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llceJIeoBaflne aIccTpeMaJIeii B 0606LIeHHOi1 H30IIepHMeTplleCKol zllaAme, 
C uoM0916I0 ycI0BI1ti Bbtcmero nopsijica 

H. UI. OCMOJIOBCKHft 

• . - Eswird eine Aulgabe betra6htet, welche dem isoperimetrischen Próbkm verwandt ist: Em 
- Punkt in der Ebene soil die Randkurve eines Gebietes durchhiufen so daB dessen Fliichenin- 

halt maximal wird, wobei der. Geschwindigkeitsvektor des Punktes in einer kompakten Menge 
U variieren darf. Unter einigen Voraussctzungen bezugliehU wird mit Hilfe von Bedingungen 
höherer Ordnung bewiesen, daB mehrfach umlaufende Extrernalen nicht einmal cin soge-
nanntes O-schwaehes Maximum liefern (welches im Falle stetiger Geschwindigkeiten gieichzeitig 
ein schwaches Maximum ware). Für infach umlaufende Extremaien,welche em absolutes Maxi- 
mum realisieren, wird em nichttriviales Resultat uber die Art .des;Maximums bewiesen. Weiter-
hin werden endiich, und un6ndlichdimensionalequadrat.ische Formen, die mit der genannten 
Veraligemeinerung des isoperimetrischen Problems im Zusammenhang stehen, untcrsucht; 
es wird bewiesen, 'daB sic auf den ent .sprechenden Unterraumen nichtnegativ sind, und 
einige an'dere Eigenschaften werden vorifiziert.	/	.	 •, 

PaccslaTplIuaeTcFI 3aAa ,ia 06 oGxoge MaTepilaJibuon TO'lXOfl MaHc!MaJ1blloi flJIOlJ.UIJUI 3it 

4)uxcIlpoBaHl1oe BCMA 11p11 ycJiOIluH, 'ITO roorpao CKOOCT}1 TO'lll CJI?}}1T npon3BoJlbHbIrl 
HoMnaicT U na UJTOCMOCTII. flpn IIl0TOblX flfl0JI0H011llRX oTHodHreJlbno U cfloMOIUblO 
yciomiü BhIculcl -q iiopnüica goHa3blBaeTCfl, 'iTO MHorooôxogllhle aicc'rpeMaJin HegpcTanJInIoT 
Ja1lcc Talc 'Il3hlBCMOO 0-ciia6oro IaIcnayMa, ConnaJ.aloIuero Co cJIa6bIsI a ciy'iae, Kora 
cKOpOcTb To q idu nenpepbinna, a ljiR oyul006xOJu{bIx oKcTpeMaJ1e,. Il.ocTan.q Hlou.uIx aüco- 
Jfl0THblt MaiccilMyM B 3L'lO, YCTaHaBJIHI1neTCH IleTpHBHaJIlillhlfl- C3JIbTT o6 OCTOTC 
MaiccilMyMa. HccieyioTcI1 TalcHce 6ecicolle'iuoMepllble ii 1dOH4H0MCHhIO IcBa1paTH'iHbIe 
()opMlA, cBn3alllIbIe C H33HHblM 06o6iueiiuci laaonepnMeTpu'Iecicon 3aga ,im, ycTallanJill-
BaIOTCH IIX HeoTpll[taTeJIhIloCTbHa COOTBcTCTBYIOEUMX 11o.rlpocTpaI(cTnax it gprue cBoflcTna: 

The problem of a material point going round maximum area on a plane in a fixed period of 
time, with its velocity vector varying in ti compact set U, is considered. Under some assumptions 
on U and with the help of higher-,order conditions it is proved that multiply-traversing extre-
mals do not even give a so-calved 0-weak maximun (which would at the same time be a weak 

• maximum in the case of continuous velocity). For simply-traversing extremals providing an 
absolute maximum; a non-trivial result on the kind of the maximum is obtained. Furthermore, 
finite-dimensional and'infinite-dimensional quadratic forms connected with the pointed-out 
generalizationof the isoperimetric problem are studied; their non-negativeness on the corre-
spohding subspaces and some other properties are established. 

1. BBe(uhIc	 •	
•	 " 

B paöoTe paccMaTplisaeTca cJIeJyloE1aH 3aa'ia ouTIIMaJIbHoro ynpaBJleHHR: 

J(x u) =f(Pxu)dtma	 (11) 

I. --	•	
•	±

 

U,-X(0) = x(1), u(t) E U '[LB. Ha [0 11	 •	 (1.2) 

3ech z(1), u(S) E 1R2 , P - aTpii,a noBopora B R2. HayroJi n/2 HOTiB ziacOBOR 
cTpeJlEdH,-. U.IR2 - 1oMna1cT, oBbInyidJieHue KoTopoI'o Co U Cogep-ldLiT HOJIb BHy-

•	 •	 •	 •	•
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• TpeHHeft ToqHO. MaIcCHMyM nLIeTcn epeRH nap w = (x, u) TafHx, 'ITO X = X(i) - 
jirimiea, a u =	- orpauean uaiepiirian 4yHKL1I1H. 

ECJIH U - OKPY?KHOCTb e U1H11qHOI'O pawyca C IeHTpOM B - Hyjie, TO (1.1), (1.2) 
—: oa 113 BO3MOKHh1X (I)OpMaJ413a11Hl Hiiaccit tiectiorl 113orLepI4MeTpH'IecHot 3a-
J'I14 Ha MaKCMMyM- nJ1OI1aJjH (ffllfypbl ripii orpaiiwieiniori eë nepHMeTpe. Eciiu U 
- cpyr C UeHTPOM, He COBflBBlOLUMM C HJ1M, TO (1.1), (1.2) '- aa)aa 4AHJlbx-

- •	FIIHA [13]: caoiey Tpe6yeTcrl o6JleTeTb Ma}cciIMaJlbHyIo LLJIO[IJb HI4 ycJloBIIH, 
'ITO Foorpa4)oM ero C1<OPOCT11 B i1euO)BH?KHot3 BO3JymHOI cpee cJiynnT Kpyr C 

• TOM B HJIO, a o6JleT I1POIICXOJUIT Ilpil BeTpe, iiMeIoueM BC1Oy flOCTOHHHb1i BefCTOP 
:CKOpOCTH B - o6iiet cjiyae (1. 1), (12) MO?KHO TPKTOBTb IcaK aajay o6 o6xoe 
'MaTepI4aJIbHolt TO'IKOf1 MaKQHMaJIbHOtI 11JIOL1JU4 11I4 ycJIoBnM, 'ITO roorpao 
C}OPOCTH TO'IH1 CJ1?+I1T llpOl13BOJlbHMrl ROMFIaKT U. 

Hac 6yyT lIBTepecoBaTh TH Boupoca, CBHaaHHhIe C aT011 aajaell: 
•	a) onllca'r1 Bee Ce 3FCCTMJ1H	 / 

6) gim Kwimoft 3KCTCMJ114 1lccj1eoBaTb C 11OMOEiblO yCJIOBIIll Bblcrnero ulopHl.Ha 
[3-11]Bonpoc o IIaJrnqHu .moKaJIbHOro (Hanpueep, CLIJIbHOFO, cjia6oro) MaHdHMyMa; 

B) )Jlfl aHcTpeMaJIH,JocTaBJlflIouell aöcoJlIoTIlhIll MaW3I4MyM (rii,i noiaeii, 'ITO 
•	TaKan cyu1.eCTByeT), onpeJeJI11Tb OCTpOTy MaKdnMyMa.	 - 

llepBhifk BOIIPOC 1IecJo?1cHopeuIaeTcn C IiOMOtihIO npniiina MaKCIIMyMa. OKa3bI-
BaeTcll, 'ITO B -aaae IlMeeTca -KOIITIIHyyM a}ccTpeMaJlell. Bee 3KCTMJi11 ecTecT-
BeHHMM o6paaoi pa36HBaloTcH Ha cqenoe MHo?KecTBoTHH0B. flpll aTOM BRCTpCMaJIb 
w0 '= (x°, u°) OTHOCMTCK ic THuly m (n = 1, 2, .. .), eciit x°, u° - nepiouiuecue 

yHIcl1111 C nepoo 1/n. Ha Bcex axcpeainx )HH0O Tina ii )HKIHOHJI J 
1ipHHnMaeT O)lHO 14 TO ?Re 3Ha'IeHIIe;npII4eM, MaIccllMaJIbHOe aHa qeHile JocTHraeTca Ha 
oaHoo6 xOJ HJx a}ccTpeMaiulx (n = 1). OHH H JoCTaB.rin1 OT , a6COJHOTHbIll MKCI4MM B 

•	aaaqe. Bee ao YCTaiiaBJIHBaeTC q B § 2. 
Jaiiee MbJ mcciieAyem 6oiee cio,+cie Boripochi: oHaJrn qnu JIOicaJlhHOrO (B TOM 11J111 

HHOM cMbIcJIe) iiaiccuiya I1H n> 1 11 o6 OCTOT - matictimyrja flH Ii = 1. ,LJIH 
aTOrO npHBJIe}caeTcH TCOHH I yCJ1OBH1 BhICIIIHX ROPIUWOB B OrITIIMaJIbHOM ynpaB-
JieHilil, allOHCHPOBaHHafl B [3-5, 11] ii noJIHOCThIO 11351o?+celIHafl B [6-10]. CeJlaB 
onpeJeJIeHHble rtpegnoJlOiceHnH oTnocnTeJlbHo icoMnaTa U (o 803M0?+cHOCT1I 3aJa-
Hilfi Cr0 B I4C }coHe'IHoll CIICTeMhI--HepaBeHCTB C HOMOLUbIO (j)YH1c1Ull icjiacea €2), 
Mb! BLIIUICMBaeM B 3 7Jm npoHaBOJIbHoft aicCTpCMaJ!H w° = (x°, u°) Titria ii yCJIOBHIT 
BhlCwero nopsuwa y 143 [3-9, 11]. PaCcMaTpHBae1Mü [IOiUOH y nBJlneTcH flOJlOHcM- 
TeJ!BHMM BCI0ly, KOM , HyJ!fl,	yHxLutOnaJ!OM B flOCT1ICTBC nap napuaivafi 
-6w = (6x, ôu)	oripeujimeTCR HeTpilBMaJlbHhlMo6paaoM: 011 tie ilBilneTcH 1414 RBa- - 

• paTiI'IHh!M, Hit jatce no.r!oanlTeJIbHo OJHOOHb1M C lcaKOfl-J!1160 cTerIeHbIo. IlopHJwK 
y xapalcTepMayeT TO, HaCicoJibico ry6HMIt (HJiiiTonIcnMii) HBJ1HIOTCH , 0TB'IlOWH 
eiey Heo6xornlMble 14 ROCTaTOMHbie yCJIOBIIH. OH ?}C OHeJ!HCT OCTPOTY maiictimyma. 

J1H OaHOo6XOIH011 a}cCTpeMaJni. XOTH, Kaic 6MJIo ClcaaaHo, flOHOK y KBBT11'IIiMM 
He HBJIHeTcH, YCJIOBHFI [3-9, 111, , oTBe'Ialow$e aTOMY I1OpHHy, 
B BUJe TpeGoBaHllH aHaIcooIlpeeJ!eHHoCTn HelcoTop011 1cBaJpaT1t'IHoft 4OpMhI w Ha, 
Talc HaahlBaeMoM, lcpHTH'IeCK0MnOnpOcTpaHCTBeL! Bb!nhlcaB B §3 YIcaaaHHHe yCJIO-
81114 ThJ1H npOr4aBOJIbH0I 3KCTpeMaJUI w° = (x°, u°), 1Iinpeo6pa3yeM IIX lcBOBMOHcHO 
6oiiee lIpOCTOMy Bi1J 3ecb me, B § 3, oripeejineen noHHTile 0-cia6oro MalCHMyMa, 
re 0 - KOHe'Il-IOe MHO?KCCTBO ro qelc paap,i.lBa ynpaBJl"HHITU°. )TO I1OHHTIIe OTJIHqaçTCH 
OT Tpau1U1OH1j0r0 1IOHIITHH cia6oro MaiccilMyMa TeM, -ITO MBJ1OM [UeBeJ!eHHIO lI0J-

epraecn He ToJibico caMa aicCTpeMaJIb (x°, n0), HO H TO'IKH MHOHceCTBaO. VCJIOBIIe 
•	-	HeoTpnuaTeJrbHoll onpejeieiiocit Co Ha L ,IBJHIeTCII He06X0Ji1MbIM )J!H 0-cJia6oro 

• MaiccitMyMa, 14 B )aJ1bHellweM no}caabJBaeTCn, 'ITO Ilpil n> 1 OHO lie -Bb!noJIHHeTcg. 
- B §3 aTo-yCTaHaBJUIBaeTcH AAH CJIy qaR, H0ra U H e HB.TIHeTCH crporo BhlJ1bJM 

MHoacecTBoM. •	 •	'-	 •
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B§4 BbIflHChIjaIoTCfl H aHaJflaupyioTcI YCJIOBHR TrnIa HHO6H, oTHoCflwHecH ic 
aagaqe onpeeJieHa aiiaia RBaApaTH qHOA 4opMu Ha KPHT}ICKOM no1IpocTpa}1cTBe. 
OHM 8TM HCflOJIbayloTCic B §5, rge noiiyeici ocHoBHhle peayJlhTaTu, oTHocwHeCR 
ic aagae  
- B §5 Mb! cHaqaJja noica3MBaeM,lTo B CJiyae CTpOI'O BM1THJ!OO U CTPMJI& C 
n> 1 He OCTaBJ!HeT cjia6oro MHCHMM B aaa qe. 3aTeM HH 061U14X npenoJ10-
?iceHHflx OTHOCI4TeJIbHO U HccJIeyeTcFI BOLIpOC o6' OCTPOTe MaicCuMyMa g an dAHOo6- 
X I OAHOft aKCTpeMaiH w = (x°, u°). flocicoi&icy aToT MbICHMM He ' flBJIHeTcR c'rporllM, 
TO Mb! paCCMa'rpnBaeM 3aa'iy (1.1), (1.2) flH JWHOJIHBTeJIbHbIx 
x(0)'= b, f (q, x - b) di = 0, - me b = x°(0), q E JR2 - HeHyJ!eBo1 BeicTop, OpTorO-
HaJbHui.H IeHTpy TBfcCCTM rO = f (x - b) di HI1BO x° - b. flpll aToMJoflOJIHM-
reJibHoM OrpaHHqeHnH MBHCHMM B TO4HC W0 CTaHOB1ITCH CTPOFHM H YOBJ1TBOHT 
cj	i iejone O ueHKe : CYIUCTBYIOT C.> 0, €>0 Taicie, 'ITO.J(W°) - J(w) ^ C, (W - 

JIR BCCX JIO[IYCTHMhLX OI'paHHeHHHMM . w = (x, u) TaHIlx, q o IIX - x°j < e (yHc-
UHOHJi y onpejeiec B §5). B 3TOM cMbicJIe Mb! H roB.op im o5 OCTpoTe MaHenMyMa. 
11pI4BeJeHHan oieiiica yCTaHaBJIIIBaeTCH B §5 C flOMOELbIO JOCTBTOHMX CJ1OBH 
BbIcweronop1I1Ka. 3ecb iice B5 Mb! aHa.rlHaiIpyeM HaM CB1I3aHhI 3a)a'M C orpaHil-

' qeHilfiMil u E U it u E CO U N gaem rtpocoe oimcai-iiie icjiaOca MOMHaHTOB, HBJI}l1OIIH-
XCH BMIIy}cJ1ot O6OJIO'1HOII TeX U, HOTOpbie Y)OBJITBOPH1OT npewOJIo+cerniflM ii §2. 

B §6 paccMaTpuBaloTcn He.icoopie icBaJpaTwlHue 4lOpMM, cBa3anHue C 3aaqel 
(1.1), (1.2), II yCTaHaBJHIB8eTCII MX HeoTpHuaTeJlbHocTb. 

Haicoaei, B §7 Mbi yKa3biBaeM nplleM, 1103BOJ1HIOLU13t lOH3b1BTb C [IOMOWbIO 
yCJ!OBHI1 BMCILIMX 11OPHj!OB HaJIH qlle CHJIbHorO MaicdilMyMa JIH OjHOO6XOJHMX 
BEccTpeMaJIefl 13 ciyae BbrnylcilorO, i-io iie C'rpOro BhIflHJ!OO U. TpyJH2crb Helm-

CCTBHHOFO UUMHH11H JocTaTo qHMx yCJ!0B1411 BbIC[H1IX nOpHgHOB 3jeCb COCTOHT 
B,TOM, 'ITO 113-3a HaJIII qHH IIpIIMOJI1IHeItHMX OT3HOB iia rpanuiw U THTCR yCIIJIeH-
ime yC.moBIIe JIicaHapa. BOCCTaHOHHTb 3T0 YCJIOBiie n03BoJuIer nepexoa H 1!OBOI1 
saja qe C I1BbI11}JIhIM orpawiene u E U' TaHMM, 'iTO oBuuylc.rIelnle U' CCTb U 
H JFH Ha I'HhILC U' BO Bcex Hpafihl1iX TOwaX Mnw+cecTBa U uMeloT HyicHie 
HpHBH3HM 3J .	ecb oriepau i OHbIUHJ1 H11R npejcae	 H B COB111HHO Heo!aHoi 
pom. TpaMqHoHHoe HCUOJ!b3OBaHHe aToit onepaiuiu COCTOHT B TOM, 'ITO HeBhlayHJ!oe 
MHOHCTBO CTMHTCH OBhIFLyHJ1HTb C TCM, 9TO6bI pacmnpHTb B03MOfcHOCTH upliMeHe-
H MB TeopHu alccTpeMyMa. 3ecb ?ice cl1Tyan.11H icaic pa3 oGpaTHali: JtJlR Bh1IIHJ1OO 
Ml1oaecTBa ocTaTO'iHue'ycJ!oB!il! OlcaahmaloTcft HellpIIMeHBMb!, ttO3ToMy ero npe-
eTaBJIHIoT icaic ornyicieinie jpyroro MHO?KedTBa, JWH' icooporo MO?IdHO golca3aTb 
)oCTaTO qHOCTb; 3aTeM yoHa3MBaeTc q JIeMMa 0 TOM 'ITO 113 HJII4'IHF! CIIJIbHOrO maKcii-
myma Ha J1IO6OM ,,ripemcTaBJIH1o[LeM" M11OKCCTBC U' ciieRyeT CflJIhHbth MaKCHMyM Ha 
ero oBbIuyIcJ!eHIIH  

2. 3 tcCTpemaJ ø 

llpnrniin MaicduMyMa. llycm w0 = (x?, u°) - JOI'1yCTl1Mafl orpaHll'ieHH13MII(1 .2) 
TpaeKTopHH. FIycTb x° const, CJ1eOBaTeJihHo, U0 0. YCJiOBIiH flHHIHF1b Ma}c-
CHMM [12] JJ!1! W° TalcoBbi: cyluecTByloT JnhI'uuHLwBa (13y11HU11H ip H KOHCTaHTa a > 0 
Ta}cHe, 'ITO  

= Pu0, (0)	(1),	-'	 (2.1) 

max ((i) +	Pxo(t), v = ((i) +. Px0(t) , ILO(g) =	(2.2) 
VEU\	—2	 ,	 2

/
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V 

Ha [O;1] (3ecb1I 11O JlOMHJIHMFOHHTeJ1b rip!! 4)yHxIu4 oHaje .J paBHblM 1, qTO He or-
paHH'4HBaeT o5aHocTH; ycjioite x > 0 BbITeKaeT 143 ror'o, WO 0 E mt Co U 

V

HoJiothM 77 = ' + -- Px°. Tora V' 
=	H. max {V(??(t), v) I V E u}	(?)(t), O(')) 

=. Paajnri	anocJleHx paBeHCTBa iia :	 V.	

V 

•	 max ((t)/c., v) = ((t)/x, u0(t)) = 1.	
V	 (23) 

eJ	 V:	 V	 -	 V	
V 

IIyCTB U0= {y E JR2 I (y,v) ^1 JJ1HBCeX V E U} - noipa R I%lHomeCTBY . U I4aU 
• ec rpaHnua. HCH0; qTo U0, - BbHy}cJ1bIf HoMrIaIT, flpHlëM, 0 E mt uO. 143 (2.3) BhI-

V 

TeIae, rro (1)/x E allO . CieoBaTer1bHo, V(t)E a a lp . RpoMe TOI'O, na (2.3) BbI-
TeKaeT Ta}He, 'ITO (j(t), 0(t)) = . UTaH,. ecjin w° = (x°, u°) - 8HCTpeMaJIb, TO 
CyaeCTByIoT XOHCTaHTa a H JIHnuhI1IeBa"()yHH1U4H 77 Tarn4e, 'iTO 

JO, 77(1) E x alp, (0), O(1))..	>0.	•	
(2.4) 

06paT'ilo,ecriu w° = (x°, u°) - '7OIIyCTHMaH Iiapa J1H HOTOPOR CHCTB1OT R011-
cTaI-ITa a 14 J1UfltllHIeBa 4)yHFc4IIR77 TaHjIe, uTo.Bbrnojmellbl YCJlOBHFl (2.4) 7 TO rio.no-

?HIIB	 ... Px', noJly'iaeM, 'iTO )J1H ip, , X0 , U0 BbI[IOJIHCHhI CJ1OBi4H 

MaHcl4MyMa (2.1), (2.2), r.e. (x°, u°) - 3HcTpeaJ!b. 14TaH, YCJIOBHFI (2.4) axBuBaJleuT-	
V 

HbI yCJIOBHRM upHHIllua MaHdllMyMa.	
V	

V 

V	 2.2 GTpylcTypa,aKcTpeMaJIeii. HpoallaJ!H3I4pyeM Teriepb YCJIOBHFI (2.4). 143 mIX BbITe- V 

Kaer, 'iTO	 •	V	 •	 •	 • V	

•	 V	

V 

V	

•	 (P77(1)10)) = (P(1), Pu6(1)) = (77(1), O (t)) = >0.	
V	

(2.5)	

V 

V V 

	

V 

CJ1emoBaTe.JibHo,..Be1Top 77(1) OGXogHT C 1-1eHyJ1eBok C}COpOCrbIO rpauiy BhIIJyKJIOrO	V 

•RoMnaKTa	,,aaMeTafl" aa paBHre ripoMeHyTHH BMHH paBlihIe uJ1ona14. Hoc-

V 

V ROJIbK	(0) = (1), x°(0) = x°(1), TO 77(0) = 77(1). CJ1eoBaTe.rIbHo, TIPH t = 1 BeR-
TOP n Bo3Bpau.aeTcsT • B 14CxOHOe rIoJIo?ReHHe 77(0), coBepulllB ripu 3TOM OJHO-14J1H	•

mHoroRpaTHblrl o6xog rpaHiihi M1!o,IcccT13a U. Hwice 'iepea n . o603HaqaeTcH 'fl4c.TIo 
•	IIOJ1HbIX OOOTOB BeHTopa 77(1) Ha OTpe3He [0, 1].	• 

3a Bpeu, noKa BeKTOp 77(1) collepulaeT [IOJ1Hb1 OGOpOT, BKTO )(1) TaK?Ie GO-
BepuIaeT noin.r11 o6opoT. 3a 3T0 me BpeMn CO BepivalOT nOJIHblrl o6opOT h BKTOP 

V	

u°(t), flOC1OJu.Ky, 1 = Pun , a Ta icwc BeKTop x0(1), 1IOCKOJth} 71 '= P(x° + ci), rje	
V 

cont E' JR2 . 14raR, Bce (1)yHKW4H x, u°, , uMelor nepuoj 
V V 

flycTb q(1) ecTb yi'OJi Meaay BeuropoM ,(t) ii, HaupuMep, BeKTOpOM (0, 1)T. 
14a yC.3OB!1R (2.5)B1.iTeKaeT, 'ITO 99 = q)(t) - MoHoroHHafl 4)yHKL1H. CJIeaoBaTeJIbHo, 
KaH y au . To'ixa I E (0, 1) ecTb Jl1460 To qEa pa3pbiBa aepBOro poa 4yHK414I1 99., iu6o 

V

	

	

V To'IHa ee Henpephi3uocTl4, rIpI1'IeM, 'II4CJI0 To qeK papia y 92 He 6oiee q ei cqerHo.
HeTpyjI!O rloKaaaTb, 'ITO To qHa HUbIBHOCT11 yHrnu14 92 HB.rIfleTcH TO'IKOcI Heripe-
pL.IBHOCTII 4yHFllVllFI , a 'rOq Ra pa3pbIBa HKiHH p n.m aercci To q Ho paapblBa nep- 
Boro poja 4yHialln . Tainri o6pa3oM, , KaK H 92, B Ha 011 TO'IKe JUl60 Heripe-
phIBHa, JIu66uMeeT p a3pblB neporo poJa, npH'ieM'nacJIO ee To'IeK pa3pbiBa He 6ojiee, • - 

•	 qeri cqeTllo. TaKiiMH . wecBotcTBaMu o61IaaeT 14 U0 , flOCHOJibicy 7 = PUo. 
• HycFi U = CO U. Tor)a U°	U° ii (U°)° = U (flOCJ1e)Hee BepHO, T.K. 0 E U). 
M3' yCJIOBHI1	 V	 V	 • •	 . 

max (77(1), v) = max (77(1), v) = (77(1), u0(1)) =	. V 

VEU	 v€U	 V	 •	 •	 -
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- BhITeKaeT, 4rO u°(t)	U fl.B. ua[0, 1]. IIOJIOHM	= ?)/c Torga fl.B. Ha [0, 1] 
HMeeM	 S 

u°(t) € all ., ,°(t) E alp, (°('); u0(t)) = 1.	 - (26) €

flycTh -

X(9, U) = {v E]R2 (v, u - 2) 0 V ü EU} 
- KOHyC BHeWHHx HOpMaJIei K MHO^KeCTBY U B TOK	E 0U, a 

iV1 (tl,U)	{vEJV(2,U)I(v,) =1) 

- ero ceqeHile. AllaJIorll qHo onpeJeJ1nM KOHC BHewHHx HopMaJ1e1 iV(, U°) K 
M. HWHeCTBY Uo B TO4H	E a llO ii ero ceqeHile JV1 (i, U°). 143 (2.6)iierico cJ1eyeT, 
'ITO fl.B. Ha [0; iJ	T	 S 

770 ( t ) E /Vi (u0, U)	allo, u°(t) € Jy1 ( 0,UO )	au. 
ficilo, TO 1ipI K?KIOM 72 E aU MHO?KeCTBOJV 1 (2, U) eCTb 6TpO3OK HJII4 TO'IKa.1ECJ1I4 
JV1 (2, U) - oTpeaO}c, TO6yJeM I'OBOpHTh, 'ITO A - y2JwCa-R mo'oca rpaHi4ii U; 

• ecjin iV1(, U) - TO qKa, TO 6yjeM naabiam 12; moqjwü aiiaôicocrnu rpaHibi 3U. 
•	Taiue ne IIOHHTMH 6yjei I4cno.nb3oBaTb ii j1JUi To'iec rpaijw a U. FICHO, 'ITO rpa-

HIIUbI M H a llO COepKaT iie 6ojiee, qeM cqeTHoe q HCJIO orpeaKoB, a, 3HaqHT, H yI'JIO-
- BhIX Toqe}. 

