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0	 Error estimates in different norms (namely in lV m ' 2(0) and LP(Q), 2	p ;5 no) 8 f standard	 0 

Finite Element Solutions of elliptic boundary value problems in bounded domains in	itli 
—	conical' points or non-intersecting edges are considered. 0 0	 0 

O.-Inteoduction-

'Boundary value problems a re difficult to trea t numericall y when they are defined in 
0 - domains with non-smooth boiindari or 'when the type of the boundary conditions 

changes. In this situation St ind'u(l techniques lose accuracy near the resulting singu 
larities and global pollution takes place. The.reason fdr- the appearance of thi effect 

	

0 . is the lower regularity of the solutions of uch problems in comparison with those	-	0 

-	 having smooth boundaries. Therefore we first study the regularity of the solutions of •	elliptic boundary value problems in domains with .conical points or nOn-intersecting	
0 

edgêsin the framework of wightcl Sobolev spaces using results of V.A. KONDRAT?JEV 
[5-7] and V. G. MAZ'JA and B. A. PLAMENEVSKIJ [9-12]. We formulate under 
which conditions these regularity results are valid for weak solutions of the boundary . 0 - 

• value problem, too. We introduce standard 'FiniteElement' spaces and prove error 
estimates in (lifferent norms, namely-in W"2(1?) and L(Q), 2	p	no, usingessen-



tially the above-mentioned regularity results for the weak - solutions of the boundary 
0	 value problems. Theinvestigatibn of non-symmetric bilinear forris is included. Re-

0	
0	 sults'of H. BLOAT [1] and] M. i)oBRowoLsxI [3] are special cases.

L The boundary value problems	 0	
0 

• •

	 1.1 The-domains. (i) An infinite cone K	IR v with the vertex 0 is define by its 
-	surface/equation	'•	-	 7.	 -	 0

ai 
•	 •	 .'	

X,y2P =	,'	 q(x),	0 

.'' -	

.	 i,±.•• +IN-2P	 -	• •	 - 

•	 --

 

where Z_7 •.. ^E! 0, q is a smooth function. such that q(x)I =o((x12 +	± xj)P), 
•	 0	

' 
> O,ancl x = (x •.. XN).	 - 

0	 0	 •	 - 

•0	 / 

	

/	 0 

-•	 - ( ' 	
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• (ii) Let-'Q be an open subset of -R with the compact closure 0 whose boundary 
S7 is an (N -, 1)-dimensional manifold. 0 g aQAs a conical point if there isa neigh-

bourhood,U(0) ofOsuch that U(0) n Q isdiffeoniorphic to a cone , K intersected with 
the unit ball.	 ri The inteisectio of K sith e th unit sphere is a dcnnain Gitli ', smooth
boundary G. If N = 2, then the conical points are corner points (with the angle 

•	Wø+) .	 -	 ••	 -' 

(iii) Dc RN, N 3; is dihedral angle if D = K X lR 2, where K = (y = (yl, Y2) - = (r cos w, r sin w) E &2 : .0 r <cc, 0 < co < w0) is au- infinite cone with -the 
sides y = {y € R2 : w = .01 and y - . = {y E R2 : w == w0}. The faées of D' are Ij' 

y XR 2 and the edge ofDis'MD = {(,'0)}x RN - 2	 - 

(iv) Let •-Q RN, N ^ 3, be a bounded domain with the (N - 1)-dimensional 
boundary Q. Q is a (lonlain 'with non-intersecting (N - 2)-dimensional -edges - 

- -, -	M1)..., Mq', i c Q if 1W = M, u ... u M 7 _ divides 3Q in smooth disjoint connected - 
components' . P1 ,..., J72 (the fates)'such that PAQ .M uP U U 1T and if there 
is a, neighbourhood of eaeh.point of Al in which Q is chiffeomorphic to ,an-N-dirneusio-
uial'dihedral angle D.  

