc1Þð1þ yÞ2p þ n2N 2c22ð1þ pÞ�jDuj2

þ
Z
W

� 2n2Nc21
n

þ n2N 2c2

�
ðpþ 1Þ22ð1þ jujÞ2pþ2 42

ðR� rÞ2

a

Z
W

ðqþ 1Þ22½ðnþ ð1þ qNÞnc1Þð1þ yÞ2q þ n2N 2c22ð1þ qÞ�jDuj2

þ
Z
W

� 2n2Nc21
n

þ n2N 2c2

�
25

ðqþ 1Þ2

ðR� rÞ2
ð1þ jujÞ2ðpþ1Þ

¼ c3 þ c4

Z
W

ð1þ jujÞ2ðpþ1Þ

where

c3 ¼
Z
W

ðqþ 1Þ22½ðnþ ð1þ qNÞnc1Þð1þ yÞ2q þ n2N 2c22ð1þ qÞ�jDuj2ð4:20Þ

and

c4 ¼
� 2n2Nc21

n
þ n2N 2c2

�
25

ðqþ 1Þ2

ðR� rÞ2
:ð4:21Þ

Then

n

2

Z
W

jDuj2ckðjujÞh2 a c3 þ c4

Z
W

ð1þ jujÞ2ðpþ1Þ;ð4:22Þ

positivity of ck and pointwise convergence (3.34) allow us to use Fatou lemma:

n

2

Z
W

jDuj2ðpþ 1Þ2juj2ph2 a c3 þ c4

Z
W

ð1þ jujÞ2ðpþ1Þ:ð4:23Þ

Let us set

w ¼ juj pþ1h;ð4:24Þ

then

w a W
1;2
0 ðBRÞð4:25Þ
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and

jDwj2 a 2ðpþ 1Þ2juj2pjDuj2h2 þ 2njuj2ðpþ1Þ
� 4

R� r

�2
:ð4:26Þ

The previous inequality and (4.23) giveZ
BR

jDwj2 a 2

Z
BR

ðpþ 1Þ2juj2pjDuj2h2 þ 2n
� 4

R� r

�2Z
BR

juj2ðpþ1Þð4:27Þ

a
4

n

�
c3 þ c4

Z
W

ð1þ jujÞ2ðpþ1Þ
�
þ 2n

� 4

R� r

�2Z
W

ð1þ jujÞ2ðpþ1Þ

¼ c5 þ c6

Z
W

ð1þ jujÞ2ðpþ1Þ

where

c5 ¼
4

n
c3ð4:28Þ

and

c6 ¼
4

n
c4 þ 2n

� 4

R� r

�2
:ð4:29Þ

Since 2 < n we can use Sobolev embedding (3.60) and we getZ
Br

jujðpþ1Þ2�
a

Z
BR

j juj pþ1
hj2

�
¼

Z
BR

jwj2
�
a

� 2ðn� 1Þ
n� 2

Z
BR

jDwj2
�2�=2

ð4:30Þ

a

� 2ðn� 1Þ
n� 2

�
c5 þ c6

Z
W

ð1þ jujÞ2ðpþ1Þ
��2�=2

:

Let us summarize as follows: if for some p a ð0;þlÞ with

pa
q

2
ð4:31Þ

and for some 0 < r < Ra 1 with BR HW we have

juj2ðpþ1Þ a L1ðBRÞð4:32Þ

then it results that

juj2
�ðpþ1Þ a L1ðBrÞ:ð4:33Þ

Now we argue as in the proof of previous Theorem 2.1 and we get the desired
integrability. This ends the proof of Theorem 2.2. r
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Added in proofs: after the paper was completed and accepted, we were told about
[*] where similar results are contained.
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