PaCCMOTPHM TCILb rIoBeJeHHe 41YHKLU1iI uO , 770 . Yr;iOBOrl TO qRe Ha U cooTBeT- r • CTBT OTP8O} Ha U° CeoBaTeJIbHo, Bce BpeMH, noica J1I41UUHUB 4)yHKUIIfl770 
npoxoJHT.oTpe3o}c-Ha 8U°,. ynpaiee U0 ,,CTOHT" B yI'J1oBo1TO'IHe rpaHibr O U. 

' Lajiee, yFJIOBOii 'roqHe Ha a llo coo'rBeTcTByeT OT3OK na U. -HOCKOJIBKy B CHJ1 
(2.5) (P0, ij°) = 110C >0, TO BKTOP 770 ,,MrH0BeHH0" ITpOX0JUIT yl'JIOByIo TO q Ky Ha 
U°, cjeioaTejmo, U0 ,,MrH0BeHH0", T.e. cKa'IKOM, flpOXOJHT BHyTpeHHIOIO qacm 

o'rpeaHa Ha a U (ripii 3TOM inoôoti HB . HOHUOB	Ha U MoHeT oKaaaThcH yrjio-



BOA TO'4HO, H TOra U0 ,,CTOHT" B 3TOM HOHtxe noJ1O?fcHTeJbHoe BpeMn). Bepno 
o6paTHoe: .ecjin u0 ilMeeT CK'IOF, TO .meBoe H npasoe npeemue aiiaemta u0 B- - 
MOMeHT cHa'IIa u 14 U° pacrioio*cei B KOHUX OTpe3Ka Ha aU (B '1cM HTHO 
y6e)HTbcH, ecJil4 y'IeCTb, 'iTO B M0MeH'r cKa'i}ca t" BhnIoJIHeHo CJ1OBI4O ?7O(t*) E 4'1 (u°, U). 
n JVi (uOf , U), HO 8TO B03MO}KHO JIHLUb TOra, Kora U0 H U0 np14HaJJ1eKaT oTpe3-
• Hy Ha bU). I4TaH, OTpe3KaM Ha U- 14 TOJIhKO MM cooTBeTcTByloT cHaqHM yITpaB- 

JIeHH}r U0 .	 •	 S	
• 

Jlycm 0 - MHO?lcecTBO TO'IeK paapia u0 (HaK ywe OTMe qaJIOch, mm He 6oJIee,-qeM 
•	c'ieTHo). B ci4jiy CKa3aHHOrO BbIule, Ha (0, 1)\O yapaieue U° HflPPbIBHO H u°(t) 

MH0?HecTByex U - HpaHMx TO'ICK U. CJIeJoBaTeJIbHo, u°(t) € ex U 
Ha AlHomeCTBP nOJIHOrf Mepbl.	 S	 /	

•	

5. 

•	-

 

flycTb HMeeTcfl n-oxOy1HaH aKcTpeMaJIb w 0 =, (Xo, u°). I'Ia paBeHCTBa (P0(t), )0(0) 

= 

	

I/a BTexaeT, q o	(P° 0) dt = 112, HJIH n50 = 1/2 re S0 - noa 

-	flOJ1flhI U0 : C.r1ejoBaTeJIbHó,	
S	

•	

S	 • - 

	

1/2nS.	 S	 S	 -	 (2.7) - 

'-lucjio 06X0JIOB n, Ha'{aJIbHbIe aHaqeHwI?70 = 0 (0), x0 = x°(0) OgHOaHaqHO OITpeJeJi- 
• 

S	
rnoTal-ccTpeMaJlb. Lef1CTBHTeJ1bHO, 3HaH ii, rto(2.7) HaxoyHM, a o'c1o)a It 148 yCJIOBHtI 

	

770 ( t ) E au°, (p 0 (t), ,)o(t)) = 11a, 0(0) = 776 0II08HaqHo	 O, a, 8HaunT, H 

=	• JJaJ1ee, ycJlOBfta ,) = P4, to = u°, x°(0) = x0 0HO3Ha'1ELO onpeernior	- - 
X0, U0 .	 -	 • S

	 /	 •	 • 

-	 I

SI 

SI
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HaKoHeI., OTMeTHM, q'ro JJiH J11050 3KCTMJIM it'° = (x° u°) Ha6op MHOH-
TeJIe, yoBJ1eTBopnIouHx flPHHUHHY MalcoBMyMa, onpeJ eJIHeTCH e11HcTBeHIIMM o6pa-
BOM. 3T0 BBJUIO, 1-lalipilMep, iia (2.4). JekCTBHTeJ1bHo, ItyCTb ITOMHMO napi (77, ) 
IlMeeTcH napa (771, ) yJouJIeTBopnloILaR yCJI0BHHM (2.4). HocKoJIy i = Pu°, )1 

= Pu0, TO 71 1 = ± c, me c = const E 1R2 . Ho (?7(t), u0(t)) = (77 1 (1), 0(t)) = x. Cjie-
oBaTeJIbH0, (c, u0(t)) = 0 1.B. Ha [0, 1], oT}cyya c.rIe1yeT, wo c = 0, 1460 io He cox 

pal-meT HaITpaBJICHHe Ha [0, 11. 3HaqHT, 17 =	 -. 

2.3 OnTnMalblloe perneHile. IIOCHOJILl-cy u°(t) E exU Ha MHO,+ceCTBe nOJIHOrf Mpb1, 
TO, HaK B14HO 113 yCJ1OBH (2.4), onpemeJHlowH)'a}ccTpeMaJIb, flH 3aMeHe B aaaqe 
(1.1), (1.2) orpaHm4'leHHn u(t) E U Ha orpaHHeHHe u(t) € Co U (T.e. u(t) 1 E U) MHO-
McecrBo 3RCTpemajierf He MeHHeTcH. OTcloJa, B qacTHocTll, BblTeKaeT cy[UeCTBOBaHHe 
0IITI4MaJIbHOUO peweHHFI B aagae (1.1), (1.2). ,LecTB11TeJIbHo, paccMOTpHM HOByIO 
saay C orpaH11eHl1eM u E U. B Herl orlTuMaJlbHoe pemeinte cywec'reyeT, U0CKOJIBKy	S 

In E 
(L) 2 Iu(1) € U,f u dl = o} HOMIIaHTHO B *-cia6o11 TOnoJiorHH 

npocrpaHcTBa (L) 2 , a yuiioimai u i-1 . f (Px, u) dt ' rje x(t) =fsu(r)dr, Heripe-

•	p}JBeH B aToi TOrIOJlOrnl-1 (3ecb cJieyeT TaKnce y'leCTb, qTo f (Px, u) dl = f (P(x + c), 

u) dl, ecrin c = const € 1R2, f u dl = 0). ToKa MaHCiIMyMa B HOBo1 3a rtaq e }mBJIHeTca 

• aiccpeamio H0B01, a, 3HaqflT, H cTapo3 3a)a11; HO TO1'ja oHa ecTb To qlca MaKcIl-
MyMa H B cTapo,aajae, nocKoJibicy B cTapoi ajae 0nyCT11M9e MIIO?KecTBo yMe, 
,4em B ll0R0.	 -	S	 S	 S 

BMucJI1lM BI-la qel-mne ()yHHInoHaJia J na HamAoR a}ccTpeMaJlrl. 143 yciloBrift 
• P(x0 + c) = ,, (ij(l), u0(l))	x CJIe)yeT, 4T0 (Px°(1), u0(l)) + (Pci , u0 (t)) = x. 1411- 

TeI'pHpyn 3T0 paBel-IOTBO 11 ReimHa 2, iioJly'IaeM j =
	

(Px°, u°) dl = 

- = 1/4nS0. Han66j1bmee3lma qeHHe AOCTmraeTcfli [Ipil n = 1, .e. na oH006xoln.ix 

S

	

	

RcTpeMaJtHx. Hocico.riblcy OUTI4Ma1ibHoe peineHBe C!.UCTB T , TO JlIoöafl oiioo6xo-



HH 3KCTMJ1b H HBJIHeTC}1 OHTHMaJIbHbIM peineneM. Oiwa co j-le HCHO, mie 6yJyT 

-. JIM JIOKaJIbHhIMH (s TOM 11J114 HHOM cMbIcJie) MaHCI4MyMaMH MaOroO6xo)HhIe aiCTpe-
MaJrn.KpOMe TorO, Hal-c ymce orIe qaJTocb, nac 6yJeT i-lHTepecoBaTb BOnPOC o6 0CTOT 
maRcHmyma JJIH oj1ioo6xOaHoft oicTpeMaJ1I-I. OTBCTMTb Ha 3T11 Boil-pooh! UO3BO.JIIIT 
nccJIe)wBaHHe al-ccTpeMaJleh C nOMOMbIO.YCJIOBHrl Bblcuiero uopFiJwa. flepexowi K 
3TOMy IlccJieaoBaHIllo , cAejiaem JOUOJllmH	h! TeJ!bHe flpeJR0JIO?KH14H OTI-iocwreJIbHo MOM- 
naicTa U..-	

S	 S -	 5 

-	 - 

• 3. Ycioimun BbIc[HeronopKa	S	 -	 •	 - 

3.1 llpeuo.ioeiiiui. llpeanoJIa raeTcH , iTO 

• a) CylleCTBy1oT oTIcpbIT9e rnoncecTo Q 1I 11 Ha6op 4yHKUH G: 9 i-+ 1k' 
(i = 1, ..., m) ijiacca C2 TaHlle, 'iTO U {u € 91 G1 (u) < 0, i = 1, ..., m}, rIpii'ieI, 

113 yCJIOBHcI u E 9, G 1 (u) = 0 CJiejyeT, 'ITO G•'(t) == 0, a 113 YCJIOBmri u E 9, G(u) 
= 0, G,(u) .= 0, i + I cJ1eyeT, qTO rpaMeITbIG'(u), G,'(u) JIHHCitHO HC3aBIICHMhI; 

,naiconei, linicaKile TH yH1cL111n3 Ha6opa G} oJwOBpeMeH H O B HOJIb IIC o6pana-

•	loTcH;	 S	 -	S 
S	-	 • 

S-I

r
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.' 6) 113 YCJIOBHfi it € ex U, G(u) = 0 cjlegyeT, WO maTPHqa .G 1 "(u) uojioaejiiio 
oupeerIeIa(3Jecb, KK 11 BbiLue, U = Co U); 

B) y. mo6or'o OTpe3ia ua U J1Hb HOHUhI nptIHaj.r1e,icaT U ( no i ompe3o.Ha 
U BcerJa nopa3yMeBaeTcH MaffdHMaJ1bHhIi upHMoJ11IHe1Hh1u orpe3oK, coepa-

•	U.HCH B aU).	 S	 S 

faH ii BhI[UC, npe)i,noJlaraeTcH, UTO	 -	 S 

• -	 r) U KoMnawr ii 0 € mt U.	 S	 S	 -	 S 

I -

	

	OnpegeJlèHHe 3.1: Byei roopivr; 'FF0 }coMuaHT Uc JR2 3ajaH Kanonuec,tu.t
o6pa3o.u, eCJIH OH YOBJITBOPRT BCeM-yCJIOBHHM a)—B). 

HeTpyHo npoBepMTb, q ro o6ejttHeHie HoHeUHor'o 'iiicjia ijoiTapHo HellepecéKa-
•

	

	IOfll4XCfl H0MHaFcT0B, 3a)aHHh1X H3HOHHUeGKHM-O6pa3O5t, ecTb cHoBa HOMFJaHT, 3jH-
Hh1i IcaHoHilUecHini o6pa3oi. Jajiee, 0TMeTLIM, 'ITO HOCIOJ1hIcy MHOHèCTBO xpa rh inx 

•

	

	T0UeH.BhInyLcJIoro loMua}cTa 131R 2 3aMKHyTO, TO 113 YCJTIOBHFi 6) BhITeKaeT, 'iso cyiuecT-
ByeT c > 0 TaKoe, 'ITO 143 yCJ1OB1lt U E ex U, G(u) ,= 0 c.riegyeT, 'ITO (G"(u) . Z, i) 

E ITZ1 2 jrtn acex Z € JR 2 . - Bee gaAbHethume paCCMOT peHMFI ocTaH)Tcn B CHJIe, ecJIn 
•	aToTpe6013aHI-le 3aMeHIlTh Ha 6wiee cjia6oe: cynecTByeT '> 0 TaKoe,'UTo 143 ycJloBH 

u € ex U, G 1 (u) = 0 cJleJyeT, 'no (G1"(u) ft , z)	E J;UJ2. gJIcI Bcex i € JR2 . . Talcux, "ITO 
(G'(u),z) =0. HaicoHeL, HMeeT MecTo . c.me)yIo[Iee S	 -	 S 

fIpe.itoeiiiie-3.i: I'13 ycizoeuü a), 6), r)&ieöyem, 'mo-aU coöepcüm ne 6oiiee 
cone'Ino2o 'ucita ompea#coe U y2uioebix mo'Iefr.	•	 -	 . - 

- LoKa3aTeJ1bcTBo: IIolca,lceM, 'ITO eu coLep?fc14T iieöoiiee IcoHe qHor'o q ucija yrjio-
BE.IX ToUeH. flycTb 3T0 ite- Talc. Tora llMeeTcn cUeTHaR 5nocJIe)onaTeJIbHocTb yI'JIO-
BbIX ToUcH u € OU. LJ1}I Kaaco yr'JIoBoti T6'11d11.0 MMeeTcn napa (IyHJcUul4 G, G1 
Ta}cI4x,'lTo G(u) = G 1 (u) = 0. He or'paHH'IuBan o6E1.I-iocTH MOlc1lO C'IMTam, 'ITO, 
Jjui Bcex Ii, i,, = i, j' = j ii it,,	u € OU. UTaH,' G(u,,) = 01(u,,) = 0. Tor'ià G(u) 
=G1(u) = 0. Jajiee, nOJOtcHM ii,,	it,, - it, 6 n rI n I. CqllTaere, 'ITO fl,,/e,, --i, 
II = 1..Torjia	•,	 S	 S	 -	

•	 • ' 

•	 0 = G1 (itn ) = G1 (u + umn)	•	

5 5, 

• = 1G(u) + G 1 '(u) 2t,, + ó(e,,) = G 1 '(u) Un +0(e fl ).	..	-	S	 •	 - / 

.Lejia Ha E. H I1epexojfl K npee.1iy, rIo.rlyaeM 0 ; '(u) Il =.0. 'Ho aHaJIOUHUHO H 

	

0. ilocicoJibicy G(u)	G(u) = 0, TO B CllJ1 UPJUL0J1O?HPHHH a) rpaut-



eHmi G'(u), G,'(u) JIuHelHo lIeaaBIlcuMhl. CJieJ(oBaTejibHo, ii = 0; Flo 3TO HpPTHBO-
S	

pe'nlT ycJloBIllo	= 1.	 S	

- •	

S 

To'iHo 'raic me /(Olc3bIBTCH 6o.riee cwnoe yTBep?IcJ(eHue: 'ro'ncu u € U' Taini, 
'ITO, jJirI HelcoTophix == j, G(u) = G,(u) = 0,' He SMOE'yT IIalcarIJIHBaTbca, ii cjiejo-

S	BaTeJIbHo, Ha U IIX HMeeTcH J11-lI11b lcOHe'IHoe qucjio. 3T0 'yTBepIc(eHne HaM noHaO-
, 61-1TcH Hume. 	

S.	- 

•	flocaicert Tenepb, 'ITO U coiepnT He ' 6ojiee HOHCUHOFO 'iuciia oTpeaxoB. llycTb  
•	ecTb c'leTHoe 'IHCJIO 0Tpe3Fc6B [u,,', Un] H au. fIoJIoncuM ui,, = u,," - Uh'. Torja	•

En =.I um,,I ±0, U '  u,,", --* -a € ex U. He orpaHuUuBast O6IUHOCTH, c'IilTaeM, 'ITO U,,/E,, 
• -^ii re juZJ = 1. B CuJIy npegwgyuAero yTBepHeHl1H Mb! Mo?lceM c q HTa'rb, 'ITO Cy-

, uAeCTByeT HHJeocc i E {1, ..., rn) TaFco3,..$To G(un') = Gi(Un") = 0, upiie, Un ' ) Un" 
• • - 

yrJIOBb!Ml1 TOqKa%Dj He HFIJIHIOTCH. Tora '	.	S •	 - •	 S	 S	 • 

-	 0= 01 (u,,") = 9 i (u.' + Z,,)	
•	

, 'S 

•	
=-G(u,,') + G 1 '(u,,') um n '+	(Gi"(Un') FL., um,,) + o(e,, 2 )	,	'	S -	 -	 • - 

	

(G, (Un ) umn, um,,) + O(E,,2)	
I 

16 Analysis Bd. 9, Heft 3 (1000)	:	• -	 ' •	 S ' •	 • '

	 I	• 

5	

_	 I	 '	
••	

•	 I	-
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MJIen G•'(u') U,, paBeH HYJBO, riocHojibmy Ft. ecm HacaTeJIbHoe J-ianpaBJIeHHe K 

KHBO G 1 (u) = 0. C.neoBaTeJIbHo, -- (G"(u') i/e fl , i/E) + o( 2)/e 2 =0. flepe-

H npeJeJ1y, noJ1yaeM 1/2(0 1 "(u) Ti, z) = 0. Ho ao LLPOTHBOPCHT npenoJ10-
-nceHio 6), noc}co.m}cy	= 1, u E ex U I	 S. 

HyCTB w0 =(x°, u°) — 1aKafl-rn16o n-o6xoJHaH acTpeMaj. Corjiacuo 1IyHHTy 2.2 
14 npejioeiuio 3.1 u0 HMeeT IcOHelHOe MHORceCTBO TO qeii pa8pl.rBa 0 = {t, t2, ..., t} 
(0 < t 1 < •.. < 18 < 1). HoJiollM u_°' = u°(t 1 - 0), U,oi = u°(t, + 0), i =), ..., 8. 
CorJlacHo nyHwry. 3.2 u.Oi, k±°' — HOHi.bI oTpeaHoB 'Ha U. HpejuLwlaraercR, qTo 
'u°(+ O) H u°(1 - 0) HOH1artH OTpeaxoB Ha aU He HBJIHIOTCH. CorJladlló CK8HHOM 

• BHWe, oTpe3oH [0, 11 HBJIHercR 061,e)HHeHHeM KoHe qHoro qucjia oTpethoB gByX 
THIIOB: 

a) OTpeaKoB, , BHTPH HOTObIX u°HeIlpephlBFIo H LpOXOHT no rpaHnie Ju4lflh o-
HOFO OPH14H14H G"= 0; llHTepBa.mbI, cooTBeTcTByJoIuue T8HIIM oTpeaKaM, MbI 6y)eM 
OóoaHaqam qepe3 e, a caMil oTPea}du - LiepeB ë; 

6) oTpeaHoB, BHYTPH KoTopblxu° ,,CTOHT" B yrJIoBOit ToqKe MH0?RecTBa U oripe-
eJ1BeMo1	OFPHI4HHRMH 0, = 0, 0, = 0; uHTepBaJthI, cooTBeTCTByIoIUHe 

TaKHM OT34M mm 5y)ert o603l-IaqaTb qepe3 e', a camn oTpe3HH — qepe3 ë'. 
HoJ1ouM	= ue," = ue', = uë, ' = uë'. Tora ecTb aaMhIHaHMe , a' 
- 3ambmaHme',u' =[0, 1],mes(\) = mes('\') =0, (t) + Oui Bcex 
I E S, u(S) = 0 AJIR Bcex S E  

KaK 6ii.rio cica3aHo BO BBeJeHHH, )J1H BHCTCMJIH uP C ql4cJIoM o6xooB n> 1 5y)eT 
noKa8allo, 'iTO w° He gOCTaBJIFieT B aaa qe game 0-ciia6biri MaKcUMyM. OupeeJIeHHe 

• raKoro maKciimyma MhI JJHM n11He. 

3.2 0-eJIa6Ml MKCHMYM flycm i° - saMbiHaHile B 1R3 rpa4nHa cyaeHI'ifl u0 
Ha HHTepBaJI. (t_, t i ), i = 1, ..., s + 1, rje S = 0, t	= I. Ilycm U° eCTb o6be-

u4HeHHe u' no S = 4,..., s + 1 (pyrl1Mn cJloaMI4 U° eCFb 3aMblFcaHlle rpaa U0 
6e3 H30Jrnp0BaHHhIX To'ieH 3aMbncaHuH, qro B paCCMaTpHBaeMOM ciyuae coBna)aeT 
C BBJHlIb1M A. H. Ly60BIfuHHM a A. A MHJIIOTHHL.IM noIIHTI4eM 3ambiHaHIM no 
Mepe; 0603Ha'ieHae 3TMX aBTopoB MbI H udnoJlbayeM). 

rIoJIo?KHM V = (W11)2 X (L)2, rje. (W 1 1 )2 — npocTpaHcTBo a6coJlloTIIo Henpe- 
PhIBIIhIX 4)YHHI&Ht& x: [0, 1] _. 1R 2 . OnpegeJrnM B W HOMY 

-	' HwlI = IIXJJw + tIUIIL = Ix(0)l + f	dt + vraimax J ul. 

JIoHaJII.Hhii MaKCHMyM - B cMbIcJIe 3Tort HOMbI ecTb CJIa6hIi MaKCIIMyM. 0603Ha'in1 
epe3 17(0)itHoicecTBo ILocJ1eoBaTeJIbHocTe {ôw}, 5v,8 = (ax,,, bu,,) B flOCT811CTB 

W Taldax, 'ITO óx Mw' -± 0 u jjii JIio6ocl OHCTHOCTH V ' MHonecTBa U° cyJTecT-
BT iioep N TaKo, 'ITO JJ1H BCeX fl N BbrnoJIHeHo yCJIOBILe (u0(t) + ãu,,(t), t) E V 
H.B. Ha [0, 1].11oJIoinir 6,,J = J(w° + ow,,) — J(w°). Cjieyn [5, 6, 8], 6yeM rOBo-
pHTh, 'ITO w0 — To q ica 0-ciIa600 iitaKCuMya, eCJIM He Cy,JIeCTByeT {Ow} E 17(0) 
TaHo, 'iro AJIFI Beex fl, w0 + (5w,, y)oBJIeTBo'pHey orpaHll'ienw'IM 8aa4H H 6,,J > 0. 