1.j The differential operators We coiisidei the linear differential operators 

A(x D) =	(_1)14 1'(a(x) cfi ) =	a (x)	 (11) -	-	 -	-	' ;'U'i.3I'm	 •	I1 2rn	-	 -	- 
- and  

B,(x D) = ,' b, (x) D;	(x E	\ 41'	= 1,	m),	 (1.2)
1.

here  41' us the set of conical points" or the set of edges We denote 
-	 '	aa,+.:+N  

•	
-	 D; = (_j)I	 - _.(.__j)Ii a",	a = ( a 1 , .:., aN) E N0 ".	- 

OX 1	&XN"\	 - 

Assume that the Coefficients of A are smooth in Q and those of B) are 'siñooth on the 
sides or faces of aQ. If N = 2, the charge of the type of the boundary conditions is - '- - 
admissible, also for w0 = ' If N ^ and 0 is  domain with non intersecting edges 

-	we write instead of (1.2)  
- -	B,()(x, D)	b(x) 1);	(x EPq ; q = 1,..., T),  

- •'	 -	 -	

flj  
Where the coefficients M O are smooth on Tq• Assume that A is elliptic and (B1 ,.., Bm) 

• -
	or {B1 ( 0 , ..., Bm''}q,i,:,,,T are normal systems onaQ\ M which cover A. We denote 

by	 •.	 '	 •	 - 

- -

	 21(x, D1) = {A(x, D)-, B1 (x,D), .., -Bm(X, D)},	-	 (1.3) 

91(x D) = {A(x, Di), B 1 Q (x, D)	, B()(x D)}01 '	 (13) 
- -	the Operators defined b y (1.1) and (1.2) orb (1.1) and (1.2'), respectively.	- 

1.3 The spaces. We introduce the spaces mapping by the	ratos 2t(x, Di): 
(1) Tue space Vk.P(Q, (•)) is the closure of the setG(Q) = (u'E C(Q) sup 'pun 111 - 

= 0) ith respect to the norm -  

lu; VkP([, fi())Il =	- -f r P(.	'')JDuJ dx\iIP,  
•	.	

'	 -Q	 -	 /	-	,-•	
' 

wh Crer =,r(x) = (list (x, M)= Ix - , € ill < aQ, =fl(. ) is a smooth function 
defined on M.	is uniquely dete'rniined if x. is sufficiently close to M, = 

const if ill coisists of ne conical joint only.	- •	 - 

-	I ,	 •-	 •	 ---S
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(ii) Let Q be a domain with a single conical point 0. Then the factor . spajee 
, V 4*- 1 IP.P(3Q , fl ) = V&P(Q, fl)/ V0k.P(Q, )	 ( 1.5) 

i s the space of traces, where V0k.P(Q, ) is the closure of the set C(Q) s:ith respect to 
the norm (1.4). Lt Q be,alomain with non-intersecting edges and the faces fq.Te 
space of traces on P of functions from 'VkP(Q,	is the factor space 

• '	 .Vk_1(r0, ne)) = V(Q, ,8( ))/J7kP(Q. Pq fl(S))	
(1.6) - 

where V . P(Q,	is the,.closüre of C(Q) with respect to the norm (1.4). 

1.4 The boundary yahie problems. (i) Let 9i(x, D) be given by (1.3) or(13');ai 'd let 
1	0 be an integer. We consider the operators	. 

(x, Dr): VSm+lP(Q, )	Vt.P(Q, ) . x fl V2m+1_mi_1Ip.Q, )	( 1.7) 
•	 ( 

	

r, in the second case,	 ' /	 •.	V 

	

{(x D) V ' i(o ()) - V'P(Q ()) x U fl V m+Imi_IIPP(1	()) 

	

- ,• '
	 71	

(1.7')	 '	-' 

That mean ' we consider the "classical" problem: investigate the solvability, uni-
queness and regularity of (j =1 ..., m;'q	1, ..., T) 

-

	

	A(x, D) u(x)	/() in Q,	,B(x, D) ?1(x) = g(x) onaQ  

A(x, D) u(x) = /(x) in Q, •. B()(x, P) u() = g;()(x) oil  

or, especially; of  

- A(x, D) u(x) = /(x) in Q'	B.(x,D1)u(x) = 0 on Q	 (1.9)

or  
A(x, D) u(x) = f(x)in Q,	B(x, D) i(x) = 0 dn "q	 (1.9') 

in the above-mentioned weighted Sobolev spaces.	'	 V 

(ii), Assume that the boundary value 'problem (1.9) , or (1.9') can be formulated as a 
•	'weak problem: find a solution u E V such' that, for a given / E 

1 a(u, v)' = f	a(x) Oeu avdx = (/, v)	V €V	, '	(L1O) 

and investigate the regularity if / is from a subspace of V*. V is a subspace of W-,2(Q) 
which is determined by the essential boundary conditions of (1.9) or (J.9'); . V* is its 
dual space and the relation (1.10) guarantees , that the nop-essentiiil boundary condi-
tions are satisfied. Wm.2(Q.) denotes the usual Sobolev :pace.	. - ' V	 ' • 

•	2. Solvbiity 'and regularity results	 :	•	 -	 •	 .	 V. 