0603Ha'taM 'iepea [J8 MHOHceCTBO IIocJIeJoBaTeJIhHoCTe {(5w,,} B npoCTpaHCTBe W 
TaFcnx, 'ITO 116x,,Jic -±0. 3aHaH B np,e)uuyneM oripeeeaa 17(0) Ha 178 , utoJiy-
'iaeM onpee.rieniie CUibfl020 tacuiy.4ta. Oqeiiajuo, 0-c.la6bth Ma}cCHI(IyM 3aHIIMaer 
npoMe?HyToqulo.e noiioKeHHe iiey cHJIbHblM H csia6'iirt Ma}dCI4MyMPM. 

3.3 Ypannemie )Iliepa. )iI,in 3HCTPCMJ w0 = (x°, u°) B yCJI0BIIHX npHHuHI'Ia Maid-
cliMyMa (2.1), (2.2) 3a1e1-IaM ycoBiie (2.2) Ha BhITeKaIonee 113 HQrO yeJIonHe: cy-
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IIeCTByeT MHOR1T Jib JarpaHa a(t) = (a i (t), ..., a,,(t)) Taxo; TrO  

/	v' + –2-Px° =aG'(u°),	 (3.1) 

	

•	rjeG = (G1 , ..., Gm), aG'(u°) = EaG 1 '(u0) , , nntq eM,	 - 

a(t)	0, aG(u°) -= Za 1G,(u°) = 0.	 (3.2) 
YCJIOBHH (3.1), (3.2) H yCJI0BHH 

pO, (Ø)	(1) 	 (3.3) 

onpegeJIBIoT1o1aJ1bHbIk EIpiIHUHUMaKCBMYMa, KOTOpbi, RaR naBecrHo, npejeTaBJuieT

	

•	co6o1 HeoôxoLwMoe ycJlornie neporo no p jiAHa gjm . cjia6oro 'maiKciimyma. Hojiarafi, 

KaH H paHbiue, 77 = tp +	Pxo, rtoJiyaeM 77 = aG'(u9), ,y= Pu°, 77(0),= 
B 3a)aqax ,OrLTlIMaJIbHoro YflPBJIHl1H JioHaJIhHbIfl flp1IH1HH MaKcllMyMa ripeJ- 

cTaBJIfler co6orl uOJIHhli aHaJIor KJlaccwlec}coro YPBHHHfl 31.aepa B BapHaLHoHHoM 
ucqllcJleHIlH, noaToMy ero HaablBaIoT Tal*ice o6o6neHHMMypaBHeHHeM Bliepa HJ11 
HPOCTO ypaBHel-nieM 3ikiepa. B o6lueM ciiyae ypaBHeHlle Bthépa ecTh cJIeIWTBHe 

• II14H1I1i1 MaKdnMyMa. OJtHa}tO B pacemaTPHBaemom ciiyae ypaBileHile Btthepa 
3IcBHBaJIeHTHO npHHi xtiny MaRcilMyMa, noc1oJIbHy aajaa (l.l)—(1.3) BbIUKJI 110 
yrIpaBJIeHwo. OTCl0Ja II 113 floJ1y'IeHHo1i B 11H}T (2.2) eJHHcTBeHHocTM Ha6opa 

	

•	MHo?}HTeJie1, yOBJieTBOpHIOL11X flpHHIHñy MaHCHMyMa, BhlTeKaeT 

Hpejun'oeHiie 3.2: Ha6op wnoascumeJeü (, a), y00e4eme0p.91014ux ycii0uJz.4 
(3.1)—(3.3), eôuncmee,en, .0 ew 96yuxifuA ip coenaôaem c /JynIcifueü ip npuuna 

• MaccuyMa.	 - - 

Liee Mhl 6yJeM pacCMarpIIBaTb ()HF11I410 ip npuHwlrIa - MaKcnMyMa H COOT-
BeTCTByIOnHe e (jyHH1HI1 , a n HOHCT aHTY a. HaIIOMFIHM, 'ITO 77 - J1I1n[rn1LeBa - 

• (f)yHHIU4R -H	 - 

77 = aG'(u). 	 (3.4) 

	

- MccJIeJyeM TCflb H eHOTOphle cBocTBa ()yHHUHt 17, a, U0 .	-	- 

- - 3.4CBoulcTnayI11cLHfi 77, a, it°. PaccMoTpn1 I HOl-JTh16o iiHTepBaJi e c: [0, 11, ia 
•}coTopoM u° 11,TteT no rpaiiie JillEub oju-ioro orpaHi qeHH G(u°) = 0. I-Ia e-ypa-
BHOHIIe (3•4) ilMeer BH	) = aG'(u°). ha CJIOBI4H	E a a llO c]1e1yeT, 'ITO 1 27 1 • / 
--,fconst>0. 3Haqiir;a,^!const>0Hae.

 
1IaJiee, nOKa7}ceM, 4ro na e 1YHKEt11M U0,. ai HBJHIOTCH Henpephinulo JHxjepeHuHpy-

CMLIMH. IIycTh nMeeTcH fl0II3BOJ1bH3H To'IKa t € e. B opecTIIocTH T04H11 (77(t), u°(t), a,(t)) 
paccMoTpnM dncTeMy ypanHenilfl -' • 

G,(u) = 0, a1 G(u) L	=, aG,(u) - '72 = 0,	 •	 -	 • (3.5) 

	

- -

	 ROTOpylO HpaTHo aanHuleM- B nnte 92(77, u, a . ).= 0. B ,1aJioft oicpecTllocTn TO4KH (,7(t),i0(t), 
a 1 (t)) ara cncreMa onpeRe n neT iienniiyio (Fyn u iiIo , -+ (u(,), a1 ('7)) iuiacca C l . MTo6bI y6e-
7I1TbC11 B aTOM, cJIeLyeT IIhIHIICJIIITb flPOI13BOtIIYIO 9 HO HepeMeHHhIM IL, a,. 3Ta flpO143BOJL-
IlanhiMeeT niij	 S	 •	 -	 • 

I. a	•	0 
•	( a,O,,,,	G,iu 

-\	 - 

-	
• 

•	 ( 
•	 5'
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Onpeeiwrem aroft MaTpHUbl B TO4Ke (11(t),u°(t); a . (t)) (ero yoHo . nb!ucJlHTb pa3J1o?e-
1111CM 110 nepnoR cTpooe) paBell I	 - 

d	-a1 (t) (01 "(u°(t) i. ii) 5 const < 0;	 S 

me u	(G',(u0(t)), _G',(u0(t))) flpll'-ICM, K0HCTaHTa iie 3BHCHT or t € e. Taiaii'	3o o6paM, 
CJIOlfltH TeOpeMM 0 HenBi{O (}1yIIKEH11 OKa3bIBaloTcn niinoiuieiiu- f1ocioJ1hHy	-PU° 0

U0 .Henpep1IBHa oa e, TO 17 -. ()yHKuIifl Fc1acca C l na e. Torga u°, a, TaFofie yI1HuHH 
o.nacca C l iiae (n, ciegonaTeJibno, 71 - inacca C' Ilae).	 - 

flycT-e'	[0, 11	HHTepBaJl, Ha HOTOOM u°(t) ,,CTOIIT" B yrjiOBOri TO qHe Ha U. 
HaII0MHIIM, 'ITO	 °(t) € au°, ,)0 = Pu°/a. 11OccoJ1biy u°(t) = const 'Ha e', 
TO - 1114HetI-1ar1 HH111H Ha C ' , npo6eraioiqaa OT3OI /V1 (u°, U) Ha- au°, u, cue-

OBTJIbHO, He coxpanolowao nocTOaHilorO HarIpaBJIeHw1. Lajiee, 113 OrLpegeJLeHoa 
.e' cjlegye'r, 'iTo Haycci oHaeKchI ij Talcile, 'ITO i-ia e' nMeeM G(u0) = 0, G,(u°) = 0, 
HO Gk (U0 ) < Oripo k q (1, j} m , cJlegosaTejrbHo, Ha C' HMM 

a1G1'(u°)>-(- a1G1(u°) = a?) 0 . 	 (3.6) 

Tàl-KaK G 1 '(u0 ), G,'(u°) Ha C '. rLocTooHHbIe JInHeHO Ile3aBlldHMbIe Be[TOpbI, a - 
JrnHetHafl (yHKw4H, To-a1,-a1 TaKIce JioHeilohi i-me'. lloccouhKy a 1 , a, He0Tp11la'1eJ1n-
HhI, TO OTCIOI cJleayeT, 'ITO a1, aj ILoJ1oaHTeJ1hHbI Ha C ' (jetcTBI1TeJLbIIo, ecuii, Ha-
IlpilMep, JHHehHaH (YH}IWH a1 He OBJIHeTcH 11O50K11TeJ1bHOI Ha C ' , TO B C11J1 iie-
OTHUTJ1bH0CTH oiia paoiia HJ1JO H C ' , HO Torga. a?) o = a,01 '(u0), 'r.e. 170 coxpaii-oe 
I1OCTOIIHHOC IlaupaBJiel-nie Ha C ' , 'ITO, FcaH Mb! B1JeJl11, HeBepHo). 143 (3.6) TaH+ce 
cJleayeT ,'iTo a ± a, ^! const> 0 oae'.  

PaccMoTpHM noBegei-ii-ie a(t) iia e' 'iyTb lLoapo6Hee. flpeanoioani coa'iajia, 'ITO 
1OHIibI 1 t"oTpe3lca e' tie apHHagjicHiaT 0. B 3TOM c.riy'iae G, (J oMeloT maripaB -

JICHHR 	KpaikHHX Hopmaiiert 113 opeoa X, (0, U), HoTOph1i npO6éraeT 770 Ha 
-	e'. CJleuoBaTeJIbllo, ogHa- 11s 4)yHRgmil a 1 , a1 B03paCTaeT na C ' JIHI1etHO OT HyJIx ao 

HeEw'roporo noJIo?HHTeJIbH0rO 3Ha4eIIL4H, B TO BM0 icaic ,xpyrao jimneaw y61iBeT- -. 
- OT HeKOTOpOr0 noJ!o,IHTeJ1baoro 3Ha'IeH11I go H YJIFI .. I-IeTpygHo Bl4geTb, 'ITO IlM 3TOM 

ROHIbI OTpe3Ka ë - TO'iKH I1CiIPhIBI1OCTH 4)yHIW11k a,, a1 a, 311aqIIT, H tflyHhIUM a 
• Hper1oJ1o?od11I Tenepb, 'ITO O1IH 113 ifOHUOB opejca e ' , HalipoMep, npaBbIf, npu-	- 
,HagJ1encMT'O, t" € 0. 3geci, 11116o MO?*ceT ILOBTOpHThCH npeiijyivaa CI1TtH?I 
ToI'ga a HenpephiBi-la B ("4, m6o MoeT oHa3aTbcoI, 'uo Ta 113 ()yFflWI1ü a 1 , a,, io- - 

• 'ropao yóbIBaeT, OCTFClI Ha ' 6OJibwe 11Cl{OTO0 nOzrO?ollTeJlblIOii I0IICTHThI B1 
nocaeA llem cy'iae ooHyc íV(u°, U) cocTaaJloeTJIlImb qacTb KoFlyca, l-ITHHTOO Ha 
BCKTObI G 1 '(u°), G'(u°), a 4?ylIKI11lI a TePIIIIT pa3pblB B TO'IR t". flpn 3TOM OaK • 

- i-I Bblwe, ecJIil (' - To'Ioa HerLpephIBHOcTn ynpaBJieHi-In U0 , TO t' - To'IFca Henpe- -. 
phioHocTil 11 4yHK[111i a. I-IaILOMHHM Terteph, WO 0T3OK [0, 1] MO+niO npeacTaBHTb 
B iige o6UegHHefIHO OTP3OOB 'rHria ê (rgeu° iIenpepIIBna 14 IlpOXoguT no rpaoue 
JIMifib ogi-ioro orpauH'ieHIio) 11 THEta ë' (rite U° OTOUT B yr.3OBO(1 TO'iKe Hd aU), npi-

•'IeM, Tex 14 JPY11XOTP3}OB ilMeeTcIl JIHmbooHe qHoe 'iiicio. UoaToi-ly 113 coaaal-iHoro 
• BbItue BbITeKaeT	 S	

'	 S 

flpegrIooeHMe 3.3: [Iycmb w° ='(x°, u°) yôocilemeopJiem umepaIibJ-wMy npu-



iuuny MaccuMyi4a c .uiodcumeJiiiu ip, a, a .Atnoscurneitb a yaoeI!emeopuem yC.iiO- -. 

etL'ut +	Px° = aG'-(u°), a ^ 0, aG(u°) = 0. Toä ynciu. a - yco'no-.'zun-

zuiueea (ni.e. cyco'IFu-nenpephi8na u ?Jöoeltemeop. ctem ycuioeulo .Jlunzuwf a na CaCôOM 
• unmepèa.ze nenpepbulnocmu), npu'ieit, ece eë mo'oupaap&ca npunaô./led%carn MnOdlCecmey	- 

0. ,L(aiiee, O.vi .ii,o600 i € {1, ..., m} fl.8. na .ItUO3ICCCfl1CC {t I G 1 (u0(t)) = o} eino.a-	• 

n.emc.' nepaeecmeo a 1 () > 0. Cyuecmeyem € >0 maKoe, 'Imo aAJI cccx t € [0, 11 \0	-, 
• e&no.anuiemc.'t nepacencmco f a,(t)	. Ha,conei1t; ç/Jyniuii u° maca,ce .icJiiiemça icy-.
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co'no-iunwuteeoü U, 6oiee mow, na ,caaicao uKmepea.4e nenpepbienocmu uO itenpe-
PUM0 ôuepeujiyea.	 1' / 

DTP rtpeoneHiie iebirpaeTB gaabiiefitue.N1 BaMHYIO poJib.	 -	- 
Telieph MM nepexog"m HeFLoCpeJCTBeHHO H Bh!rulcblBaHrno -cooTBeTcTByIounx 

Heo6xoJulMbIx H JOCTafo qHb1X YCJIOBHrl BhIcmero uopagxa WIR JIOHJ1bHO1'O Ma1cC14MyMa 

3.5 KpHTHqCCRIIIIKOHyc X. Ciejyn [3-9], onpeeJII1M HpHTL11eCKflil 1cOH7C c7C B 
TO u-ce w0 JJ1H TOrO npecTaB1aM gamy aaay B hHOHHCHO ope 

-

xo.- X1 =.. 0, Yo - Yi -*min,  

re x0 =x(0), x1 = z(1) ,yo = y(0), y = y(l). 4epe3 %'2 0l5oaHaqaeTcH lIpoeT-
paHCTB0a6C0JIIOTH0 HeIIpepbIBHb1x4yHH1Hiy: [0, 1] -* IR, y H0TOpMX nepBall;npon3-
BOJU1B cyMMHpyeMa C HHalpaToM. 4epe3 K9%T21 o60311a4tM 1IOCTIICTBO Ryco-
'1110 Her!pepbIBHhIX 4yHFcIH :[0, 11 - R, Bee TO'lKH. pa3phlBa- HOTOMX Iipl1Haj- 
JIe?HaT 0, a6COJIIOTH0 HelLpephlBHhlX iia icaioM HHTepBa.ne Hellpep1B11OCTH H TaHHx, 
'ITO lix npoHaBouIaa cyMMlIpyeMa C HBaIWaT0M: Mepe3 (K9WT21)2 0603Ha'rnM Upoc- 
TPHCTBO TaHHx lce 4)yHKUH, HO CO 3Ha'1eHHHr1H B 1R2 CoI'.rlacHo [3-9] X ecr 
MHoHecTBo HaGOpOB (, , , i) TaBtix, 'ITO 

	

E 1R 8 , YE ( K 0WT'2 1 ) 2 , E K 6 V2 1 , U E . (L,) 2 ,	I	 A3.7) 

	

•	 ..	 01	(0)(1);	 (3.8) 

X . = ,. y = 1/2((P, u°) + (Pz0, a)),	 -	(3.9) 

	

•	.'	-ZI i x =	 = 112(Px0(1); A 1u0) , I = 1, ..,	 (3.10).: 

	

•	 G'2 :Ef0, ec.nH 0, = 0,	j = 1, ..., M.	 (3.1l) 
31ecb ii gaiiee

 

•	•	.. W. = G'(u°), Gj	0,(u°), -	 -	-	•.• 

z1	 = ( t + 0) -	0),	- 

-
Aiuo = u+ 0( - U-Oi	I =. 1, ..., S. 

Cor.riaci-io [3, 5, 8] JJIR .mio5oro aJleMeHTa (, , , ) ioHyca X BbJIIOJIHeHO ycJloBne 
- aO': = Eu,(0) ') = 0. Jajiee, corJlacHo lipeJ1o7HeHH10 3.3a,>0, ecji 0,	0, tao:

CJ1eyoBaTe.J1bHo, yeJioBue (3.11) MOHHO aameHHTb. Ha YCJIOBiie. 

= 0,	eCJIII	0, = 0, j = 1,'..., ni.	 (3.12) 
Coriaciio [3, 5, 8] ILOCJIC TaHoil aaMeHhr HepaencTo (0) (1) .0 Boo6ueMonHo 
OFLyCTUTh, tie - I43MCHHB IipM aTOM X. UTaH, X oupejeJI1teTcn yCJIOBHHMH (3.7), 
(3.9), (3.10), (312.) Li YCJIOBIIeM (0) = 
• 06paTHMcH Lc ycJIoBHIo (3.12). PaCCMOTPUM ripOH3BOJIbHbIIl HHTBJI C, Ha KOTOpOM 

U0 HenpepblBHo Li jBuaeTcR FLO rpaiiuue OUIOFO Orpal-1H'IeHHH G(u0) = 0. 1-Ia 1é urteeri 
&	0, iairn Q,' 0 =0. Eciiu nolcaaaTl,, 'ITO	 const > 0 Ha C (IepaueHcTBo 

O 1	const! TaH7He uMeeT MecTo), TO 113 (3.12) 6yjeT cJIeoBaTb rIpeACTaBjieHH ,e Ha e 
=	o, V E L2 ,	-	 I	 •	 .	

(3.13)
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V	 HoTopoe B gaJ1bHeIneM cblrpaeT B+HIO poJIb. ' l'ITaH, flOHa?fceM,	 const> 0.
Ha e.. JekCTBHTeJIbHO, Ha e ilMeeT MecTo paBeHCTBO aG 1 ' = 77. LrnepeH9HpyH ero 
no (, noi1y'IaeM	V	 V 

	

• V	 + 
aG,"i° = .	 V	 - 	 ( 3.14) 

	

•	Ha YCJIOBHn aG 5 ' = cJIeJyeT, 'no (P7, ã,Ü,') = 0. Torja YMHomafi (3.14) Ha P,j 
H	I4ThIBH, 'ITO (P,j,.i) =-, no.oy'IaeM (Pr;, Va. .G 1 "40 )	a >0 i-ia e. OTcIoa BbI-



TeHaeT Tpe6yeMafl ou'eiuca, a, 3HaqHT,VH B03MO?HHOCTb npecTaBeHi (3.13) Ha e., 
-	-- VV ?

accMoTp HM, Telleph itHTepaa.Jl e' iia HOTOpOM ?L° CTHT B yrJIoaofl TO'IKC i-ia U. 
V : HaliyTcH 1, j Tal*le, 'iTO iia c' i-ieeM G 5 (u°) = 0, G(u°)= 0, Gk(U°) <VO npn 

k {i, j}; Ha e' YCJIOBHII (3.12) 03Ha'iaior, 'iTO G''1i = 0, OTfcyga V B CHJIy JIHHeHO1l 
HeaaBI4cI4MocTM- 0', 0,' BbiTeiaeT, 'ITO Il = 0 iia e'. -Ho 0 = Olia e. TaKHM o6pa30M 

	

V V

	
Ha e' npeJcraBJIeHue (3.13) TaHme uMeeT MecTo. HOHOJlbHy OTpe3oH [0, 1] ec'rb o6i,-
eHHeHHe HoHeqnoro qHcJIa OTp3HOB THEta, e H e TO E1peJCTaBJIeH14e (3.13) nteei 
MecTo R.B. Ha [0,1].	 V	

V 

V	

V MM . noKaaaJrn, 'ITO JJlH BCaHOII IL € (L2 )2 , yLoBJIeTaopHIonet4 CJIOBHHM (3.12), 
CflCTBOT 17 € L2 TaKafl,-vTouMeeT Mecro npejcTaBJIeHHe (3.13). OqeBHHo, BHO	V 

H oópaTuoe: H3 (3.13) BbITeHaeT, 'ITO IL € (L2 ) 2 H J1JIH iiee BbInoJIHeHbI ycoBHfl (3.12). V 

V	

HaROHeU,OTMeTHM, 'ITO 8 (3.13), oqesnJHo, MO?KHO ycuoaiie 17 € L2 3aMeHHTb Ha ye-
•	JIoBMe 17 € L2(), rje ' = ue, L 2 () = {17-E L 2 I 17z(') = 17), x() .- xapaiTepi-icTH- 

V 

V	 'iecFcafl4yHRuHH MHonecTBq . - 
V V V HTaH, X COCTOHT 143 Ha60pOB ('	IL)'	 yCJI0BIIHM 

V -	

1R, E ( K 1W2 1 ) 2 , € K 8W2 , (0)= (1)	
V 

V	 -	 rr' IL, ' = - [(Pxo , Ii) +(Px, u°)],	• -
	

V 

= 1jiuOE , zij = -- (Px0(1,), 4iO) ,	= 1	s 
-	

17 E L2().	 0	V•	

V 

3.6 KBaJpaTanasI 4opMa co. )Iajiee,	eyn [3-9], onpeieju	 V 

V	 4rnpMy, co, ,,3HaH" HOTOPOR iia X cBHaaH C HaJIH'rneM UJIM OTCTCTB}IM 3xcTpeMyMa 

	

V	

B TO'iK w0 . B [3-9] MCC, JleTtOBaiiaCb KaHoili-I qecHan 3altama	
V	 - 

J(p)	mm, x(p)	0, K(p) = 0, p = (x0 , x1 ) = (x(To), x(Tl )), \ V. 

	

V	
= t(w, t), g(w, t) - 0, G(w, 1) < 0, w = (x, u), (w, 1) € Q.	

V - 
V	

V na 4KdHpoBaHHoM opeae [T0 , T1 ] (aecb x - aaa, u - ynpaBJieHile, Q - &r-

	

V V
	icpioe MI-io?HecTBo), H gJR	B ToqHe w° = (x°, u°) JJIH Ha6opa .MHo,KuTeJ1e1 

V	JTarpaHna, yOBJIeTBOp	HXILpI1HUHflY MaHduMyMa, 6bIJla onpeeJIeHaVKBapa-
THqHaa 4opMa OT, IlepeMeHHhIx (, ; )	

V	 -	
-:	

V 

0) g' --E [D,(H) 2 - 2(L1'H) m'/,J 

[("'P, P) - f (H,J17, 7) dl]  
r)e	- -	 •.	 -	:	,-	 .	V 

I	aoJ + (a,x) + (, K),	 •	 V 

H = (/), H = H - (a, 0) - (b, g),	-	-•	 V 

- -,•	 -	-	 -	-	• V	-
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= (.' + ,')/2, iv- = (, z),	= ((T0),(T1)), 
LI'! 1

	

	H - H_ = H1 (tp(1 1 ), a,, b,, x°(t),	t,) 
a_i , b_t,x0(11), u o , j,),

 D 1 (17) = H,H' — H_	+ LI'H,. 

V ac (x, y) - da3a, u— yupaBiee, 11= (v' + -- Px, u H = H - (a, 0(u)). 
flpn 9TOm H, = 0, ELO3TOMy B OPMY He BX0HT. RpOMe TOrO, y Hac 

1" = 0, (H,17 W) = (P, i) - (aG"ii, z),	 -. 

D(H) = I (p*UOi; u_°) . - _.. (P*u_oi , u+01 ) = (Pe_°, u+0i ),	- 

L1'H1	I*4O_ _--Pt1iu0 

TaKHM o6paoM, BpaccMaTpHBaeMoM oJyae	 V 

1 
w = - ' [(Pu_, j+Oi)	+ (P zliuo, m) s] 

_-f[(P ii)— (aG	z)]dt 

CouJiacHo	 [3-9] 11 B ciuiy npeJJIoHeHLIr1 3.2 ilMeeT Mec'ro 

TeopeMa 3.1: Eciu w0 -- mo'ua 0-c4a6o2o -.accuMyMa, mo 1caOpamuaoaR 
g5opMa co .neompulfame4bna na X..

V 
Ja.riee, mbi npeo6pa3yeMw Ha X IC Hall6oJIee HPOCTOMY BHy. 

3.7 llpeo6pa3oBanne co Ha X. ' llocxo.mbHy w He 3aBHduT-oT Y, TO 311aqeHlln W Ha 
X COBHIOT Co aHaqeHHflMM 0i Ha noAnPOCTpaHCTBe, oIIpeeJIHeMoM YCJIOBHFIMH 

E 1R, 1 € ( K 9W2 1 ) 2 ,	(0) = (1), X = U,	 S 

A'=L1u, (i= 1,...,$),i=0,i3€ L2() 

(yC.rIoBirn, oTHocHilulecH iig MM onycTnJIIa). Ha	 ilMeeM (a0"fl, i) 
= (aO"ü°, O)	llpeo6pa3yeM ROHIUHT FLPH 72. PaCCMOTPIIM CHa qa.Tha HHTep-
RaJI rilna e. I4MeeM paBeHCTBO (3.14), 118 }coTOpOr'o BhITeHaeTI 'FF0 Ha e 

á 10 1 ' -i- a 10"° = Pu°.	 (3:15) 
1{poMe Toro, G,(u°) = 0, OTKJ G'° =0. YMHoaH (3.15) Ha 40 , noJIyaeM 
(a 1G"ü0, 0) = (Pu0, 0). Ho a 1G" = aG". CJIeLOBaTeJ1bHO, Ha e 

(aG"O, 0) = (Pu°, 0).	 5	

-	 ( 3.16) 

Ha uepaie 'rna e' PBHCTBO (3.16) TaKice }lMeer MCCTO, nocicoJlbKy TaM'ü°	0. 
CJ1eoBaTe.ribHo, (3.16) ilMeeT MecTo n.H. Ha [0 1]. OTMeTIIM, 'ITO 113 yCJIOBH1 I° 

const > 0 Ha	 €> 0 11 npegnonomefflin 6), nyuKT 3.1 cJIeyeT, 'ITO Ha 
MHo?IecTBe	 S	 S	 - 

(Pu°, 0) = (aG"ü°, 0)	const' > 0.	 (3.17)
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HaKoHe, OTMeTHM, rro (Pu°, u0i) MO?*cIlO 3anh1CaTb ''I-aR (PUm0', zl i0) , rje Um01 

=	(u° + +°). 

14rai, mbiflHXOJU4M ! 3aaie onpegejleHHfl'aHaI<a OMIJ 

-	 E [(Pu°, .dit°)	 L1u0) ,] 

+[(Pu° u°) 2 - (P u°) ] di	 (3 18) 

Ha nonpo'cTpaHcTBe L poei	= (, , 17), yoBJ!eTBopHIouI1x yCJIOBwM 

6 1R8, Y € (K 0 W2 1 ) 2 , 17 E L2 (6),	 S 

-	 (3.19). 17O,	(0) = (1), • 4 t	4 ='uo , i	1, ..., 
[Ipu 3TOM BbIHoJuIeHo yCJIoBIAe (3.17). FIOCHO.1b1. y OHOO6xOJHaH 3HCTpeMaJIb JO, 
CTBJ1flT a6coJuoTHii1 MaFccllMy-M B 333C, TO 113 TeOpeMbl 3.1 BhITe!-caeT 

CJ1eJCTB[1e 3.1: !Ipu n = 1 )c6a0pamunu51 6fiopmaw neompuameJtbna na noô- 
• npocmpanc,nee-L. 

,La.11ee-MbI Rola?feM, ITO ripit n >1 4opMa co HeoTpu!aTeJIbIIo Ha L He HBJIH-
eTcH. [Ipil 3TOM 6yJyT paCCMOTpeHbl - OT TlejibHOcjiy qaH HenpepbIBHOrO H pa3pblBHoro 
yiipaBaeHliff U°. lIa'lHeM C paccMoTpeHHfl nOcJ1eHero CJ1yas1. 

• 3.8 Ciiy ciail, ora KOMIIKT U HO 1BiHCTC5L CTpOro BhInyK.m!M. B.3TOM cJIyae iia '011 
ilMeeTcH XOTH6h1 OJUIH OTpe3OI H, CJreOBaTeJIbIIO,gJin iiio6oi 3!CTM3JIH W0 MIlO-
?RecTBO 0 HeriYCTO. llycTb Ha [Q 1] u0 coepivae n > 1 o6xoJo B U. I-Ia ouioi 
o6xoe HMCCTCH So	s/n pa3pblBOBynpaB.TieHuR. bHEC}1pyeM TOny t, E 0, rje 
T.e-	- To'IKa pa3pblBa U° -Ha flBOM O6xO7e. flcTb Ha flOCJIJWCM 6xoje ei 

•	cooTBeTcFByeTToHa tk T.e.tk € [ (n - 1)1n, 1], k = (n - 1) so + j . Tora u_0 = u_ok, 
= u+0k. flOJIOHM	- 

1 np	1<-j,	 -• 

,l/2 npn i = j,	 --.	1 flH I < 1, I € 6, 
= 0 ripw j. < i < k, 11 17 = 0 rI)11 I <I <tk, 

1/2 upH I = k,	 1 ILpil t > 4, 1€ . 

1 npui>k 
ja.nee, 1IOJ1O?+lM	 .•	•. 

U0	 I1H	I < I,, - -	-	=' u_ ± 1/2 Ll jU° npn	t < t < 'k 
•	U0	-	 ripil - I>Ik. 

•	1'orja J' = .. A iu = 1. 4kO	Jk OqeB11jo, 'ITO =	17) € L. Ho HeTpyJ- 
•	 1-	 1 

HO BHJeTb, 4O Ha yHa3aHHO1 BapuaLuln w(z) = --- 8g., reS = - (Pu_°', u11) 
•	> 0. TaFdHM o6p3oM, )oca3aHa' c.riejyiouaii 

JIeMMa 3.1: Jlycmb ?wMnam U ne A6A.Remea cmpoo einyiciz&.s. To2ôa npu 
n > -1 Icoaôpamu'naJo /JopMa-w ne AeAsemcA neomputame./ibnoui na noônpocmpan-
cmee L.	-	S	 •	 -	 •	 -
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OTciJa 11 il3TOMbI 3.1 Bhn'eKaeT 

CJIeJcTBHe 3.2: EcJUL cosinaKm U me AMAemes crnpoo nyzut,mO .4tnoaoo6- - 
xonaii 3Iccmpeta/Ib (n > 1). me aocmaeiiizem 0-cda6o26 aKcu.ty.a C 3aOa'e (1. 1), (1.2). 

Laiee MN BhIIu1[HeM yCJIOBUB THna HHo61, oTHocflnUecF! K 3aa4e MCCJIJOBHHH - 
aca w -Ha L npu o6nitx H JWOJiOKHUHX OTH0CHTeJThH0 U. I4M11 MN BOCROJIb-

3MCH BaMch1: CHaqaJia JUIR RoKa3aTeJ.IbCTBa yTBepiqeHUH, aHaJ1oi'H1HOrO JIeMMe 
3.1, B ciyae cTporo BhlnyEii. oro U,,a 3TM gan onpeeJIeHHH Fly-
.ieii co iia L iipi n = lB 06iueM cJyae. HojrlpocTpaHcTBo Hyjiert HaM uoHamoöMTcg 

-	jvIH_l4ccJ!eJoBaHHH OCTOTbI AtaRciimyma B 3aJae JJIH O;jHoo6XOAHOrl aHCTpeMaJIM. 

3aMe q aHlle 31 : llycTb HMeeTCI! Tpolhca i =(, , 13) E'. L FjiMeeTcfl Tpotha 
13) E L, re V =Y + Z, = constE 1R2 . 3JIeMeHTapHo rlpoBepneTcll, 'ITO 

orma a() = w('). CJiejoBaTe.rIbFlo, MHoaecro 3Ha'le}lFllt oi na rIo)flpoCTpaHCTBe L 
coBnaJaeT C MHoncecTBoM 3Ha qeHl4fi (A) Ha ILogrIpoCTpalIcTBe	 -

- 

B- Ja-J1bHe1hueM MN 6yJeM paccMaTpllBaTb 3aJa'I,r oupejejien 3HaKa ()OMbJ to. 
Ha rLojwpocTpaHcTBeS:	 • 

4. Yciiirni Tllna-alco6Il - •	 S	 •	 • 

4.1 YpaBildnile 5liJepa-JLKo6H. IIyCTb - cHoBa U —. !cOMHaHT, aaJaHHhIi KaH0HI4'Iec-
HUM o6pa3or	§ 3), Q E int(co U), w°	n-o6xoyuiaa aKCTpeMaJIb.- flycm 0 

1. floJIO?KHM	 •	.	 -	- -	• 

S	 -	 •• 

S(t) =	= (, , 13) E S I	 =.7v}.	 •• 
Hl1?Ke 

MN 6yeM HCnoJlb3OBaTb flOHHT[JH, COCpKaII4UeCfl,, HartpllMep, B[1]. 

	

Onje3eJieHl1e 4.1: EyeM roBopuTb, 'iTo =(i3) — uempueuaJibnoepeu4enue	--
ypaenenui 31LIepâ-HKo6u na [0, t] Horga	 -•	-	 - 

a)	E S(-t)\{0},	 0	 • 

6)	catoiiapan To'ua 3aja'rn (0(z) 4. mm, z,E S(t), T. e. uPoHaBoLHáFl w'(z)	- 
paa llJi1O Ha no)npoCTpaHcTBe S(r).	•	 - 

I-Ine Hac 6yier H11TdCOBTb J1BoicTBeHhIb1i HpUTepHh TOI'O, 'ITO 2 UBJIRCTCII 
HTP14BHJlb}Ib1M pemeie BHdHI4R 3J1epa-flHO6H iia [0, r]. Ero J!erKo MO; . EHO 
noJIy'IHTb, HCIIOJIb3yU peay.TIbTaTIA pa60ThI [10]. OJHaFO Mb! Bb1BjM 3TOT HpU-

•	TepFlil HerIocpecTBeHHo. Oi-i cocToliT B cJ1eJyIo1ueM:	 • 

JTeMMa 4.!: Ha6op	E S(r)	a6AgemcA nempueua.iibnbLt peuJenue.At ypac-



nenu 3üitepa-Thw6u moeôa U MOd! bico moaôa, Koaaa cyu4ecm6yei'n yn !ciu..cc Tp € ( K0W21)2 

>	mwcwc, 'mo	••	•	-	 •	 .	 •	 - 

- 7 .= i.	O37,	•	-	•	 -	• (4.1) 

•	•	 +--P--Pu013,-u°J0 Ha	z, /	 •	 (4.2)
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-	 V 

•	
V	

4.3) 

•	
j1,.:.,.	 (4.4) 

V 

JoxaaaTe.11bcTBo: flpoHoBojHan w'(2) ecm yHRIioHaJ1, 3Haqenlle ROTOOO Ha upo-
H3BOJIbHOM DJIeMeHTe 2 = (, Z, v), npHHaRiiemaulem [IOCTHCTB Z2 := RO x (K8W21)2 
x L2(), BbI4HcmneTcHno 4opMyJ1e	V	 V 

	

-	 (w (2) 2) =	' [2 (Pu,hOil,A'u°)	- (m' Ll'u°) g, - ( m' i1°) iii 

	

V	 :	
+	f [2(Pu0, ü°)i52	(P, O) 2 - (P, ) fl dt.	 (4.5) 

	

-.	aiee, o'npeReiiHm o6ij BI1J yHHuHoHa1a, paiioro HJUO Ha S(r). C DTOR ueio pac. 
CMOT1IM JulHettllbth onepaop A,, oTo6pa*<aIowH 2	(,V , 2) ER8 x (K 0W2 1 ) 2 x L2(,)	V 

V

	

	
Z2(r) B Ha6op (	O, z1'2 —A'u°,,(0),2(1)), npIflaJIexauHfl npocTpancTByL, 2 xIR'8

- xlR 2 xIR 2 . flocxoJ1byonepaTop 2 EZ 2(r) -* ( - i5i°) € L,' ciopi,eicTBeu, a oneparop 
2 € Z5,(r) )-. (A - z1 tu0E, (0), (I)) 1oHeHOMepeH, TO oneparop A, HMeVeT 3aMHHyTb! 
o6pa3. Oqe1Ho, S(r) ecm ,igpo oneparppa A,. C1eoBa'eJmno, flOH3BOJ1bHbI J1nHet- 

V 

rnAfl yHxiuoHai z*, aiiiiyiipyiouucn Ha S(r), MOOT 6MTB	 B BHW 

(z* 2) 
=	

- 2u0) dt +E(, A - AtuO) + (° (0)) - (' (1))	(46) 

rje	 S • 

•	 E(L2)2, d i : ER2 (i=!. ... . 8),0,1€R2.	
V	

V	

(4.7) 

V	

- 

TaMM o6pa30M, 2 E S(r) \ (0} em HeTpHBHa1mHoepemeHHeypaBi(eHHn3J1epa-}1Fco6nHa 
[0, r] Toraa H TO.mbRo Torga, xorga CyIUeCTByeT na6op , d,	, ygOBeTBOpHIOUMl ycJiO-

V 

BHHM (4.7), i Taxo, 4TO ((O'(2), 2) + (z*, 2) = 0 gJUI Beex 2 € Z(v), rge v'(2) 11 z BbIqI4cIR- 
V 

IOTCH no cOpMyJIaM (4.5); (4.6) cooTneTcBe11Iio, re. ga g cex 2 € Z2(r) 

E[2(Pum°, zl iuo )	- (P2m1 ,V21 iu0) j -	4¼0)	
V	

V	

- 

V	 2•_:i	VV	
V	

V 

+f [2(Pu°,.i°) 22 - (P2, O)_ (P, O) 2]dt	
V 

+ f(	- 2u°) dt +E(	2 — u0E,) +,V., 2(0)) + (' 2(1)) = 0	(48) 

flpoaHaill43ipyeM aTO ypnHeHue.	 •	 - 
a) HOJlOHM B (4.8)	= 0, 2 = 0. HoJIyuM gain Bcex 2 € L2(1)	 V 

f
[(Pu0 u°) 2 - --- (P u°) -	2 dt = 0 

oryga cJlegyeT, 'ITO (PU - — p - , jZ o) = 0 na S,	 V 
•	•	Ja31ee, flOTIOKHM B (4.8).f 	0,2 = 0. llo.By'IHM AJIF.1 Bcex 2 € (K 0W2 1 ) 2 -	.	I 

-	 S	 I	 1 

	

V	 1	 V	 r	 8 

- — E (Pm', u°) — — 1 (P2, O) 2 dl + I (' ) dl + ' (a,, A2) 2 jj	 2 j	 j	 1=1 

	

•	V	 o	V	•  
V	 + (60" l(o)) + (Z". f(l)) = 0

•
.	•	 (4.9) 

/	 V
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HpeJ noJIo+dHM , qTO rp € (K 9W2 1 ) 2 . FKHM ycjioBHHm JoiflKHa y9011J1eTBOpHTb 4yHKUHR 
B BTOM ciyae? flOCKOJIbHy 

•	 f()dt= () lo'	'() _f(J,)dt, 

Xmt	 +	 - 

-	 2 

TO JIJIH Bcex € (K0W2 1 ) 2	 . 

1	a	 8	 - 
-- 

.L' (P(_( + +'), 4'-u°) -+ E (d1,	- t) 

	

4 i1	 1=1 

+-(, (0)) 
+ (' (1)) + (ç;(1), (1))— ((0), (0)) 

8	 \ f I l'	 - 
(—,—)I+	 —r,dt=0.	 S 

	

s=1.	 / 

	

. 	 -. 

OTcIoa, OeBHflO, BsITe1aeT,4TopaBeH HJ1IO no	-rerpa	MI!oHa4Te.1bnpux, 3TaK)Re 
• pamm1 HyJIIO Ko34 lnuteHmz-npH	H £(0), (1), r.e.	- 

r—Pu°v

/ -	(4.10) 

a;	 •.	•	•	(4.11) 

(0) =-, (1) = —.	•	 -	 •	(4.12) 

CHJiaMnan (4.10) 11 (4.11), noiyiae'i	PiJu°, = A'ip,i = 1.... . a. BMMHTaH (4.11) 'DM3 
•	(4.10) ii ejui Ha 2, noy4aeM	•	2	 - 

d	rn'	1, ... 8.	•	 -	 •	 (4.13) 

OTMeTIIM Tenepb,I'rO 131R gaHHbIX E0 , E	yCB11H 

lp0 , (0)	 = -1--Pz1u0 ,,i= 1.....a	- • 

01I03Haq Ho OnpeeJ1HIOT	HK[WIO 9 E (K8W2 1
) 2 . flycm 0 Ha11JeI1a . 113 )THX ycJ1oBM, a 

E (K 0W2 1 )2 yJOBJieTBOpReT	BH0H11IO (4.8). ,Toraa.i1ei1eHTap1lo ycTaHaniiiaeTcn, 'ITO

= . CiiejoaTeJiI,Ho, ç E (K 0W2 1 )2 If, ma'mr, npejwiecyioue ñpeo6pa3onaHMn 6wJ111 
-	 I 

— 13) HaKoHe[, IIOJIO}KHM B (4.8) 1 = 0, = 0 it [I11BHHOM K HJTIO KOaI4IH1u1eHTbI npIf - 
E,. floJIy4}IM	 S	 -, 

(Pu m0 , L1u0 )	—	(P m , 1°)	(d,,z1u°)	0.	'	 (4.14) 

VqHTwnafl (4.13), oTc1oja noyae (Pum0j 
T 1m _m'.4 t °) o. 

uTaH, rsibi noIa3aJflI, 'ITO 113 ypanneu	(4.8) n,irecae, 'ITO ) € (K 0W21 )2 Ii BbIflOJIHCHbI

yCJ1OBMR (4.1)'— (4.4). 06paTHo, eciiH ç E (K0W2 1 ) 2 14 HbIHOJIHCHLI YCJIOBHR (4J)—(4.4), TO, 
onpeAciiHB e, 61 no (4.12), ad, no (4.13), H0TPYUlO flOB11Tb, 'ITO MM noJIyaeM ypaB. 
HeHile (4.8) 1	•
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OTMéTHM, 'ITO ecJIM Y =O, TO 113 ycJoBiIll = VAO, JY = z1tuO cJIejyeT, 'ITO 
13 = 0, = 0, T.e. Ha6op z-TpHBHaJICH. floaToMy ycJIoBlIe I 'leTpMBHaJIbRocTH Z paB-
HOCHJII,HO YCJIOBHIO x 0. YcJIoBHe Z ES(t)'\{0} COBMCCTHO C yCJIOBWIMM (4.1)-
(4.4) 6yJeM Ha3bIBam ycwczeiu FIKo6u na [0, r]. 

4.2 A1Iain3 yeJionilIt ao6n. Hociomir y =	= .1. J)5, 4i	 p1jio4E. 

= --P/i t2, To 
d ( 

+ -j- P2)/di = d(P±)/dt, zl' (+ --- P2) = z1P2. CJIeJioBa-

TeJII,Ho, cy[II.eCTByeT BeHTOp c E 1R 2 TaIofi,' 'ITO, i + -- P2 = P(± !4 ). Ilojiararr B 

yciorniix cIl06H ,= 2 ± -H repexoui OT nepeMeHHiix , 2, 13, -c uepeMeHHhiM 
noaymaem ciieyonyio JIeMMy. 

- JIeriMa 4.2: Eciiu = (, 2,13) - Kempu6uaJbKoe peutenhe ypaenenuJi3üJepa-
FJco6u na [0, t], ,no cyuecrne?Jem q5ymxqiiA : [0, 1] ,-^ 1R2 maaii, Ymo ± = - (0), 
a napa (, 13) yOeitemeQpizem cuieôyouçu.st ycJweu.'i.t:	 - 

€ (48W2 1)2,	const., 13 E L2 (,),	 (4.15) 

(4.16) 
/ .
	(P - i5Pu0, °) = 0 na	,,	

'.-	 (4.17) 
(PA, A iuo) = 0, i = i, ... , a,	 S	 (4.18) 

/	A'(P, u°)	0, i = 11 ...,s,	 -	 (4.19) 

/	 (0) = (1).	 (4.20) 

)Ta J1eMMa BblTeHaeT- 113 npé	yiuei- 1I0qTH O4BHThHb1M o6pa3OM. HoKaIceM JiHUlb
icax yCJIOBMe (4.19) BHTeIaeT 133 ycJloBHR (4.4) ii yc.floBI4}[ z12 = 4'a°. I10013OJIbKy 

3 + --P2 = P, TO (4.4) MO?IcHO nepern4am B in1je	- u,0i ), 4o) = 
VqHTbIBafl, 'ITO 4 i u0	A'x = 4'oTcIoja IloJlly'laeM (PCm, L11t°) + (P4', Um°) = 0. 

llojcTaBJInfl CIoLa BhlpaaeHHH	= gt	z1', U mOt = U_ 1 +	LPU0 H y'IHThI-

aii (4.18), noiyae	AiuO) + (Pzl', u_°') = 0, oTI-yja BbITe}caeT (4.19) 1 
LJaiee, I-IaUOMHI4M, 'ITO	= Pu0 , .re i E c.13U° H (, u°) =. 143 ypaBHenffll 

- 7,= Pu°, ±0 =-u° cJIeyeT, 'ITO j	P(xo + c2), re c = const € .'1R2 . 11oioicni 
CO = x°. -1-- c. Toi'ja 21 = Pro, (p0, uO )	, CO = u°.-i1oT-ca7}eM, 'ITO - 

u° =—°,	rje	=1/x(Pu°,u°)	coost > 'O Ha-  

LelcTBnTeJ1bIfo, jH(!)(I)epeHLHpyn-paBeHCTBO (p0, u°)	x It yq11TirBa1, 'ITO	= it0,

ric)iyqae (P9, u°) = ct, OTH3 CJieJyeT cyuAeCTBOBaHiie 4)yH1U1411 () TaFOI, 'ITO 
-. Ymiio ^Kafi BTO paBeiiCTBO Ha PU0 CJleBa, noJiy'Iaet (Pu0, O) = —e(Pu°, COj 

= (P°, it°) = a. Ho i ciJ1y (3.17) (Pu0 , fio )	coñst> 0 Ha 6. CJIeOBaTeJibHO
= (Puo , ñ°)/ . const' > 0 Ha 
fl	n ycTb apa (, 13) yJoBJIeTBOpa	w 

	

eT-ycJIoBIM	 H =1= (4.15)—(4.20) c	const € JR2 . HOC- 
HOJ1b}C u° = -, TO . paBeHCTBO (4.17) paBHodnJIbHO cJIeyIOILèMy	- -	- 

- - (P(g - 13u°),CO) =0 Ha	. - '	-	 - -	-	(4.21)	- 

S.	 -	 -
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•	•IIpecTaBHM C ua [0, 1] B BHJe 

= go + fuo,	•	-	 '	 (4.22) 

rie p, f - -IlalcoTophie yHIcu1rn. flooioJibicy (PU, u°) = 0c +0, TO TaKOe npe-
cTaBJeHue cyuecTByeT H' eJ11HcTBeHHo. '143(4.2!), (4.22) BbITIT, 'ITO 

='3 na -,.	 -	 ..	 (4.23) 

• jecTBI4TeJbHo, 113 (421)'uoJiy'iaeM (P°, ) = 3(pO, u°) = OCT) na ,. Vi1HoaI (4.22) 
CJIeBa Ha P 0 1 noiyae	 -	 - 

(P°,	=ocv . 	 (4.24) 

• ,CJIejBaTeJIbHo, ilMeeT Mecro paBeHcTBO (4.23). 
,1iajiee, ycTaHonliM cBokcTBa rJ!am.E0cTII xo3(4rn1nIeHToB U, i. 11(4.24) BM'FeKaOT, 

'ITO 1€ K\V 2 ', UOCIOJ1b}cy CO € (W) 2, € (K 8 W2 1 ) 2 . La.nee, ywo+cai (4.22) iiaPt°, 
•	noiyaeri  

(pO, u°) = art.. '	 '	, ,	,	•	'	(4.25) 

Ho u°E ( K 0\V,) 2 , rje K9WT0 - RpocTpaHcTBo'Kyco'IlIo-JIHmflHUeBbIx yI1KLU1; Bce 
TOqIcH papra icoTopbrx upHHaweaT 0. CaeoBaTei1bHo,'€ K 0W2 1 . lloHae1 Te-, 

-' • nepb, 'i'r,o p,. - HenpephrnHM Ha [0, 1]. )Ie!cT611TeJIbHo, 113 (4.19), (4.25) caegyeT, -
'ITO zl',fl'= 0, 1 = 1, ..., s, r.e. p - 'nerLpephrBHa. Tor)a 148;(422) BhITeFcaeT, 'ITO 

	

• , = 4t(0) ='(v' + z1) (u°' + '-Pu°)	tOt = P-41 /l iuo + Avu,0i: OTc1oja H. i13
(4.18) iioJiyaèI'  

- ,
	

0ff (PzV, fliO = A(Pi '°, jiuO)Ai(pu_Oi,U+Oi). 

•	f1ocEoJIicy (Pu_0t , u+Ot)	0, TO OTcioga I'LoSiy'IaeM, 'ITOL1 t = 0, T.e. 1 - HeRpephiBHa. 
CJi eyOBaTeJlbHo , 1i1, € W2 .	 •	 ,	- 

	

•	,H44epeIwlIpyH paBeHCTBO (4.22) u y'IMTbIBaH (4.16), noJiy'IaeM ViP = = 

± jauO + VuO +	Ho ?t° = _O CJIe)oBaTesiinio, [ii + 3 - )1 ° ± (a + ) u° 
o.JjObHOJIbHy (P O;uO)= x 4 0, TO OTCiO.ra rtOiyqaeM	 Lo+(i - ) = 0, p + 

= 0. Orcioa, B qacTHocTH, BM'FeHaeT, 'ITO P € W. Jaiee, (i3 -, ),= 0 rI.B. Ha [0, 'r], 
flOCFOJLbH 3 = ii Ha,,I4 x(') = 0. KpOMe TOI'O, = 0 a (t, 11, ROCEOJIIH vz(,) 
• V. CJieJoBaTerIbHO, r

	 •	, 

0,	t € [0,t],	,	 -	
•-	(4.26) 

•	 t € (r,  

HocK6r1b11y (0) = (1), u°(0) = u°(1), (0) = (1), TO 113 (4.24), (4.25) cJIeyeT, 'ITO, 

	

•	 (0) = (1),	(0) =.(1).	-	 (4.27)	, J 

TaHHM O6pã3OM,	•	 -	 ,	 - 

= _O+	O,	 •	 •	•	'	(4.28) 

rje ii € WT O yLOBJIe1BOpReT Y3BHHI4}O (4.26) 11 rpaHII'IHhIM yCJIOBIIcIM (4.27). OTie- 
THM eiie, 'ITO 113.yCJI0B	i = V Ha C, vx() = V CJICT, 'ITO	 - 

•	 •	 • 
= x()	. ••	 -	 (4.29) 

	

•	Ha11oHeu,i3 yCJIOB1111HeTpIIBItaJ1IIOCTH	COflSt B CHily (4.28) BbrreFaeT, '[TO	 . - 

	

14Ta11, MM rLoIca3aJlH, 'ITO iJ1RJtIO6pI4 napi (, v), yJOs.rIeTBOpf1011et& yCJIOBHHM-	• 

(4.15)—(4.20) It yCJIOBIIIO HeTpIIBHaJIbHOCTH	const,'cyuecTBye1' HeTpHBHaJIbHoe
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peinee P E W 2 xpaeBoil aagan (4.26), (4.27) TaHoe, 'iTO CflPB)i1HHbI PBHCTB 
(4.28), (4.29).'0TMeTIIM ene, 'ire B CHJIy (4.28) 4' = j (t,*) zliu0 .	- 

113 cJca8aHHoro Bhlwe it jieruthz 4.2 BbrreRaeT cJIegyIouafl	 - 

JIeMMa 4.3: Eciiu 2 = (, , i3) — nempi6ua.ibnoe putenue ypaenenu 3iiepa-
Thco6u na [0, fl, mo cyuecmeyem nernpueuaJibuoe peutenue i € W, Kpaeeoü 3aaa'UL 
(4.26), (4.27) maoe, 'mo u.MeIom uecmo paeeucmea	

.5 

430) = - (0), rje	-	+ V?°. 

YCTaHOBHM reneph CrrpaBe)VIHBOCTb o6paTHoro yTBep?KeHHB. 

JIeMMa 4.4: flycmb ii € W2  nenpueuaiiwe peuzeuue icpaeeo't 3w9a'u (4.26), 
(4.27). To3a yc4oeu.c (4 .30) onpeôe.iuuom nempu8ua.'bJwe peutenue 2 = (, , ) ypac-
nenua3iLzepa-Hico6una [0, -rl. 

JoRa3aTeJrbcTBo: llrncanceM ' cHaqaJla, 'iTO Ha6op 2 =	 ortpejeJieHHbIl
(4.30), TIpHHagjiemHT UO)flP0CTPHCTBY S(T). 113 (4.30) cJ!e)yeT, 'iTO € IR', € K9W0, 

7 € L(,) (T.e. 3 € La,, 3y(,)	13).' Laiiee, 116c1oJIbHy	°	U°, TO X = 
= —#Co— u0 + irUo + Pio =	+ vu°. 1LB. Ha [0,rI "UMeeM 5°	x() itO 

= 0. CriejoBaTeJibHo, 2 = 13i0 [LB. H	[0, 'r]. ,1iariee, n.B. Ha (T, 1]
ilMeeM = — Ii, CJ1eJoBaTeJmuO, = o° + Pfto = 0 Ha (r, 1] (nocHoJIhIy 

	

Ho 13 = 0 iia (r 1].	 PBHCTBO 2 = Vito ilMeeT MecTo 
ILB. Ha [0, 1]. T.K.(0)	(1), 9(0) = 9(1), u0 (0) = u0 (1), '0(0) = O(1) , TO (0) = 1) 
i, cJ1e)oBaTeJ1bHo, (0) = (1) = 0. HaRoHeI, 4' = L1	Lli(vu0) =	zltuo 
= ,Jtu0. CiiegOBaTeJIbHO , 2 = (, , 13) € S(r).	1' '.,

 
Tenepb BocrLoJIbayeMcH JIeMMOI1 4.1. 110J10-IUIM fp = -- P(13 + 2), r'je 6,= 

- HnoKa?FeM, qTO YCJIOBKFI (4.1)—(4.4) aemmm 4.1 BbrnoJIHeIthr. )IecTnHTejIEHo, 

= -- P2 = -- P?113, 'T.e. BbrnoJIHeHo yCJlOBHe (4.1). OTMeTHM, 'iTO 3 + -- P 

= P( + ).= P. llpoBepHM ycione (4.2). HocIobHy Ha 6,t nee 3 + -- P 
Puol3 =PC Pu°= P(-9°),To	±	— PuOiy, go ') = 9(J)0, 0) = 0 . 

1	 \	2	 / 
Ha	. La.mee,	=	=	 'r.e. ilMeer MecTo ycJioe (4.3). Ha- 

H0HeU, ILPOBPHM ycjioBtie (4.4). I4MeeM 

Pmt + 1,/2P2. — PUm°i = P m — PUm0 i	 S 

-	

= P(—'(1 1 ) °( t . ) + i(t) UmOt	0t) =	9(t) P°(t 1 ). - 

CeoBaTemHo,	 S	 S 

Pm t ± 1/2P m i — PUm0ii, 4tO) = 00 (p.o(t1), U+°' U..) = 

nocioJy (P 0 u0 ) = a 11.3. Ha [0, 1].  

I4TaK, BceJIOBUH (4.1)—(4.4) BbrnoJIHeH1. Torja cor'.macHo J1eMMe 4.1 2 — 1-IeTpI4 
BnaJthHoe peuiee ypaBHeHMH 3iiepa-F1o6n iia [0, ] I 

JIeMMa 4.5: [Jycnm mes 6, > 0. 7'ou3a pa3i[u'Lnb[M nempucuaJibnuM peutenut 
i E W2 	(4.26), (4.27) 00p.4tyAbl (4.30)conocma6.zawnz paaiv a nue mpoil- - 

S .	\S	 -	 S	-
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JJ o}caaaTejlbcTao: flycTb T,, I 2 E W' - jBa peiueHH q KpaeBol aaaqu (4.26), 
(4.27), XanOMy ma KoTophix opy.nbi (4.30) conocTaBaiIoT OAHY H Ty me rpo3.Hy 
2 = (, Jc, 13). 11oJIoaHM ô = P2 - . flocaicer, q ro bp = .0. \Le1cTBnTeJ1bHo, ô 
yjOa.T1eTBOpHeT yC.JIOBHHM HpaeBol4 aaa' (4.26), (4.27). Lajiee, ITyCT1 ô = 
+ Oiu°. flocKoabKy 5x = 0, TO 6C = conat H, 3HaIHT, bt = 0. Ho ô = —ôC° 
+ 5° H bf = 0 Ha [0, -r]. Cj1e3oBaTe.rIbHo, ' ôu	0 Ha [0, tj], oT}cyja 5 = 0 Ha 
,. Ha YCJIOBHft 5i € W 0 ,	= 0 Ha S,, ô = 0 Ha [0, T], thes, > 0 cJIeyeT, 'rro 

ôi,= 0 Ha [0, t]. Ho Tora	- rpiaua.nuoe peiueue HpaeBok aaaqu (4.26), 
(4.27)' I.	- 

Ha JIeMM 4.3-4.5 BbITeKaer  

Teo peMa' 4.1: Ilycmb mes , > 0.,To2Oa Ø	 izop.yi& (4.30) ycmanac.ueaom eaau.t- 
no-oanoaia'noe coomeemcm8ue .ecOy ece.0 nempueua4bnbMu peuienuiz.4u 1 € W 
paeeoa 3aô a'iu (4.30)-u ece.a nenpueitamnuu pezuenuiztu 2 = (, , 13) ypaeILenui \ 

3iepa-co6u ita [0, ]. 

CJ1eyonaaTeopéMa, .nerKo Bbrrexa1ou.an ia:reopeim1 4.1, ygo6Ha )JHI ykaaaHHn 
KOHHpeTHOI'o HeTpHBuaJIbHoro pemeHMn ypaBHeHHa 3JIepa-HHo6H na [0,.-r]. 

TeopeMa 4.2' : I7ycmb mes 6, > 0. Hycmg5ynui f € KOWØ maoea, 'mo 
0 n.e. na (r, 1] u io3g5Øuzu,enm& /1, ;P npeôcmae.'zenui C = /ZC + FUO, 

oOno3na'no onpeaeJe.Mbie no q5opAtyAax (4.24); (4.25), nenpepbwn& (a, 3na'um, U 

.'zunuzuijeeu) na [0, 1], a na [0, r] yöoeiemeop.cuom yci eu.0 - = = , const,	0. - 
To3a paeencmea

	

i=1,...,s	S 

onpeôeiom nempueuaimnoe peutenue = (, , 13) ypaenenu.c 3uizepa-Thw6u na 
[0,'r].	 S	

S	 '	 .	

S	 - 

L oKa3aTeJIbcTBo: I4MeeM  

'O + Two + VU0 ov

	 (4.31) 

Ha CJ1OBHFL = 0 iia (t, 11 cJIeyeT, RTO /1 = - iia (t, 1J.çJIeoBaTeJIbHo, V = - 

	

- Ha (r, 1], /1 = - P. Ha [0, 1]. Ha nocae)Hero paBeHCTBa H y,CJiOBHH iff E W.'. BbzTeHaeT,-	
'	S 

'ITO 1 € W. Ha , ycJioawI - = /1 = COflSt Ha [0, x] BbiTecaeT, 'ITO V = 0 Ha [0, t]. 
311aqwr,	€ W, yJOBJIeTBOpfleT ypaenuio (4.26). ha ycJIOBH1 (0) = (1), C°(0) 
= C°(1), u°(0) = u0(1), p = - BHTeHaI0T yC.ThOBMSI (4.27). HaRoHeI, YCJIOBKe	0
na [0, t] rapaHTllpyer HeTpHBHaJlbIlocTb P. HTaK, - HeTpMBHaJIbHoe- peuiee 

- }cpaeBolk aaga q (4.26), (4.27) II mes 6, > 0. OcTaercH flpnMeHHTb Teopug 411 I 
4.3 He'npoJoJIa1IMocm He'rpnBllaJIbHOrO pcmenita ypasileulla 3L'Iepa-111;06II. 'Hycm 
-0 < t . < r' ^ 1 H' RCTh 2 - HeTpHBHaJIbHoe pemenile ypaemn 3JIepa-HKo5H 
iia [0,'r]. 1'oBOpT, 'no pe-wenue 2 Aw)sCnO npoôoJrJicUmb c [0, r] na [0, -r'], ecjiu 
.'ze.izeerncii nenpueuaIbnbt.0 pewenueAt ypaaHeHHfl	thepa-FIHo61f Ha [0, -r']. Ha 'reo-
peri 4.1 oqesHHirM O6pa3OM BblTeKaeT	'.	 S 

CJIeJCTBIIe. 4.1: 17ycnib0 < mes , < mes 61 . To2ôa nuiaicoe nempueua4bnoe pe- 
utenue ypaenn eui 3uiiepa-Hno6u na [0, rI ne npoaoitscusto c ' [0,tr] na [0, t ' }.	' 

OTcIoJa BLiTeIaeT	S 

JleMMa4.6: [Jycmb 0 < mes 6, < mes 6. J7ycmb na[0, r] uiteemcat nempuaua.Ib- 
noe peuenue ypaenenu.c 3liuzepa-F1o61t ? To2Oa co 'te j1eIaLemc5 neomputfamèfiblwü na S. 

	

S	 ''

	

S	 - 

S	 S	 I	'	-
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)IecTBuTeJmuo, flCTb H [0, t] ueeTa HeTpHBIIaJIBHOe pe[UeHHe 2 ypdBHeHHH 
31epa-H1611. Tora 2 € S(r)\{O} ii a)'(2) = 0 HaS(r). B UaCTHOcTH, w'(2), 2 = 0, 
oTJyja cJIeJyeT, iTO . w.(2) = 0 Ec.mii npeLIoJIofcI4Tb, qTo 11pM 3TOM a) 0 Ha S, TO 
2 — TotiHa MHHHMyMa a) Ha.S. Toi'ja2 - HeTpHBHaJmHoe 'peffleHMe ypaBHeIula'3llJIe-
pa-Tho611 Ha [0, 1]. Ho 3T0 rtpoTllBOpeqIlT CJ1eJcTBuIo 4.1 o HenpOoJLfcMMOCTM 
HeTpMBHaJIhHoro pemensi C [0, 4.iia [0, 1]. 3Haq Hi, cv,He HBJrHeTCfl HeoTp1uaTen,-
Ho&HaS I 

5 Ocnornn,ie C3IbTTb1 

5.1 Ciyaft n > 1: 0TcyTcTBMe 0-cia6oró ma* RduMyMa. llwlb3yRcn Teope1oi 4.2 
3Iemmoti 4.6, TkoRwKeX, qTO 11 B ciyae CTporo BbrnyIJIoroU 1JIH aizcpeasin C 'me-
.IIOM o6xoJoB n> 1 40pMa a ie HBJIHeTCH HeOTpMUaTeJ1bHO Ha nouTpocTpaI-lcTBe-S. 

I4TaFc, JCTb U = U - CTpOI'O BbInyEIbIft H0MHaHT, uP 3HCTpeMaJIB CS n> 1. B 
3TOM Ciiyae U0 - He[Lpeph!BHaR, a, 31-la'fllT, H iiHrLuiHqeBa 4yH1uuH. Ho.moHM 

=	(t= fu°(t), I 
fl	 u°(t), t > T,	 '-	 S 

flCTb ii	1, jU	0' ia [0 r]. OqeB11Ho, BCe CJIOBMH TeopeMhz 4.2 
- CJIeOBaTeJ1bHO, Ha [0, r] HMCCTCH HeTpzzBMaJIb}Ioe peme11ze ypasen 31iJepa-HEo611 

11 npiz 3TOM 0 < mes 6, <mes S. i'ora no aekme 4.6 w i-ie HBJmeTeH HeoTpw1aTeJ!b-
HO Ha. rLoJuLpOeTpaHcTBe S. ConocTaBinH 3T0 peayJIhTaT C J1eMMO1 3.1, noJiyaeM, 
4rO }aMeer MeCTO	 /	 S 

TeopeMa 5.1: Hycmb U - ,cona,cm, 3aOa,,0zü Panonu'ec?cuM o6paso. U 
0€ mt (Co U). ToOa .öjz.-juo6oii ?ccmpea.5iu c 'uëumt o6xoaoe n > 1 iceaôpamu'i-
naa I3opia co ne .zedz.cemciz neompu1amemnoü na noanpocmpancrnee S. 

* '

	

	143 TeopeM}.I 5.1 H iipewioeiuza 3.2 B C[1JI C:IeCTB11fl 1 113 . [8: rji. I, § 31 (11114
yTBepfçeHHn A' B [5], IIJIM B C1lJI [6]) BuTezaeT 

TeopeMa 5.2: Ilycrnb U -	 aaôannbzti KanOflu'LeCUM O6pa30J)t, U

0 € mt (co U). Toaa .Iuo6aJl 3?ccrnpeMam c uciwz o6xoaoo fl> 1 ne ôocmae./1Jiefli 
O-cija600 .acuJty/ua C aOate (1.1), (1.2).	 S 

1-IaHoHeI, 3a14MeMCJI iian6O.mee HHTePeCHLIM II neTpllBuaJIbIlhIMBonpoCoM - 05 
OCTPOTC Ma}cdllMyMa JJ1H 3KCTpeM8JIH C fl = l af 

5.2 CJ13r'lauI n = 1: OC'rpoTa MandilMyMa. [IYCTb U -. flpO13BOJlbHbI1 HaHOHHCHH 
3aal1HbI1l H0MBaHT, 0 € jot (co U), H flCTb uP - 3}CTMJ1b C fl = 1. JJIH Hee, 
HK MhI 3HaeM 143 § 2, w Ha S. 0jHa1co nOJ!O,+cHTeJIbHO onpe)leJleH-
noh a) Ha  iie HUJIHeTcH, TO CBH3aHO C IIeCTpOr'OCTI.Io MaMCLIMyMa B TOHe w°. Hive Mhz 
oruitheM rLouipoCTpaeTBö ' i-iyieii Co i-ia S it jo6aBI1M JBa TaHHx oI'paHl41dl1HR R 3aiaie, 
'iTO uP CTaIIeT TO'iKOt erpororo MaHCIIMyMa, - a	oKaaeTCn noJIo?}uiTeJlbHo onpeRe-



JieHa H . HpL-T114eCxoM 11oJULp0CTpaHCTBe. BT0 IIO3BOJIIIT 3aTeM BOCrL0JIh3OBaThCH 10-
cTaTO qHIrM1 yCJI9BHHMH imicwero riopiva 143 [3-9]-H OI1J0JlI4Tb C MX flOMOI1blo	S 

o,cTpory MaicCilMyMa B 3aJa qe.	 S 

14raic, oamuem CHa'iaJIa rLO)r1pOCTpaHCTBO HyJIe4 co na S. HOeHoJIbKy a) HeoTpi-i-
ITJ1hHaHa S, TO HeTpi-lBMaJIbHhIe p.eIueHlIH ypai3HeillIR 3rIepa-Htc06M Ha [0, 1] 11 
.TOJIbKO OHM- HBJIHIOTCR HeTpHBHBJIbHbIMM HyJTIIMM to Ha S. Coi'jiaeno eopeze 4.1 
HeTpldBHa.mb}IhIM 1UHHHM ypaBHeHzI3fiu1epa-flHo6i-1 H.a [0, 1] B3aHMH0-o)WO3Ha'iHo 

-	 -	 I
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COOTBeTCTRyIOT HeTpHBHaJIbHbIe pewemiR KpaeBol aayaq 

0, i(0) = i(1),4(0) = (1), E W. 

OqeBHo, KOHCT3HTI,I H TOJIbKO 01111 y)OBJieTB0prn6T 8THM ycJloBHRM. Torg no 
eopee 4.1 HyJIHw Ha S rLpeJCTaBJIrnOT co6ofi OHOMepHoe nOIu!pocFpaHCTBO N, co-

cTonulee 113 2	(, 2, ) raKux, 'iTO 

53(u0_ u0(0)), 13=const,	=i3, i=1,...,s.	(5.1) 

)1aii 3HCTpemajiK uP = (x°, u°) UOJI0KI4M b = 2°(0), r° = I (x° - b) dt. OveBuwo, 

O ecm geHTO Ta?icec'rH Kp111301 x° - x°(0). 11YCTb q € 1R2 \{0}.	IlpOH3B0J1bHbI1 Beic-



Top, OpTor'oHaJ1bHh11 c r°: (q, r°) = 0. Lo6aBHM K OFP&HH'iH1111M 3Ja'iH (1.1), (1.2) 
c.ney yIonuie ABa OrpaHH'ieHHH:	 - 

-	x(0) = b,	f(q,x— b)dt = 0.	 (5.2) 
0	 -	

•1. 
CorJlacHo Bbl6opy BKTO0B b, q 9KCTpeMaJIL, uP )TL4M o['paHlc'ieHHBM yJ0BJITBOpf1eT. 
Raic MM YBHJUIM Hi1?ice, M&KCHMM ILPH 3T11X gonoaHIlTeJlbHbik or'paIIll'ieHHHX B Toqice 
uP cTaHoBIrrcn CTpOI'HM. 

On
' 

MeTIIM, 1TO(q, u°(0)) 0. EecTBHTeJlbHo, ecJu4 aTO He TaK, TO BKTO u0(0) 
icoJlJlHHeapeH Be}cTopyr°. 1-10 3T0 HeB03MW+cHo, TIOCl;OjlbHy [HTP TH?}cecTll KpHBolk, 
orpaHH'iHBaRMuec BhirLyKJlOe MHwfcecTBo C HeILycToil BHyTpeHIIocmIo, He Mo?KeT Ha. 
XOJ HT bCH iia KacaTeJ1bHoi K 3TOi KpUBO.	- 

Jaiee, OTMeTHM, 'iTO 3KcTpeMaJIb uP „cTapou” 3aJa'H4 (LI), (1.2) aBJIHeTcH aHcTpe- 
MJ116I0 11 _HOBO. aaja'i (1.1), (1.2), (5.2), Ilpu'ieM, B HOBO aaja qe jJl1( W° B 
npHH9Hne mwictinyma MHo?cHTeJIb ILH OrpalinqeHull f (q, x b) dl = 0 pa-BeH HyJilo, 
a ocTaJlbHhle, 1-coMnoHeHTbl ILpI4HU, HILa MKCHMM - Te me, 'iTO H H aajaqe  
,LJ1H 'ra}cor'o Ha6opa KoMnoHeHT upHhluilna maRCHmyma B HOBOi1 3aJa qe KBapaTH'i-
HR opMa co ocTaeTcH hIpe+cHei, riociwabRy O1'paHM4eHI4H (5.2) JIhaHeHbI, B olipe-
)CJI0HHU me rlOAFIPOCTpaHCTi3a L ILQBBJ1HIOTCB TlBa JOI1OJ111HTeJ1bHbIX yCJI0BHH: 5(0) - 

r = °'f 
(q, 5) dt	0, np'ieM, nepoe H3 . DTHX.YCJIOBHri ye y qTeHO B' On	Ji peeeHHH 

• noyuLpocTpaHcTBa. S. Ta1M o6pa3oM;' B HOBOrl 3aa'ie 1cBajpaTu qHyho (DopMy W 
cJIe)yeT paccMaTphlBam Ha 11O[LPOCTP}1CTB S 1 BKTOOB 2 = (, 5, 3), yoBJ1eT- 
BopaIou11x yCJIOBHHM: 

E. R8 , 2€ (K 8W2 1 ) 2 ,- € L 2(),	 (5.3) 

F)fto *) 	i=.,...,s;	(5.4) 

f(q,)dl=0.	
/	 S --	

(5.5) 

Ha1LOMHI.IM, 'ITO YCJIOBIIFI 
S(53), (5.4) 

OFLPCJ0J1H1OT 1lOJ1TpOCTpaHCTB0 S, Ha. KOTOPONI - 
U) HeOTp61aTeJ1bHa.	 S. 

lloKaceM, 'ITO KBJTH'i1I3H (j)opMa co I1OJI07IcIITeJIbHO oiipeeJieiia Ha iLOJhlpOCT-
pa4cTneS1. flocicoJibMy BMU0JIHeHO ychlJleHhIOe ycJlOBHe JIeHalpa (3.17), TO JW C-

• Ta'roqHo FLOKa3aTb, 'ITO U) hioJIo?fdHTeJIbhIa na 8 1 \ {0}. jiui 3TOO B 00010 o'IepeJh joc'ra-
TO'-IHO -rioIca3aTb, 'ITO i'IIFLCpILJIOCKOCTb (5.5) rEepeceKaeTCFI c nOJWPOCTpaHCTBOM N 
HyJierl w iia S 110 HyJILO. )eticTB1ITeJ1bhIO, 143 ycJIoBI4l (5.1), (5.5) BbiTelcae'r.,. 'ITO- - 

17 Analysis Bd. 9, Heft 3(1990)	 •
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• V f (q, u°	uo(0)) dt = 0. Ho, fuO dt0 . CJ1eoBaTeJ1bHo, (q, u°(0)) = 0: floc-



KoJIbHy (q; u0(0)) + 0, TO i = 0. 
I4Ta1,,Joca3aHa	 V	 V	 - 

TeopeMa 5.3: ]7ycmb U - iwtnaKm, aaOannbtii ,anonu'ec,cuj o6pa3oi, 0 E. 
mt x (Co U). Jlycmb w° - oOiioo6xoEMaj ,ccmpeJtaJb. To2Oa wcaapamwuiaii 5opa v 
noJio1cumeJIbnO onpeôeiieia ma noOnpocmpaJwm8e Si., 

BTa Teopea o8uaqae'r, MTO BbI[IOJIHeHO joCTaTo qHoe yoJiolnie BhrCUleço nopnjwa 
jJin cHJIbHoro MBRCHMM (cm. [3] u.mi,i [7]) B aajaqe (1. 1), (1.2), (5.2) B TP qHe w0 . Boriee' 
TO1'O, CorJiaCHo [3, 7] yiaaw-ioe AOCTaTO qHoe ycioie rapaHTupyeT onpeieieiiyio 
OCTPOTY MKCHMM B TO qKe w°. 3Ta ocTPOTa orLpeyenHeTcn -C ILOMOLUbIO 4yHKUIIO-
HaJia v(ôw) B 1Lp6CTp3HCTBe W, HOTOpbrrl OJHOBCMHhIO HBJrnercwBh!dllrnM IIOpBJWOM 
B cMhIcJIe [2], CBH3BHHbIM C BbIIUICaHHbIMI4 3JeCb Heo6xouMh1MM 14 JOCTTOHbIM14 yCJIO-
BHHMH.	 "'	•	 - 

C.riejyn [3-9], giiii bw = (ox, Ou) € W HOJ1OHM - 

(Ot)-= II6xll2 ± 5 P(u° + O, €) dl	
V 

0. 

rje4y11HW4H -I' = f'(u, t) onpeje.rieTcT CJIeyIOIIHM o6paaoM	 RI. FIyCTb V .	Q x ' 
- enepeceaiotiuieca orpaHneHI-ibIe olcpecTHocTll MHo?+cecTll U°' (rue U Ot - aaMbl-
HaHile B JR3 rpaitxa CyHCHHB u0 ' Ha 14nTepBaJI (€j-I, l i ), i = 1, .., s + 1 1 10 = 01 
18+1 = 1, CM. [LHHT 3.2). Ilyc'rb V ecTb o6beHHeHMe Vi no i 1, ..., s +1. Torja 
F'.- Q x [0, 1] -. JR - H0[LpepblBHa$1 4)yHHI11, YAOBjieTBOPFli Oman YCJIOBHFIM 

V	 V	
- u°(l )1 2 ,	 eciu	(u, 1) € V . , 1€ (€ 1 L 1 , 1k), 

J'(u,l) =' Ju - u°(€1 - 0)j2 + It— 1 I, ec.nu (u,t)€ V 1 ,€>l, --
V	

ju - u°(t + 0)1 2 + I t - l, ecjii (u, 1) €	€ <	
V 

V	(1 = 1,..., s) H P(u, 1) > 0,	ecJlH	(u, 1) E (Q x [0, 1])\ V.	- 

V 6npeeJIeHI1e 5.1: CJIeJyH [3-9], 6yeM roBopllTb, TO 'ro qKa w° ocan-

	

V	 JIHeT CU./lbflbU	 B 3aaqe -(1.1), (1.2), (5.2), eJiH Cy11VeCTBy1OT C> 0,	V 

V > 0 TaRile, qTo Jifl .11lo6ori riapu w = (x, u) € W,. YAOBjjeTBopFuoujeA O1'paHHe-

	

• -	 MHHM (1.2), (5.2) ii yCJIOBHIO lI Z - x°lI <E BbJfloJlHHeTCa HBCHCTBO 

•	(Jw°) - J(w)Cy(w Vu0) rje J(w)	lfV(PXU)d€	
V 

OcTpoTy MaRCI4MyMa - B TOqHe W0 MbI noHr4MaeM B CMhIcJle qaHHorO Buine Oupee-
• 

 

V 

-B cny ' ieopei 5 n3 [3] (CM. Tae [7]) ua TOMh1 5.1 m npegjiomeiiHff 3.3
V

 V V	BbJTeKae'r cejyioua	 V 

TeopeMa V 5.4: !lycmb -U .- OMfla,Cm, daôannbIü KaKonu'LecuM o6pa3o., 
0 € mt ( CO U). To2Oa oOnoo6xoOna.c	 w°. Oocma&'ziiem cuiLbn&i y-Atancu-
AYM 8 3aOa'e. (1.1), (1.2), 1 (5.2).	 V	 , 

OTMeTIIM, qTO B Teopeme 5 113 [3] 'rpeGyeTcn eaë, qTo6bi iia6op MHoRHTenen, yOBJie'rBop-
flIOIIUIX flpHhIIHh1y MaHC11MyMã 6bIJI ,,C-Jie)HaIIapOBblM" flH HeHOTOpOM C> 0, HO 3T0 yCJlO- - 
BHe, O4eBL1HO, B11flOJ1HOH6, 'ITO J1KO cJleayeT 113 npegnojioxe	6) nyHKTa 3.1, npe)no-



)HeHHH3. 3, a T^H;Ee 113 YCJIOBHII D(H) = (Pu_1 , u+ ) > O,.i = 1.... . s. 
V	

<V,	
--	 ,_	 V	

V	 V	 V 

	

V	 N
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MM floJyqHJ!H HeTpI4BI4aJlbuhItk pe3yJIbTaT 06 OCTpOTC MaKCHMyMa gan OgHOo6-
XOJHOtk a}ccTpeMaJ!u. ,LJ1H CJ!yaH HenpepblBnoro u0 (T.e. corja U - cporo Bbr-

• uymffi }oMrLaFT) ero MOH0 6wio 6m npeJcIaaaTb H 6e3 o6nel TeOpH1 BbICIIIHX 
nOpHLHOB, H60 B 3T0M cJ1yae OCTPOTa MacHMyMa 3aaeTcn IyHRIHoHaJIoM 

f 6 2 dl, TpajHiioiimmi pJis BapnaIHoHHoro HCqHCJIeHHR. OiHaIoJ!H CJ1yaH paa- 
pblBHoro u° (r.e. icoi'ja iOMnaIT U CTpOE'O BhrnyIQIbIMHe HBJIReTCH) npejcica3aTb 

• 0CTOTY 6e3 o6e TCOPHH He npecTaBJH1eTCR B03MO?iH&M,flOCicOJIbHy 4yHEuH61IaJJ 
y, 3aJa1ouHtt ocTpoTy B 3T0M cJ1yae, He COBIi)T . c KBPTHHhiM yHi[uio-

•HaoM, OI.eHHBaBJiLiiM CHH3y 1BaJpaTHqHy10 4opMy Ha rLoJripocTpaHCTBe H, 6ojiee 
roro, BoO6IIe He HBJIMCTCH HI! 1BapaTli'1HhiM, HH aKe flOJ1OHTeJthHo 'OHopo1HbiM 
c Ia1oh-JiH6o cTerLeHL,Io.	 •	 S	

•	 S S	 -	

•t	 0	 S 

5.3 3aAaqa C BbIllKJ1bIM rOJo,rpa4oM cKopoeTH. 3aMeHiiI B aajaqe (1.1), (1.2) orpa-
HuqeHHe it E U Ha orpaHlfqeHle u E U, rje 'U = Co U. B Hamort Mepe cpxpaHnTctl 
noJiyeHI-ib!e pe?yJIbTaTu? •	 •	- 
- I-aH yoce OTMeqaJIOCh, BKCTpeMaJIH CTaport H HOBok 3aJ6 coBriaJaioT. BJ-!cTpe-

MJiII C fl > 1 fie OcTaBJthIoT 0-cjia6i MaIcIiMyM B OTapo' it Baaqe, H TeM 6oiee ire. • / - 
gocTaB.mrnoT 0-CJIa6h1 MaHCHMyM B lIOBOfl Baa qe. OHOO6XOgHe aiceTpeMâJIMoc- • -' 
TaBmrnoT,B HOBOi 3agwie a6cOJIIoTHbIri MaIcCHMyM; npi JI!060M ripeCTàBJIeHI4H U = CO U, 
rje U - rLpoHsBoJIbIIbIt }aHOHHieC}dH 3aaHIIhI HolmaHT, iia U MMeeT MecTo oLeHKa	S 

OCTPOTbI MaCHMyMa, COpMyJIflpOBaHlIaH B Teopeme 4.2. BoaInHaeT-BoripoC, HaRne 
BbrnyIc.mIe }oMnaRmI U MOfT 6!ITb flo.Thy'1HbI B peayJlbTaTe oBhIny}JleHMfl IaHoIIM-

eCIH aaaHhIh!xFcoMnaKToB	FIMeeTCH JIII .y ffllX IipocToe neaaB!c1aMoe ouMcaHlle?. 
I-1He mbi janM TaHoe onhlcaHue.	 / 

,Tly2ou ?i./iacca€2 noJIo1cumeJihnoii Icpueuanit HaaoBeM o6pa3 oTpea}ca I = [to, tJ 1R 
11pM HWheKTI1BH0M OTo6paHe11l1n r: 1 F-* 1R2 iacca €2 TaicoM, 4T0 t 0 (P#, ) + 0 
Bc1Oy 110i T. : 

S	 3a.unyñwa Fcpueou ,ciiacca Cl. noJio1cumeJibnoü	U8U3flbi ua3oBeM o6pa3 oKpy?lc-
HOCTM S np 1HheHTIiBHoM oTO6pa+ceHHH r: S 	&2 xiacca €2 TaxoM, WO # 0 ii 
(P#, ) + 0 na 8 1 .	 • S	 • 

OrLpeeJIeHu e 5.2: BI1IIyH.ThI1 KoMnaHT U c 1R2 C HertycTot BHyTpeHH0CTbI0 
•	HasoBeM -npaeuIuJ*t.lt, HOrJa JIH6O	 S	 • -	 • 

a) ero Tpa1iULa U HBJIHeTC8 aaMxHyTotl HPIIBOti icjiacca €2 noJloffHTeJthHo icpn-
BHBHhI JIM6O	• 

6) M COCTOHT MB EOHHOO 4HCJIa OTpeBROB II (iuiu) }coHeqHoro qmcia Ayr x.iiacca 
€2 noJIo+n1TeJ1bHot }cpHBIl3HhI, flpHëM, y J1106h1x ABYX cMeHHh1x gyr Ha au HX 

-' o6uaR To'I}ca HBJlfleTcH yr'J1oBof.	 •	
• S 

HanoMHrnt, 'iTO HOMHaKT U Mb! Ha3BaJH1 Kano,iu'iecKu 3aôannbi.4, ec.JIM OH yjo-
BJICTBOHT BceM rIpeJrLoJloKeHIiHM nyHKTa 3.1. I'heer'MecTo cJIegylouaH 

TeopeMa 5.5: Bçiiiuü flpaeuJib?miti otna,cm,U sememcaoeunyc.ieiue neKomo-
p020. Ka1wnu'iec?u 3aôawl,oeo KomnaKma U. 

)oHaBaTeJIbcTBo Mb! npoBeJeM, Onyc1afl HeKoTopb1e yeTaJ!M. Hie paccMaTpM-
BaloTcH TOJIbHO HPHBbie 6e3 caMonepece'ieHwi. • 

JlyCTbS- 3aMFcHy'rafl xpliiiaci , iacca Cl , no	1t ioropo MB! rLoHHMaeM o6paa
oKpy?KH0cTH 81 rip 1IH'BeHTI4BHOM OTO6pa?ceHIaM r: 51 * &2 K.nacca €2 TaxoM, 'iTO • 
t +0 Ha 51 By)eM rosopHTb, wro x' E a - TO'iKaCmpo2oii 8&nyciiocmu IcpUCOÜ a. 

• ecJiii (P#(l'), f (t'))	0, rje r(t') = X', H cyluecTByeT xpyr C uewrpoi B To qice x' Ta-



xoç 'ITO ero nepece'iee C HOMFI8KTOM, OrpaHH'ieHHBIM , HpHBOtt a., '6CTb BBI11yR-
,oe MHO1ceCTBO. I4MeeT MCTO	 S 

17*

I,	,	
•
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• lip e g i 0 n en e 5.1 : , 'Bcsxa q iaicuymu cpuea or iacca Cl s6A.Remcjz uyA.e60il 
Aunuetz ypoeiw fle?0mopo4 95yn)clfuU 0: RI - R I Kljacca 02 macoii, 'mo eë 2paau-
enm 0' onuu'en om KyIii 80 ecaicoa moue ?q3ueuü a, a xamputfa cmop&x flpOUaGOOflbiX 
0" no./ioJ1cumeibno onpeôeiena e3 oc.cucoü mo'ice cmpoeoü e&nyv..iocmu KP1160U a,.npu-

Mnodfcecmco {x I 0(x) 0} coenaaem c )coMna?cmoM, o2panuiueae&M )p1160Ua. 

,LoKa3aTeIbcTBo: Hycm d(x, a) - pacconne OT TO q ICH x go HpnBOfl a. floJloC+nM 
• V1(a) = I d(x, a) < e}. BM6epeM e> 0 CTOJTh MaJIMM, 'ITO gain naagofl T0'IXH x( V(a) 

cyuieCTByeT JUiHCTB8IIHBH To'!Ka a(x) € a, pea.nuayIouaH paccTorn!He OT x go a. flycm K0 
- FcoMnaHT, orpal-11i'lliBaembift RPHBOR a. OnpegeJntM iia V(a) ge 4yHK[HH: - 

	

lx) - J d(x, a), ecin x € V,(a) \ K 0 ,	 - 
•	 •	

l—( a), eçin x € V,(a) n,K, 

g 2(x) +g,(x), x € V,(a). 
/	2	 •	 / 

Moiuio npoBepnm, 'ro iia V(a) 4yiiiunn G o6ilagaeT Tpe6yeMuMn cBoticTBaMH. Teneph 
He upeACTawineT rpyga HOCTOI4Tb YHKEUII0 C: 1R2 F+ 1R 1 x.'iacca C2 , coriaaiomyio CG, B 
MaJIo, OFCCTHOCTH IcpIIBO1 a, OTPaqaTCJIbHYIO BO BHTCHhIHX To'lHax iconana K n, 
ciegoBaTe.nbHo, o6iiajaiowyio II+CIIbIMH cBo1cTnaMH • 

I4 upegiioenui 5.1 cpaay cjlegyeT, 'no IcoMilaiCT, orpann'IcHHbth 3aMFCHyT6 
1CpHBOI a ILOJIOMMTCJIbHOrl IpnBn3Hbr, gonyclCaeT ICanonM qecHoe aaganne. 

• PaCCDiOTPHM Teiièpb lpaBMJIbHbIt FCOMIIaICT U, rpaHI1Ia-I-coToporo ÔU COCTOMT 
-. ithneiioro qHcjia o'rpe3KoB ô It HOHC qHoro qKcaa Ayr .ICJIaccaC2 ILo.no?IdnTeJ1bHo 

ICpHBMatIbI. IIpCgCTaBHM U HaRornyi.neHne TaICor'o HoMnaICTaU, 'nO cr0 rpanuua 
•	U .COCTOHT 113FcoHeq Horo 'n4cJTa Ayr x.nacca C2 (T.e. o6pa3on oTpeaa I = [r0, r 1 ]c RI 

•	 ilpu HH'beICTIIBHOM oTo6paHceHnn 
1), npwleM, .q lo6hie ge CMeHifluegyrll B UX o6ulek To q}ce uMeloT pa3JI14'IHbIe ICacaTeJib-
HbIe. 3io Mo?Icno cgeJla.Tb ciegyioiunc o6pa3oe. 3ateHnis1 Ha?KgbIt H3 OTpe3ICOB 6 
6Jrw3IC6t IC Hemy gvrok 5) Haacca C2 TalC, 'ITO6bI (bIJIH BbrnoJIHeHbI ycJI0B14}I: 

	

•	a) nce To'iin'gyrH fl(), Rpome eë lConuoH, paCrIOJIOMeHbl BHTU ICoMulaxTa U; 
6) HnICarrnegBe gym	(ô), ('), aaMeIInBwHe 0T3lU4 6 II 6' Ha au, He I4MeIOT

engy co6ok 06ILI1X ToqeIc, ICpoMe, B03MO?KHO, CBOHX IcoHIoB:  
•

	

	 B) ecan ICalCoi-JIH6o ROHeiA a5 opeaa 6 He HBJIHCTCH yrjiOBOR To'IlCOft FlIHIb1

U n, caeoBaTeJIbHo, 6 JIeaCUT iia ICacaTeJlbHoft, rEpOBegeHHOtl B TO qKe a5 IC cMe,-ICuol 

	

•	c HHM gyre fl,. To fl H : # (6) IIMeIOTB To q Ke a5 COftpin-COCHOBCHHe BToporo nopagKa, a, 
3HaqnT, •n(â) cocTaBJuIloTBMecTe HOB1O gymy ic.riacca-C2 (aHaJlomH'IlIo, ecjn 
oa icoHa oTpe3Ia 6 tie HBJIHIOTCH yrjiOBhIMH TO'IICaMH1rpaHI4Lh1,To gyra i9(6) co-
upnacaecn c gByMH cMe?fcHbIMll gyrau BO BTOPOM nopngce H, cJlegonaTe.rlbHo, TPM 

•	yrn BMecTe o6pa3yloT fl0BIO gyry iuiacca 02);	• • 
•	.	r) ec.nn 1CaHo-J1H6o ICoHer a5 opeaa 6 nBJi1eTcfl yrJioBoi! T0'IICOfi rpaiIH1b1 U,

TO (6). 1CacaeTccl 6 BToq lCe a5 it nMeeT B aTOfI TO'IICe rEo .jiOMHTCJIbHYIO I-CpHBH3HY. 
• rLocie TaHOrl aaMcHbx Bcex 0T3KOB 6 Ha cU gyran (6) C nocJIegyIouJHM o6-i,-

- egHileHueM KaHCgoi ierto'ncu gym, conpHIacaioiiu4xcn gpyr C gpyroM BO BTOOM 
- Ilopflg}ce, B OAHY gyry, MbI ILoJly'laeM 3aM}CHyTyIo IcpIlBylo 6e3 caMonepece'IeHId, 

orpawrnaiowyio }COMIIBKT U, oBbIrLylCJIeHne HoToporo ecTb U, rLpu4eM,rpaH1ua U 
COCTO}IT ' I13 IoHe'i1iOrO 'iitcJia gyr }CJiacca C2 , tie cO rip rncacaorwixcn gpyr C gpyrore B 
rlepBoM IlopHgICe.	-	-	 •	•	- 

Teñepb cJiegyer HOOJDK14Tb HwKAyto gyry	iJiacca C2 Ha r. paHliLleU go BOICO- - 
- -	TopOft 3aMICHyTOft KpnBOft or IcJiaca 02, orpaHIi'IHBaIoueft MI10ecTBo, cogep?1cauee. 

•	 B ce6e U, rIpn'IeM, Taic, 'iTo a n aU= fl'. OqéBilgilo, aTo MOICHO cgejlaTb (npn'IeM, 

	

• -	• yrn riOJIO?KwreJIbHOft ICpHBfl3HhlM0nCHO npOgoJIaCHTb gyrarin no.no?1CnTeJIb110ft icpn-
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14143111.1, ro, BnpOeM, He cyueCTBeHHo).- O'raeTcH y}aaa.Tb C I1OMOub1O npejiiio-
,ieHL4H 5.1 Aim KwHAoti noCTpoellHofl 3aMIcHyTOft- KpllBOft a . yHHLwo G icjiacca 
€2 Co cBotcTBaMII, 0FL1ICaHH1.IMH B npeJlo?KeHHu 5.1. 3T0 n aaepwu ola3aTeJIb-
CTBO Teope.mbi 5.5 I  

143 yTBep?1c1LeHHl, BhICHaaaHHblx B Ha'Iaiie 3T01'O nyHHTa, 11 TeOpembi 5.5 BhlTeicaeT 
CJIeJy!ouafl 

T e op e ia 5.6: 'Tlycmb U - npacuinuü Komnaxm, coäepdwanfuü KOJtb 6nyrnpe1neü 
rno'ucoiL Toeôa	 .	 S 

a) 3?ccmpetad1b c n	1 ôocmaejt.em a6cdjiomn&ii 4iacuyAt e 3af3a'e (1.1); (1.2); 
6) aKcmpeMaJlb c n> 1 ne ôocnaeitiiem 0-cJla6(t'.4aKcuMy C 3aOa'e (1.1), (1.2). 

6. 0 KBapauq 1IMx 4opMax 0606WëHnoli IIaonepnMeTpø q ccKoII aaan	•.	. 

3eC!, MhI RPOBeaem ROROJlHHTCJlbHLle paCCMOTpeHII$I HBapaT11lIh1X 410pM, CBR3HHMX 
C 3a)aqeh (1.1), (1.2). Bc,e OCHOBHbIC CCMOT1IUu1 6yyT oTI-loCllrbCa 1. ciy'oa10 
n = 1. llpeae BCCI'O, MM )am11M HeaaBIlCllMbIe goHa3aTeJlbCTBa TO1'O, 'ITO JJ10I OLHOO6-
XOHHX a}cCTpeMaJIefI FcBaJpaTl1'IHan 41opMa Co HeoTp11I.aTeJIbHa iia HOJHPOCTPHCTB 

'Mi.i HaqHCM CO CJIyqal1 lIerLpephlBHoI'o U0 14 BoCnoJIb3yeMCa JXJIfl goHa3aTeJIbCTBa 
(j)OpMhI Ha nO.!iUpQCTpaHCTBe yCJIOBHHMI4 11K0611 H3 §. 4. Laiiee 

MhI paCnpOCTpaHllM 3T0 goKaaATejlbCTBO Ha Ciyau paaphIBHoI'o U° MM paCCMOT-
HM TaH?Ke 1-ielcoTopble CJteJCi 'BHH, BMTeHaIOIIUIe 143 HeoTpinaTeJ1bHoCTn co iia L JJ1H 

OHOO6XOgHbIX 3KCTpeMaJICII.	 S 

•	6.1 Cjiyqafl c'rporo B16Illy1C1O1'O U. flycTh U - Cporo I3bIrLyRJIbIh R0MrLaHT,. COep-
nau,H1l HOJIb BHyTpHHe11 TO qKOft, rpaHH1a IcoTOpOro 9U J1H&O ' HBJIHeTCH 3aM1Hy'ro 
KpnBffll xiatCa C2 ILOJ1O?HIITeJIbHOII 1pHBu3HbI, .111160 OU COCT0I4TS. 143 xoi-ie q iioro q Hc.na - 

• r noJlo?fdHTeJlbHoft Lp14BH3Hh1, rLpIl qeM, y JIIO6MX ABYX CMeKHh1x Ayr Ha 3U.lix 
o6iian T04Ka BBJ1BeTCH yrJIoBoli. Cor.naCI-io Teopeme 5.3 Taxot HOMILaIcT nBJtheTCH 
}aHOHt1 qeC}dH 3aaHHbIM. flyCTb w° = (z°, u°) - MaHaci-J1116o oHoo6xo)I1an 3KCTpe-
MJ1b 3aJa4H (1.1), (1.2). Eft., KaN MM 3HaeM (C1. § 3), COOTBeTCTByeT 1cBaJpaTu'iHan 
41opMa	 - S 

COO =	[(Pu0,u0) 3 2 - (P u°)i']dt	 (61) 

HeOTpIluaTeJIbHan Ha 1LOJULpOCTpaHCTBe L0 , CoCTonh1.eM na iiap (, 3) Taic1x, 'ITO-

€ (W2 , 7 € L2 ();	= i3?10, (0) = (1).	.	 (6.2) 

IlpH 3TOM Coo yOBJIeTBopHeT yCIlJleHHoMy yCIOBHI0 JIencaHjpa: 

•	 (Pu0, ü°)	const >0 Ha 6.-	 (6.3) 

HeoTpIivaTeJmHoCTb to0 Ha L0 6i.rjia nOJIy'IeHa KH cJ1e)CTBne TOrO 41aIcTa, 'ITO OJHO-
o6xoiaa 9fCTpeMaJ1b AOCTaBJlfleT a6COJIIOTHhIft MaffCHMyM- B aaaa'ie (1.l),.(1.2), a 
3TOT- 41aKT B' CBOIO o qepeAb 6wi noJly'IeI-1 113 CyU.eCTBpB8HHH oILTIlMaJlbHoro peuie-
HItfi B aa)a'Ie. OLHaKo IIHFepeCIrO 6brilO 6M HMeTbHeaaBMCuMoe AoimsaTe.JIbCTBO ' He-
oTpI4Lares1bHoCTn Coo Ha'L. 3To yoKaaaTeJIbcTBo Mb! H ILP11B8M HI4Ke.	•	• 

CorJlaCHo [1] jJJia o1a3aTeJtbcTBa HeoTpH1aTeJ1b1IoCTH w0 Ha L0 oCTaTo q f io no-
Ia3aTb, 'ITO ripl4 JIlo6oM € (0,1) TaK0M, 'Ito. 0,< mes 61 , < mess, ua [0, r] He Cy-
wecTByeT HeTpIIBHaJIbHOI'O.peweH Un ypaBHeHHH 3llJ1epa-F11O6H. Ho1aeM 3T0. HyCTb



=r) )r)

Pnc. 6.1 
r) 

a) 
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0 < <	< mes 9, < mes H rLyöTb Ha [0, r) HMeeTcH HeTpHBHaJIbHoe pemeie
ypaBHCHHI! Blthepa-flKo6H. Tor)a corJiacHo eopeMe 4.1 cyllecTByeT HCTHBHJ1bHO 
peweHI1eE WI., 1paeBo11 3aaqH (4.26),1(4.27): 

0.	IE[0,t],	(Ø) = (1), 
•	 -,	t 	(r, 1];	(0) = (1).	 • 

•	
11ojionie C = —° ± u0 . Torja — Jn1nwu1eBa (jy1i}w11H .Ta!aH, ro (0) = (1) 

	

= 0' Ha (t,. 11. 0Tc1oja BblTeFcaeT, 'ITO	= const iia (t, 1] ii, cJIeoBaTeJTEHo, - 
(t) = '(1)	(0). Ecjin = 0Ha[0, r],rO = cOnst + 0 Ha [0, t], H TOF Ha ycio- 

Bu1 Ha [O,r], (0) = r) uoJIy'Iae1 0) = '[To HeBepi-lo, lLocKoJIbKy 
mes , <mes 6. CJieoBaTe.rIbHo, 0 + 0 ua [0, r]. To'aa, He OPH11'II4BBR o6LUHocT14, 
Mh1Mo?IceM,toJ1oirnTb -= — VHa[0, 1]. CJIejoBaTeJmHo, Ha [0, T] 

+VUO ,	—1,0)=).	t	 •	(6.4) 

HoKaeM, 'ITO 3T0 Tame IIeB03M6Ho. Je rBHTenbllo, HOCHOJIliKy (.P0, ç) 
. = (PC°, u°) =	Ha [0, t], To'd(P, )/dt	Dx = —x = —(P°, u°) iia [0, t]. Cjie-

oBaTeJIblIo,--d(P, °)/d€ = I (pO, O) Ha [0,r]. 1411Te1'plpyH .aTo paaeHcrBo 110 

•	 - [0, x],r1oriyaei	•	•	.	. 

I(pO) (r)+'	('pO ) (0) = 	f(P^?) di,.	. .	 (6.5) 

flocHobHy = ° +	TO B xaw M0MeHT BPMHH	eHnT Ha HacaTebHor
H HpHBOI Co . CJIeoBaTeJ11po, (0) = .(r) ecrb TO'IHa Ilepece'IeHnn 1acaTeJ1bHLIx, 

—
- 6pa?feHIIhIxHa pnc. 6.1.	-

	

•	B cJly'Iae a) MMeeM (Pe(r), 0(r)) <0, (P0(0), (0)) <0, TaK	o	ipaneHie - 
cJleBa B'(6.5) oTpHuaTenbllo, B TO BMH KK 1LJ1O[1)b ceHTopa, CTOH[ufl clipaBa B 
(6.5), noJIo14TeJ1b1Ia. 3Ha'IUT, c.nya11 a) iieo3eoe. CJ1'Ial a) HeBO3MOHceH 11 

• no gpyroil npM'rnHe: cor'jjaciiô ycJIoBHlo V = -- 1 yBHKeHI1e BeKTopa no KaCaTeJIb-
HOI flOI4CXOJMT B Ha[LpaB1eHMH HOTHBOHOJ10?+HOM BLUHI4IO BeHTOpa C O , 'ITO He, 
c00TBeTCTByeT ciyaio a) na piic.  

PaccMOTpH1 ciya1l 6). CrieBa H paBeHc'rae (6.5) CTOI4T nJIO1.iaJb 'IeTbIpeXyFOJIblIHIca 
C Be111HHBMH B TO'IRaX 0, 0(0), ç(0) = (t)°(r) (npecTaBJ1eHFIafl B Be CYM1I 

-	•.
 

naoigueti )BX TpeyroJIbHtlHoB, •Ha }coTopble pa36I4BaeT yHa3aHHblil 'leThlpexyr'o.rib-
HHK J1,Hal'OHaJIb C KOHIaMH B TO qHaX 0 11 (0)= (4), a. CrrpaBa B (6.5) CTOIIT flJIOWThb 
ceKTopa, HOTophIf .nOJIy'IaeTC$T + 11 PH BPaLUeHHH BCHTopa C O ILpOTIIB 'IacoBoi CTJ1IU!
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(1160 (P°, °) x> 0) 118 noiioeiwi 0(0) )O noJIoneHHg (t) 3TOT cewrop tie 
Mo?HeT COBrtaCTh. C ..yKaaaHHbrM xieTbIpexyroabHHKOM, ITocKoJIbIy . mes , > 0. Ho-
3TOMYflJIO[U8)b cewropa Menbiue nJiouat 4eTbrpexyPOAbHHHa, r.e. ciya 6) TaK?Re 
Heso3MoceH H	 '4optw w0 Ha [LO,ITpOCTpaHOTBe L0 yoHa3al1a. 

6.2 0 iiacce neoTpH1aTeJu.nMx RBapaTnIx CBR3bIX ' C Il3oflepnMeTpn-' 
ecKot aaavefi. L1rn OAHoo6XOAHOft 3}CCTPMJI1 uP = (x°, u°) 3aTtaqil (1.1), (1.2) n 

cJiyae rLpaBHJbHor'O CTpOr'O BbIIIyKJ!OrO IcoMnaRTa U, COjiepaauero HOJIB BHyTpeH-
Het Toq KOfi, MhZ noHaaJIH, qTo HBalApatil q tfaii ()opMa w0 HeoTpHLaTeJ1bHa 'HanoJrtpoc-

	

•	TpaHCTBC L0 . HacicoJIb!.o Ba,+cHo, qTo uP - zKcTpeMaJ1L 3aga qu 1.1), (1.2)? Hac-
• KoJIb}ocyueCTBeHnbr npeJutoJIoeHHH, CJJIHHht oTHocMTejlbno HOMRaHTa U? He 

COXHWCH Jiii OTOT pe3yJlbTar )JIfl npOH3BOJ1bHot .rH4rwIHueBo1 yHHIt4H U, coBep-
maoiuetk 9JkHOHpaTHhltl o6xoj IBHHIbI JIPOH3BOJIbHoro BhI1LHJIOO JoMnaKTa U, 
cciJepHanero HOJIb BHyTpeHHef To qKo? O!a3HBaeTc,r, 'ITO OTBeT Ha 3TOT' Boripoc 
nojlo?HHTeJIeH'.' 

IlycTh CHa'laJIa U IlpaBHJIbHhItt cTporo BbxrLyKJIbIii KOM1iaFT, coepHcaIiiHI HOJIb' 
BHYTpeHHeft TO'IROi, (x°, it°) - ojHoo6xoHafl aic'rperiaiir. Bo-rlepBMx, 3aMeTMM, 'ITO 
COBepIIIeHH0 He B?+HO, CHOJIbHO BpeMeHM U°.IlpOCTaHBaeT B 1caKJoi y['JIoBOft ToqHe 
Ha 3U: ecJIu-yBeJIn'IllTb 14J111 coIpaTHTb (Bo3Moic11o, Ja?He 1oHyJ1H) Kazi.ii3 TaHo 
OTC3OH BpeMeHH, 000TBeTCTBeHHO H3MeHHB oTpe3oH [0, 1], TO 3Ha qeHHfl w0,11a ,,HO-
thrx" (, 13) 6yJyT cooTBeTcTBeHHo PaBHbl 3Ha'IeHZffIM w0 Ha ,,crapblx" (, 13). llOJIb- 
3yHCb BTHM O6CTOHTeJIbCTBOM, y6epeM 113 OT3KB [0, 11 Bce HH'repBaJIbx rna e, Ha 
HOTOpbIXU° ITpOCTaHBaeT B 000TBeTcrByIoIuHx yrJIoBhrX TO'lIcaX Ha aU.IIOJIy'IHM HO*Bblfi 
OTPC3OK BpeMeHH [0, T], rje T = mes 9, u HOBOe yrLpaBJIeHnQu°. OqeBujwo, ñ° - 
JI11nIuH1,eBa )HHLI4fl Ha [0, TJ Ta}caa, Qro i° > const -> 0 R.B. Ha [0, T]. 3aJaJIIM • 
Ha [0, 1] HPOH3BOJ1BHYIO OrpanwIeHIIyIo M3MepnMyIo4)yHIcLu4Io x:40, i].-1R Taiyio, 

'ITO c(r) >0 fl.B. Ha [0, 1], f x(r) dr = 7'. 3ra (j)yHK[HH OITpeJeJIHeT 3aMeHy Bpe-
0 

Mellil: dt/dr = r), 1(0) = 0. floJly'IaeM MOHOT0IIII0 Hey6hJBaIoIJyIo yiiiuio 1(r) 
TaHylo, 'ITO 1(0) = 0, 1(1) = T. [1oJIon1 u(r) = ñ°(t(r)). Tor)a du/dr = .(dü°/dt) ,c. 
floc.rie , TaHoA BaMeHM ypaBHeHue X = VU0 ILCXOMT B -ypanueHMe d(I(t))/dr 

	

• •	= 13(1(r)) du(r)/dr, a 11MeIou11ecfl B (opMe qJIeHhr Bliga uP dl neperEmCmBalOTCH' H BHsy- '. 
(du/dr) dr. CJIe5oBaTeJI&Ho, Raic 4)OpMa (Os, Talc H nOjl'LpOcTpaHCTBO L0 oKaahrBaloTca 

• HhIapHaHTHhroTHoCI4TeJIbHO 3MCHbI BpeMeHM. RcHO, 'ITO C I'LOMOEIIBIO TaHOi 3aMeHbl 
113 (DyHJcW411 ftP MOIcCT 6hITb rioyea fLOH3BOJIbHH Jll4nu1w,eBa ()HKU11li U(T), 
coepmaionan B HaripanJiellull npOFI4B '4acOBo3 CTPJIKH oAHoHpaTHblA o6xoj r'paHH 
UbI U. TaicHM o6paaoM, 113 cIcaaaHHOro BbIIflC BbITelcaeT cJ1eJylou.aH  

• - T'eopa 6.1: [Jycmb U —' npaeu4bhbIü cmpoo ebnyAJlbtii Ko4tnwc'm,coôp1caufuü 
• nodlbenympenneii mo'ototl. [Iycmb u: [0, 1]	- . npoueoJtbna.ci iiunzuuiteea ynx- 

	

•	co6ep uia,oua.ct npomue. 'thcoeoil cmpeiucu (m.e. (Pu, i)	0 n.e. ,ia [0, 1]) oOno-
?apamFmzü oôxoô apanuiç& W. To2aa iceaôpamu'tnaiZ 95op.4ta • •	• 

=	f[(PU, u)13 2 - (P,u)13]dt	 (66) 

1eornpu1arneJtbnè na noanpocmpaKcmee nap (x, 13) maicux, 'rno	• ' 
E (W2 1 ) 2 , 13E L2 , 2 = v, (0) = 13(1).  

VCJI0BHe 15 E L2 () MM 3aMeHIIJIH 8Cb Ha yCJIOBHelS € 12. MyoóHHe BBOJHTb HO 
BbIX o6oaHa4eHui, [LOr1pOCTpaHCTBO (6.7) óygèM no-rIpeHcHeMy o603Ha'IaTbMepe3 L0.



	

•	 264	1-1. Ii. OcMor1oBcHoitt 
N 

Pacnpocrpa1111l1 Telleph TeOpe my 5.1 Ha my tiati IIp0143BOJIbHOI'O Bhrnyjoro ROM-
• naicTa U c 1R 2 , coepaawero HO)Ib BHyTpeHHeft TOqKOt. flycTb U - TaHori }C0MHaHT,. 
a u - rLpo143BoJthHaH .11Hwinh1.eBa yHHiuiH, coepivaiowaci oyHOHpaTHbIfi o6xoi ero 

•

	

	rpaHliubl 3U B HflBJ1CI11411 11OT11B qacoBot cTpeJIHi4. llpH6Jln3viie U noeJiejosa-



TeJlbHocTblo CTpOI'O BhIILyHJIbIX rLpaBHJIbiIbIX HoMnaicToB U,, a (yHHIn10 U - rtociie-
)oBaTeJ1hHocTbIo .r111rIwH1eBbIx HHI11 u, iaicaan 143 HOTOPbIX coepmae oLHo1cpar-
HbIi o6xoa FH11Eb0 oU. llocJ1eJoBaTeJ1hHocTi, {U} ROMNI-1a YJWBJ1TBOPHTb ycJlo-
B1410 d(aU, U) -*0, red( . ,.) - xaycJop(f)oBo paCCTOF[Hme M?IVY MH0lcecTBaMH.• 
KoMna!TM U MOHHO BbI6pam TaHHMII, 4T0 rpaiiia HaHmoro U HBJrneTCH 3aMI-

• •. HyToi 1cpnBOi .:}cJlacca C2 noj1o?KnTejIbHo	KpIIBII31-fhI. 11OCJ1e)OBaTeJ1bHOcTb {u} 
cJIe3lyeT 3aAaTb T}UM OGpaaoM, 'lTO6hI 6i.i'iu BbInoJIHeHbI ycaOBIIFI JIU . - U& 	0, • - 

• • • 
• - 

0 (3iiaeiiu na W. M07KI10 3agam, HaupnMep, TaK: npii HaHcgom I 

3Ha4eHie u(t) ecTb T04tca. nepeceenn rpaiinii W. C J1yO5i, HCXOJ11IIU0M 113 HJ1)1 
nrLpoxoIn[unMlepe3 To'ncyu(l) --npM 3TOM . noJlyqaeTcfl JrnuLuHIeBa 4yHlnHH iia 

Pácc1oTpw1 Teriept. npoI43Bo.nbHylo napy (-Jr , 13) € '(W)2 x L 0 TaHylo, 'ITO X = co 

	

•	 s(0) = x(1)	0. Uoxa?leM, 'ITO (Os, BbI'I}lcJIeHhlaH JJ1H U, HeoTpnIaTeJ1hHa I-la 
- (x, e). JeiCT13I4TeJ!1,I10, nyCTb X, •yjoBJIeTBOpHeT YCJIOB14hM	' = i3i, 2(0) = 0.

i'orja s,'(1y ieoleT He 6br'rh HJIM, HO 2(l) -^ 0. CJIeJoBaTemblIo, cynecTnyeT i3 

Talcafi, 'ITO	 0,f i3,ü dt= 0. flycTb X, orLpeJeJlneTcfl 113 yCJ1OBI-13 xn 

= 13n, 2(0) = 0. Torja.2(1) = 0. HocHosIbKy	 •	 / 

lix,-	= I13,i --	=	- 13)	+ 13(21,, -	 - 

•	 P' tII ±:II13Il lzl,, -	— 0,	 - 

TO_I!nliw,'_—* 0 11 , cJIeJ oBaTeJIbno,I2,,	 0.	 - 

f [(Pu,,, 21,,) 13,, — (PS,,, 21) 13,,] dl 	f [(Pu, )j2_. (PS, 21) 13] dl. 
, 

Ho rth Teopei'Ie 6.1 11HTerpaI B aeBOR 'lacTil HBJUIeTOH HeoTpuIaTéJIbHhIM. Ciieoa-
- TeJIbHO, IIHTeI'paJI B ripaBoft qaCTI4 TaKwe HeoTp14IaTejieH.  

I1TaK; MhI no}ca3ajth, 'ITO 3J1H JI.1O6Oi uapbl (5, 13) € (\V) 2 x L	Taxoft, 'ITO 
co •	=1321,2(0) = 2(1) =0 cnajpar11 qiIaa 4)opMa f [(Pu, ü)132_ (PS, 21) 13]dt neoTpn-

IaTeJ1bHa. 0TC1oa .JlerKo cJleayeT, 'ITO Ta ?Fce opa HeOTp14IaTeJIbHa Ha Elcex Ta}I1x 
• we rtapax (5,13) € 

(\\T1 )2 X 1)2.	•	 • 

,HTaK,joHa3aHa 

TeopeMa 6.2: Jlycmb U - np0u3e0Jbnb2i1 e&nyKibii1 KoMna,cm, coôepdcauut1 

	

-	• • nou euyrhpennet mo'cot1, t: [0, 1] —* 9U — .iunmuteea 3ynuu.9, coeewaIoufa. 
• oOnopamu&ü o6xoô opi2muqu 13U c nanpaeJleuuu npomue 'iacocoü cmpeitica (m.e.

	

- -	•	(Pu, 21) ^ 0 n.e. na [0, 1])-. •To2Oa Keböpamu1 naii g5op.Ha (6.6) neompuiame.ua na 
noônpocmpaucmee (6.7).	•	 •	•	 •	 - 

63 0 CBM3121 MeaCJp.y	 4rnpMaMII, OTBe'laIOIILHMH CJly'la.2IM HeupephIB-



11O1'O H P3MB11OFO onTHMa.mIloro yupaB1eHhfH. RaR CBH3aHhI Mejy co6oft ABe op-
7 MM: Ta-, 'ITO paccopea B iipejwgyiijem nyHKTe JJ1H HenpepbIBHoI'O u°, ii 4)6pMa a), 

BMnHcaHHfl B § 3 jJ1H cJly'Iaa, HorRa. u° paaphlBllo? Ha nepBhlft B3rjmA .r1peic'aB-
• .nneTca o'IeBHJHbIM 'ITO BTOPR (1)OpMa HBJIHeTcH 4OpMoft 6oiee oöiero BI-la, no-
• c.KoJIb1y coeprnt -JOnoJ1HI4TeJIbHbIe qJIeHbI, y'IHThIBaIolune 83h1BM yrLpaBJIenM}I. C 
)pyroft CTOpOHbI, pa3Hi4ia memgy 1)OPMaMH HeMonceT 6hITb' 6ojlbuioft, nocHoJIicy 
6ojiee IIJIH MeHee MOnO, 'ITO IOpMa, oTBe'IaIonaR 4a3pbIBIIOMy U0 , MoHeT 6hITb lowly-
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vega na HerlpephlBHoro cjiyqaFi upejeJnHbiM nepexo)oM. Ojuiaco gejio oócToIlT eue 
npolle' : rcBalpa'rllqnaa 4opMa U) paapbIBHoro ciyaa coBnagaer C uBapaTj14Hot (bOp-
MOR w0 HertpephlBHoro ciiyaa Ha HKOTOPOM óoiiee yaKoM-noJrtpocTpaHcTue,..'IeM L0, 
ii, TaKHM o6paaoi, He B.IIflTCfl o6o6EieHI!e1. BTO Mb! It rLoKaeM HHe. 

[Iycm llMelo'rccl }coMrlaKr U H Tpae}cTopllH u(t), yioBJieTBopn10Lwie YCJIOBHHM 
TCOMh! 6.2. flycTb 6 - oTpe3oK Ha OU, a. [t_, 1+ ] c [0, 1] - COOTBeTCTBYJOW141 
OTpe3OK BpeMeHH B Te qeHilil KOTopoI'o u(i) HaxoJHTcsI Ha 6. llycTb u = 
u =u(t.). PaccMorpw1 ypaBneHue x = 3U. floJrowHM 0 =const	Ha [L, t].
Tór)a  

—=fdi=(u+—),.	
.

it 

rje	'=(t^),	= (L). Lajiee,  

f(P,, - ii) 0d1 = I2f(Pu, ü) di =	( (4u+ ±	
- 

u) 

1160 noJloBnhaa ierpaia OT (Pu, ?i) no [t_, i.e] ecTb njiou.aRb Tpeyro.mbHuxa C B ep-
11114HaMll B TO qKaX 0, u, u, a oa Mo?HeT 6brrb Bbr'rncJleHa 110 npMBeeHHofI BhIule 4op-
MyJIE. AHaJIornqHo,  

4f (P u) V dl 
=	

(P, ) di = 4 ( (4 ( +	
- 

= -_ (i (4 - + -))	- - 
Taina oöpaaoM,	 - 

.5,)	 f[(Pu,2 - (P,ü)7}di	. 

= 4 (sPurn , Au)	4 ( P rn, tht) , 1j = 

'1	 1	 .•	 .''	 ,	 '5 

rje Um	(u +'u- ), Au = U	, m = (+ ± ), z1== + - .HOTOqHo 

ràHl4e e 'i.rieH IlMeloTefi y opMbE CO, oupeeJleHHol ()OpMyJIO (3:18). 
Bh16epeM TF[b rLpoI43BoJ1bHbrf HOHe qHbltk Ha6op 113 8 OTpe3HOB Ha W. Bo3bMe1 

npO113BoJbH-i OTP3OF Ha W 3T01'O Ha6opa It Ha cooTBeTcTByIo11.eM ey oTpe3Ie 
•	•BpeMeHM (Ha KOTOPOM u(i) RPDXO11T i-rl oTpe8OH Ha U) nOJ1O?fHM V	const = 

rje ....... - Rp0113BoJIbHh1 Ha6op qHceJI (HyMepoBaTb . opeaii Ha U iiajo B 
HaripaBJieHIlu [IOTMB . qacoBoft cTpeJIHlI). fl 'ocrywlB TalrnM o6paori, Mb! noJiyaeM 
4rnpMy Biia (3.18) ha noJnpoCTpaHCTBe BHa (3.19). Terleph HaM 6e3pa3J1uHo, Ka}c 

ce6n ()H1LU4R U Ha i-M opeaice BpeMeHH. B qaCTHocTM, Mb! Mo?+ceM cn1TaTb, 
'iTO OHa paapbIBIIa Ha }RJOM Ta}coM oTpeaKe. 113 Ch8HH0L'O B 3TOM rlyHKTe ii Teo-

CMM 6.2 BbITeHaeT CJ1eJy1ou.an  

TeopeMa 6.3: Tlycrnb U - cblnylc.4bi11 conacm, coôep3scau4uti floI!b enympenneu 
mo'ucoü. Ilycmb u: [0, 1] i-* yco'no-.'utnluu1eca Øyniczu., cocepu2aouaJE oô-
nopamJi&( o6xoO 2panutb! U 8 nanpaeenuu npomu qacoeoü cmpeAicu (m.e. (Pu, u) 

-	
5
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0 n.e. Ha. [0, 1]).7 H	 .4 ycmb U = {t, ..., t} - HOCeCm8O mo'e,c paspuea'u. llpeô- 
noJia2aemcJ, 'mo OA q icacôoit t j E .0 3Ha'enui1 u_ = u(t - 0), u.f' = u(t + 0) i-
,omca xonlfamu ompeca ia 3U. ToE1a Heaapamu aLna.1 95opMa 

00 = --	[(PUm,LJiu)i2 — (Pm',4] 

— (P,u)]dt 
2 f 

neorhpuIanze.'lbna ma noOnpocmpancmee mpoe,e (, 2, 13) maiux, 'mo E 1R8, E (K8W11)2, 
13€	 =(1). 

6.4 KoneqHoMeprnle opMM. Hycm U - BbrnyIJIbIfi MHO['OyI'OJIbHII}c Ha flJIOCROCTH, 
coJep?fca1uHfl HyJII BHT}i ce6H, w0 (x°, u°.) — oJHoo6XoHaH aKcTpeMaJlb aajaqii 
(1.1), (1.2). Tora ynpaBJleHlleu° . Kyco'lHouocToHHHo. Ha 1afçoM I4HTepBaJIe HOCTO-
HHcTBa 3HaqeHHe U0 HHJJ10fHT OiHol 113 BIUHH MHOrOyI'OJIbHHKa U. 3a Becb 

OTpC3OR BpeMen [0, 11 U0 coBepivaeT OAHoKpaTHblPk o6xoj BIUHH MHoroyroilb-
111111a U B HanpaBjieHHH IlpoTHB qacoBol cTpeJKn. llocioimicy BCIOJ Ha (0,1) N 0 
6yeT 0 = 0, TO uHTerpaJlhHbIe 'IJIelIbI KBa)paTHqno1 (1)OpMbI 0) paBHbI HYJIIO. )iJIH 
jiio6oro 2 (, , 13) € L i4MeeM = 0 n.H. Ha [0, 11 ii, c,rlegoBaTe.rlbHo, X nB.rIH-
ETCH icyco'rno nOCTOnHHo3 4yHfclu1et, nMeolIw - pa3pbrabl .JIHIIIb B TOnaX MH0?icecTBa 
0. Taiire O6pa3ciM, B yla3aHHoM ciyae vji L upHoôpeTaloT BRA 

•	 1	8	 5	 I 
(ii =	[(PUm°, il'u°)	(P2m, zliuo) 

•	 •i_-1 

—	
0	 {flR8(KW1)2!	 )} 

•	1-ai 1hi HHaeM,	 4opMa th HeOTpillAaTeJIbHa Ha L, a
Aji ll MHoroo5xoHo . 3To He Talc.  

DOpMy CoHa L MOHHO Talcace RCTB11Tb B BHe	
0 

= —	[(Pu_°',	(ji)2/(/ju0)2 — (P_, ,i)] • 

(Mbl ' ucK.nJouJIii, TaIdllM o6pa3o1,1, BocrloJlbaoBaBmncb paBeHCTBOM 4'x = 
•	BBejell Ju1 yLo6cTBa	 = u^°	uo(i+l) (1 = 1 ..., s — 1), 0 = u°(0) 

= u_01 r O (1) =	•= r. Ha6op r = (r°, rl, ..., .8) iipejcTaBJiiieT cd6oti nocie-



JoBa-reJ1bHocTb Beic-ropoa, coBeptuaowylo n-HpaTHbI O6XOJ B[II11H Mllol'oyroi!b- 
HI4Jca U J1pOTBB acoBot cTpeJlldH, I1HM, 0	8• Laiee, noJIofdHM 1 =	= 
(i= 1,...,s -- 1), 3 0 =(0)	'=(1),8=r. Ha6opl=	 oil-
peAe ji FieT 3MFCIIYTlO sio Nta tipo C BepmHHaMH B -ro qiax FO, l ,	, S, 1IpiieM, FO 
Ha1oHel, ILOJ1OlcHM A ir = — r',A =Ti— -' (1 = 1, ..., s). Tora aaaa on-

0CJI0III4H3HK& Co Ha L paBHoCIlJIbiIa aaaqe	 aHaKa 4opi 

th 
=- j•l 

[(Pri , r') lLl 4fl 2 IIA i rI 2 — (PF-1, ii)]	- 

S	
0l	 - 

norlpOcTpaHCTBe 3aMlcHyTbIx s-aBeHHblx .noMaHhlX Co CT00HMH cooTBeTcTBeHHo 
napaJlJleJInHblMu copol-IaM riiioroyro.nitrnrca U:	 0 

=	= (°, P, . . .,8) € 1R2(8 + 1)	0 = 8, (PJ'r, z1') = 0 Vi}.	(6.9)	•
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M3. cicaaairnoro B bITeRaeT 

TeopeMa 6.4: CnpaeeO4ueu c4eôylrnque ymeepaicôeuuii: 

a) [Ipu n = 1 (oau 
* 

it o6xoO) coaEpa'muouzi 5opMa (6.8) neompu4ame4bKa ma noEnpo-
cmpacmce (6.9). 

6) Ilpu n> F iceaOpamuluiaii 96opma (6.8) neomputameIbKoiina'noanpoc,npaiwm6e 
(6.9) neJze4.emc.	. 

Ma aTOfl i'eopeamr BbiTeicaeT, 'ITO npn n	1 jwrn Boex f E 1. UMeer MkTo HepaB-
eHCTBO	 - -	 -	i 

1 8	 .	.18 
• S	 -- E(Pr 1 , ri) IAfl 2/lz1rl 2 ^._	' (Pi1, F 1).	 -	.'	(6.10) 

t=1	 •	 1=1	 S 

floncUliM reoMCTpjj qecmHft CMMC1 aTOFO HepaBeHcTBa. MHoroyroJIbImK c BWHHMH B 
TO'IF!X r, r1 ,..... r8 (r° =r8) paao61ëM Ha S TpëyrO.mrrnxoB T . C BepEHUHaMU B To'1Rax 
r', 0. flyCm = (, ..., ).— flp6fl3BOJ!bHbI iia6op qHcejI. -FcaHIbifl peyroiiiit Ti aarie-
HUM iia no06Hb!11- eMy . TpeyroabHHF T,() = ,T1 , noiyaeMuft 113 T1.yMHOIHeHHeM na 

kVrI1kl 1rl. 06beIulHeHlle TOJ1bH11IIOB Pi (f) o6oaHa'IMM 'lepea U(E) 11 Ha30neMç6em-
?OM, a OTC3HM z1 = A ir 6y)eM Ha3blBaT.9 pe6pai.0 1.BeTRa. Ecm Zz1 = .'z1r = 0, 
i.e. ecaff a6maiiaR, cocTaBJIeHHaH 113 pe6ep IBeTHa, HBJrneTcH 3aMIcHyTot, TO TaHot IBCTOH 
6ygeri Ha3uBamnpaeuJbKbz. HepaBeHcrBo (6.10) %03Ha'laeT, 'ITO flMOIUJb ncnicoro npaBM.TIb- 
H0I'O IBeTKa 60jlbwelIJrn paiia flJ1011Uf 4nlryphl, orpallH'IeHHofl 3aMHHyTOft JIoMaHofl, 
cocraBJIeHIIoC na pe6ep uaexa (ara JioMaHan MoHIeT HMem caMonepece'IeHIIn, H rora 
4yniiuoiiari, CTbFHAllfk cnpaBa a (6.10) Mb! JilIflib yCJIoBHo HaahIBaeM ,,nJ1oEIaJblo"). 

HCpaBCHCTBO (6.10) jin f E t MbIfl0JIy'lHJrn IcaH CJIeJCTBHe HeoTpH[aTeJIbHocTH !Iop- 
• rii (6.6) Ha 1L0JuLpOCTpHCTBe (6.7) jisi ogHoo6xoJHhIx u0 . I4HTepecHo 6i,i.rio 6i IIMeTI, 

etocpejeaoe )oEIa3aTeJIhcTBo HepaBel-IcTBa (6.10). llölloqbB aTOM, BOSMWfcHO, 
ILOBBOJH4T aRBnBaieHTHaH nepeucia Hepaecaa (640), IOTOPY10 IThI yiaei Hiace. 

	

11a ycJ1oH1 z1 = dtr, fO = f8 BhITeKaeT, 'iTO f 4'r . ,	0. floJIo*cUM 

= ( = (	)8) E 1R8 IL zl 'rL = 01	 / 

- Ra^Rgbifk Ha6op .E-L 1 UMecTe C BeUTopoM T° 0 w03HaqHO onpeJeJIHeT •aaMIHyTyIo 
.nOMaHyIO f = (f°, f l , ..., f8)E t. HpH aTo!a (OpMa 6(f), icai HTPYJHO B11eTb, He 
3aBIicMToT f0 , a BBHCflT JHIUJb OT E L 1 , nOOTOMY MM ILOJIOHIHM' 

1 8	 18 
•	w1().	--	' (Pr1 , r1) 2—	L' (Pf1 ', 7).	

S 

1=1	.	 1=1 

- 1lpWCTaBHM W1 snBHoMBu)e HaH4yH!cLM1OOT. 1oc}coJIbHy,,w1oE1ab";orpaHH'IeH-
Han JloMaHoflf, He BaBI4CHT OT T°, TO,IIOJ1OMMM f° = 0. Torja 

-	 .	•	 S 

•	f1	(f1 — f°) + (2 — f') ±	+ (0- f1- ')-= Ez1'f. 

-	 -	 771 
CeoBaTerIbHo,

 

•	.	 I-/i-I	\	I	-'	s-I	 - 
/ \	\j=1	I k-I	/	y=1	 S	 - 

•OTc1oJa BbITeKaeT, 'ITO  

- •-	.	

(pØ, i) =	' (Pti 1 , J if) =	' (PLI'r, iJr)	,.	• 

1=2	 i1<j

/



268	H. H. Oc1ooBcHHfl  
S 

CJ!eoBaTeJ1buo,	 S	 S	 - 

	

w) = -- E.(Pr', r') ,2 -	' (P'Jr, Jir),. 
-	 1=1	 -  

B ct4.my eopei 6.4 w) HeOTpllUaTeJIbHa Ha L. 
• Laiee riii no1aeM, 'iTo 4)OpMa oz1 nouIpocTpaIicTBo L E MoryT Shim rLeperul-

-	cailbl c 4opMe co. ii rLohpocTpa11cTBy L, onpeyeJIHeMb1M cJley1ouHM o6paort: 

	

.	(Pr,r1)1,	 (611) 
a	 / 

(6.12) 
-	 1=1	1=1	 S	 - 

Ta1HM oSpaaoM, 6yJeT joiaaiia	 .	 S 

TeopeMa 6.5: Ilycmh ueemc.'l euny?cuIb4tL s-yeoitbnuc na nAoc,cocmu, coaepscauui 
8nymp.0 ce6i ,wju, U flCb (r1 , .. . r). - Ha6op e20 eejnuun, nocJlelo6ameJIhno npo-
xoôustux e nanpac.itenuu npomue tacocoii cmpeducu. To2aa Kwa5pamivatm ffop.ita (6.11) 
neompu1ameJtbna na noJnpocmpa,cmee (6.12).	 5 

S	

•	 Hpee BCe['O, yCTaHOBIIM CBH8h mmgy 1IonpocTpaHcTBaMH L 4 H -La.	 S 

	

S 

S •

	 F1peu1oaeHMe 6.1: Hycri6- E L.11oitocuM	•	

S 

1,.:.,s,-	 ôe	+I=I•	 (6.13). 

To2öa 5Z =(N I ,	E  L.	
•,	

S	

- 

JoHa3aTej1bcTBo: I4MeeM 

	

--8	-s-----------s- -	-	 • 

S	 =	-:- ^'+-==	!+1 = 
/	1=1	Ii	1	 S 

•	 -	 S	
S 

	

a	 a	
-	

- 3	 8	•s+l_	-	 S 

•	
' &,r' = '	- '	= L' 5 rt -	 - 

=	-	rS	E	- 'i—i  

S	
=1(r'	

- 

± !'(r—r'') = ELVr=O •	- 

	

2	 1 

S	 flpeJ1oeHHe 6:2: flycmb 5 E L 8 . 3aôaôu.it 1 E IR npou36oJtbnbiM o6pa3oM, a 
'-

ocma./lbhb2e	3, ..., s. Oôn03,-a1ujo onpeaeAU g 113 cucmeit	 - 

7 S	 =	- 2, 52	2 -	 -1 = S-s1 - 3• 

ToOa 3 = s -	= s	i U	...,$) EL 4. /	-	•	 S	 S 

)IoHa3aTeJ!IcTHo: ,LeftcTBnTeJibHo,	.	 S 

•	 Jaiiee,	 ••	

S	 S 

	

8	 3	 a	 s-i -	 S 

Jirfi•	••'	
S 

,•	

•'l 1	 0	-	 5' 

	

•( fi	 • 
-•	 .	 I	•.	 1	 S 

	

-	 S	 •
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• - Lajiee, cpaB}IHM 3HaqeHHH OpM w) n	Ha cOoTBeTcTBy1oErHx H 5. 

HpeJuI o e HHe 6.3: Hyérnb = (i,, •••	 ) E fl 8 u	(, ..., ) € 1R ceizaami€
yciioeuiz.;tu (6.13). To2Oa cv) = 

)ioxa3aTerIbcTBo: I4MeeM: 

-	-	—2w(&) =	(Pr', 0)	=	(Pr.', 0)  
8<)	 8<) 

=	 (Pr', 0)	±2; (Pr', ri) 
8<7	 8<) 

-•-2; (Pr', ri) 	- 2; (Pr', 0) 
8<)	 8<)	 -	I 

Ho, oIei,tjiio,	
•	 • 

2;(1r', 
0)	= 2;(Pr', rl')	j; 

8<)	•	 1<)	 -. 

2; (Pr', 0)	
= 

2; (Pr', r5') 
1<)	 i<1	•	 - 

-	•	

2; (Pr', ri')	—. 2; (P0, ri- i) E. 
8<)	 -. 

2; (Pr', 
1<1  

2;(Pr', 0)	2; (Pr 0)	= 2; (Pr'-', ri) j 
8<)	S	 8-1<)	-	I^j 

	

2; (Pr'', ri)	+ 2; (Pr'', r1) 
8<8	 I 

CJ,eJonaTéJ1b1lo, 

—2w) = Z[(Pr', ri) ± (Pr'', ri') - (Pr1, rI !) •	 -	 • 

8<)	 -	 •	 7-
-(Pr1 ', ri)] - ' (Pr'-', r1) f,2 • 

•	 — .

	 :E(P(r' — ri '), 0 - 0 1 ) f ifi -	(Pr'', r') f i2 
8<)	 -	 I 

•1	 • = 2; (Pzl 1 r, yiir) fifi- 2; (Pr'', r') f .2 = —2w() I	.	 • - 

8<)	-	 '8 

110c1oJ1bHy w( HeoTpHtaTe.imI1a iia L, To B CHJ1 rLpewioKeHiIfl 6.2 ii 6.3 a,() - 
IieoTpH1aTeimI1a Ha L. TaHrn1 o6pa3oM, 'reopeMa 6.5 JoHaaaI1a. 

•	7.0 ilpileMe oiiinyiieiiiir	 •	 •	 S. 

143 TCopem 5.2 II 5.3 HenocpecTBeHHo Bb1T}T	.	-. 

Teoperia 7J: llycm U - npaduIIbn&ü cmpoo e&nyKJu(i Ko. ra,c,n coaepcauuu 
flOdib cnympenneü mo'moa. To2ôa oônoo6xoôna, 3ccnpeMa.ilt8 ôocmaeji. qeni Cu4bnua 
y-Ala)ccuAtyM c 3aôa'e (1.1), (1.2), (5.2). • •	 • 

•	OTMeTHM, qTO BcJly1ae cporo BbiiLyFcJiOro U yripaBjieHHe U° He[LpephLBHOH,CJIegO-
Ba'reJlbno, MOHHO flOJOHI1Tb y(6W)	1 16X112 + f I u I 2 dl. •	

i'eopeia 7.1 ITony1eHa C ILOMOLUbIO coOrBeTcTByIoIuero JOCT&TOHO['O yCJIoBHf 
BbICwer-o ropja y. 143 H e6 Jie	Fc rio BhrreaeT, 'ITO B ciyae LI3BI4J1bHOFO CTpOrO 

• , 
abIEtyKJior'o U JIIo6aR oHoo6xoHaR 3KCTpeMaJTh JOCTaBJIReT CI1J1bHbIl MaKCHMyM B 

•	BaJaqe (1.1) (1.2), I4TalB 3TOM cJiy'iae Mht l4MeeM ILyTh AoNaaaTejibCTBa HaJIHqHIl 

a	-

	

-	 S 

•	
5	

5s
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- cIuIBHoro,MaHeHMyMaAnn OgHOO6XOAHOrI PRCTpemullf, onHpaIouHcH Ha )oeTaTo1Hoe 
'ycJIoBHe Bbldulero riopa, a He Ha.	KT CyIIeCTBOBaHHH pelneHnHB aaa9e 
(1.2). J4Meeq'ca Jul aHaJ1ornqHbJ HyTh B TOM cJ!yae, xora U –r BbIrzyHJIhI1, HO 
He CTPOI'O BbrIlYKJIMfI KOMUaET? 1 -IerLocpecTBeHHoe npiime lleHile yeiTosHfi.BbIcLuero 
nopwi,Ja B aTOM ciiyae HaTaJIKI4BaeTCH Ha TpyFiocTb, COCTOHu1l0 B rioTepe ycMaeH-
HorO lycJloBz4fl J1encawpa. llyerb, HaripnMep, U - MHoroyroJIbHnH, coepawui 
HOJIbBHyTpn ce6si. .Ero MOKIIO aaaTb B BBte HoHe'IHo dHcTeMhI ñepaBeHcTB 01(u) 
^ 0 (1 = 1, . . . m), rje 0 . - . JiHHe1HbIe 4yHKIMI4. BLUUICaB C0OTBeTCTByI0IUHe KBa-
paTHI-iyIo 4opMy'w 11 RPHTHmecRoe no)ulpocTpaHcTao, MbI He Mo+ceM BOCHOJIb3O-

: BaTbea AOCTaTOqHblAl yCJIOBReM BbICIlleI'O iLOpBJHa . (game JlH AOnOJIHHTCJIbHbIX 
orpathienwix T14r1a (5.2)), flOCIOJIbH w He 6yeT yOB.JIeTBOpHTb yCItJIeHHOMY 

V

	

	
- ycJIOBHIo .iTenaHJpa, rlOHHmaemomy B CMbIcJle [3, 7] . Ha nepBbIrl B3NIFIR, aTa TJUlOCTb

npeCaBJ1HeTcn HerpeOOJmMo: HMeeTcn o)HaHo nplleM, HO3BOJ1fl10111frli BôceraHo-
•	Bwrb yTpaeHHoe H3-3a HecTporo Bhmy1J1ocTH U ycJIoBHe JIeaaiijpa, HO He B Hcxoa-

HOR aaae c OrpaHHqelmeM U E U, a B aaaqe C O1'paH1I'IHHM it  U', re VU' 
- TaKOB0, 'MTO U = CO U' H U' nBj1HeTcH }caHoHI4 qecIci4 3JHHbfl%l H0MIxaicToM. OcHo-

•	BaHeM-J1g 3TOUO rLplleMa cJIy?HaT Teopema. 5.3 ii ceyiouai	 V 

• JIeriria 7.1: Hycmb U- — cunycitii ?coMna,crn, ex U	muowecmeowo cpainux
mo'ei. l7ycmb w0 = (x°, u°) — mo'oa culibliow .taxcuMy.a e aaaa'ze 

J(w)	max, = u, x(0) = x(1), u E ex U.	 (7.1) 

ToeOaw° - mo'uca culmbK020 .tacuMyta 8 3aaa'te (1.1), (1.2).	 rj. 
1	

olca3aTeJ1bcTno: He OPHll4HBH o61.uIocT[1 MOxcHo c'inTam, 'ITO x yonJIeTnopHeT 
V ycJlonmlnM'x(0) —' x(1) = 0. Hycm w° ite HBJIHeTCH TQ'IFc011 cHnbHoro MRCHMM B zmajae 

(1.2). BTO O3Iia4aeT, 'ITO CYW8CTBY8T noCJIeoBaTeJ1b1i0CTb (w'), w" = (x", u'3 ), Taxa, 
- — ______ 

_VVITQ	 u,x(0)_=_ x!(1)1=-0 ,uEU,J(w' )> VJ(w°.)_aJrn.ncexVn.JIycTb-w. =-(X,-U) V=-Vnpo1l3-__V 

•	BO1I,HbIfl 'IJIeH y}ca3aHHol nOcJIeJ oBaTeJ1bHocTm1 (w"). HaR II3BCCTHO, CyaJeCTByeT nocjie-
V	

oBaTejibiiocm (k} , k = (k jk), Taicasl, 'ITO 
a) Eex Un .B.Ha[0, IJ ,	 V 

•	 6)	-- v cJlaGo* ix L,	 .	 V	 S 

.B) Ilik— zlI —0,- re Vk = jk , k(0) =	= 0. 
Jin neë uMeeM J(ü'k) -+ J(w)	J(w"). OTcioga erico cJieyeT, 'ITO CYIUCTBY8T aonycrix- -
MaR OHIflIIHslMH B -3aa'Ie (7.1) noCJleOBaTeJ1biiOcTb ((tm, 

Vc m )} 
= (m} Taicaxm, 'ITO 

•	

- x°Il -+ 0, J(s2' ) > J(w0) CejonaTeJibHO, -w0 He HBJIHeTcH T04}IO1 dHJlbHorO MaR-
dilMyMa H B aaaqe (7.1) •	V	

V V 

Ho}ca,xceM 'relleph, xcamc MOHHO C rLOM011bIO YCJIOBMrI BbIcIner'o nopxumca YCTaHOBKTb V 

Hajmuq ile CMJIBHOFO Ma}ccHMyMa giin OHOO6xOUIO1l aRcTpeMaJnl w° B cJiyae npa-
BHJIbHOro, HO He CTpoI'O ixiryxmoro U. Ho Teopeme 5.3 U-eem oixmriymciee HeRo- S 

• •.	TOOO }caHoHHuecicIl aaaHHoro IcoMnaRTa U'. Ho Teopeme 5.2 (icoTopafi H OIU4JICb -	
Ha AOCTaTO qHoe ycJloBHe Bicmero. rmopnjwa) W0 gOCTaBJMeT CHJIbHb y-MaKCHMyM 
B aajaqe	•	V	

V	

S •	 -	
• V 

•	 •J(w)max,u,x(0)=x(1)b;	
V	 V 

V	 (	

lIEU', f(q,x_b)d=0,	V	 V 

V	 •	 -	 V	 •	 •	S	 S	 • • 

V 

• re b =x0(0), q — HeHyJieBoll BeRTOp, opTOrOHaJibHbtft xc BKTOpf r0 =f (x° - b)dt. 
OTcjo)a .siermco cJIeyeT, 'iTO W° gocTaBJlHeT CIIJIbHLIrl M}CCHMM B ixaaue 

J(w)--max, t = u, x(0) = x(1),u EU'. •	 -	 V. 

- 	
•	 V	 VS. 

V	 -	 /
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flocxo.mKy U'	ex U, TO OTcIO)a B eniy aemmm 7.1 Bbrre}caeT, qTO w°. ocTaBJIfleT
CHJ1bHbL1 M8HCHMyM n B aaaqe (1.1), (1.2), WO u Tpe6OBamocb oKa3a7b. 

116-B1HMOMy, aTOT npieM flCTBJ1eHI1R BLWyK.noro, HO He c'rporo BhIflYKJIOO - 
orpairneiurn :U E U B BHJe OBhIttHJIHHR HeBIrnyKJlOrO orpaHileHuR, BoecraHaB-
JIHBaIoIueuo ycLmeHHoe yC.JIOBMe JTe?HaHpa, ,IBJrneTCl AOCTaTO qHO 061W4M H Mo?fceT 
6mTb Hcrto.nbBoBaH B Apyrax iuiaccax 8aja q . Bneprnie Ha cyuecTBoBaHue Talcoro 
rLpI4eMa xi Ha BO3MO+dHOcTb ero Hcn	 JI oJ1bOBaHHa JH o}ca3aTei1bcTBa HajIH qnH J1O-' 
}ca.mBHOrO M14HIiMyMa O6paTnJI BHxlMaHMe A'. A; MIIJIIOTHH. 

ABTOp IlflHOOIT r.Iy6oRyIo' 6JIarOapHocTb; A. A. MH.nIoTHhIy' aa nOCTaHOBKy 
aaaqH, nOMOLUb xl BHHMaHHe xc pa60're. ABTOP IIpH3HaTeJIeH TaKme A. B. ,LMHTpyEy 
aa noJIe3Hhle o6cy?fcJeHxui.  
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M. B. PouR-EL, and J. I. RIcHAJIDs: Computability in Analysis andPhysics (Perspec-
tives in Mathematical Logic). Berlin —Hèidelb.erg—New YorkLondon_ParisL 
Tokyo: Springer-Verlag 1989, 206 S., 4 Abb. 

Das Buch ist vor allem der Berechenbarkeit in der Funktionalanalysis und bei partiellen Diffe-
rentialgicichungen gewidmet. Es gibt damit Einblick in eineh sehr jungen Forschungsgegen-
stand, dér Verbindungen zur Arbeit des ehemals Leipziger Mathernatikers D. Klaua (s._aeinç_ 
Broschüre Kon.strvJctive Analysis, Berlin: DL Verlag Wiss., 1961) besitzt. Vorgestellt'werden 
bes'onders neue Probleme der beidon Autoren, wobei es moglich erscheint, daB Beweise in 
Zukunft noch verkurzt wérden. Die aus der Berechnungstheorie benotigten Kenntnisse gehen 
nicht viel weiter als die Aussage, daB Cs eine rekursiv aufzählbare Menge A c N gibt, 'so 
daB ihr Kompliment N \ A nicht reku'rsiv aufziihlbar ist. Dagegen ist es für die Lektüre des 
Buches gunstig, wenn der Leser mit dem Spektralsatz für unbeschränkte selbstadjungierte 
Operatoren vertraut ist. Die einfuhrenden Kapitel 0-und 1 sind so kiar geschrieben, daB sie 
die ,rund1age für eine Spezialvorlesung bilden können. Die nachfolgenden Kapitel enthalten 
neuere, z. T. überraschende, Resultate. Nur ems zur Probe: Jeder Eigenwert eines ,,effektiv 
bestimmten" (d. h. berechenbaren)' selbstadjungierten Operators ist berechenbar, die Folge 
alter Eigenwerte mull es nichtsein (s. Kap. 4, Abschn. 2). 

Auf zwei Details sei an Ende verwiesen: Auf S. 84 erhält man den Eindruck, daB C(ER) 
und C0 (IR) die gleichen Funktionenräume sind. Auf S. 130 wird die Operatornormtopologie als 
die stärkste Topologie bezeichnet, die gewohnlich in der Analysis verwendet wird. Hier wird 

•	wieder durch das Buch, in dem ,z. B. Hilbert-Schmidt-Normen nicht auftreten, ein falscher 
• Eindruck erweckt. Weiterhin ist unklar, wozu das simple Theorem zur Erzeugung und Ver-

nichtung von Eigeñwerten (S. 130) überhaupt in das Buch aufgenommen wurde. Trotz dieser 
Einwände wird das Erscheinen des Buches sehr begrullt, betrifft es doch ein Gebiet, mit dem 
es jeder Mathematik- oder Physikstudent stkndig zu tun hat - in den tYbungsaufgabon zur 
Analysis, 'in denen etwas auszurechnen ist, • hat man stets berechenbare Probleme vor sich, 
auch wenn es einem nicht bewullt ist. 

'Leipzig	,	-	5	
0	 -	 , -	 H. ENGLISCH 

0	 - 

S	 -	
0	 0