We formulate without proofs solvability',ancl regularity results of V. A. Kondrat'jev, ' • V 

V. G. Maz'ja:and B. A. Planienevsl'ij. We investigate when these regularity results 
•	are also valid for weak solutions u of (110).	 '	 "	S	 • 

2.1 Solvability and regularity results for domains with conical points. Let Q be a - 
•	bounded4omain with a single conical point 0. For siiip1ieity, we assume that there is 

aball-neighbourhood of 0 where Q coincides with the cone K	 • 
/

•	 V
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(1) First we consider a special boundary value problem in K, .which is generated by 
the prinipal , parts of the operators (1.1) and (1.2) with frozen coefficients at 0 U = I, 

•	-	A0(0,i)) u(x) -= E a(0) Du(x)	/(x)	,.i K, - 
lI=2rn	. 

•	.	B0,(O, D) u(x) =	b(0) Du(x) = g,(x)	on 3K. 
•	 IaJm,  

Introducing polar coordinates (r, w), setting r = e' and using th complex Fourier 

-	transform fe_ 0r/(r) dr = 1(i) i € C, we obtain a boundary value probleni w ith

parameter;. in-the domain G . 0= Qn "sphere of the ball-neighbourhood": 
-	 L(w, D,, ).) (2, (o) = E(2, w)	 for Ct) E 0, - 

M,(w, D,, 1) i2, w) . = G2,co)	for (U € 30 (j -......, m),	- 
where A 0(0, D) = r_ 2mL(w, D,,,, rD), .0.j(° ' D) = r_ mJM(w, D,,, rD) The corre-

•	sponding operator t(A)	{L(w, D,,, 2.), M(w, D,,2)}j	maps W2m±lP(G) into 

W'P(G) xli W m_I_mJ_l/PP(G) 

•

	

	 (ii) The distribution of the generalized eigenvalues of t(2) plays an important role 
both for the solvability and for the regularity of problem (1.8). The folhiwihg theorens 

• - were proved by V. A. KONDRAT'JEV [5: Theorem 3.2] forp = 2 and by V. G. MAZ'JA - 
and-B. A. PLAMENEVSKJJ [-10: Theorem 6.1] for p	2.	 -	- 

	

-	Theorem 1: 91(x, D) defined by (1.7) is a Fredholrnoperator ill no eigenvlue of 
•	2t(2) lies on the line im 2. =fl + N/p - 2m - 1.	-	 • -	•	-	 - 

Theorem 2: If no eigenvalue o/-910(2.).-is situated -in. the strip fi1+ N/p 1	2m -	- - 
Tm 2	± N/p - 2rn— 1, then-the solution. u € VI-2-P(-Q, fi) of (1.9) is contained • - 

,in V1±2m.P02, ), too, provided -t € -V'P(Q, i) a V"-'(Q, fl,).. Here I and l are non- - 

	

-	negative integers. 	-  
If eigenvalues 2 of 2{0(2) lie in the strip h,' 	± N/p 1 - 2m - l < Im 2 < fi 

•

	

	- ± N/p - 2m - 1 - h (hut 'not on. the lines Tm 2 -'h, Tm 2. = h 1 ), then the following
expansion holds near 0:  

-	= .'	' r°	"ii (log r) ±w,  

	

-	-	-	h<Tia,<fl	O	 '	 • 

- .

	

	- where 21 is an appropriatecut-off function, 1w'E Vt+2m.P(Q, fly), [h - h1 ] is the biggest
- integer ?2,hich is less than h - h, P. are polynornial/unctions with coefficients-depend-
ing onm.  

	

- -	2.2 Solvability and regularity results for domains with edges. Let Q be a bounded	- -
domain with the nly edge M. We consider a point z0 € 1W and assume again for . 
simplicity that Q coincides in a ball-neighbourhood of z0 with a dihedral angle 

-	D = K x M. We take in this neighbourhood the coordinate system • x	(y, z) 
-	...= (YI, y, z 1 , ... ZN_2), y J_ z, y € K, z € M.  

- .	•	(i) We start with a special boundary value problem in D, which is generated by the 
priricipal parts of the operators A and p1(q) defined b y (1.1) and (1.2') ., q = 1, 2:	- 

-	A0(z0, D)u(x) = A 0(z, DD) u(x) - •	•	 .	 -. - - 
-	= -' a() I)'D'u(x) = f(x) in D,
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-	B(z0, D) u(x) = B 1(z0 , DUDZ) u(x)	 - 
-	=	b(z0) D'P" u(x) = g7(x) on 

-	 -	'	- 

-	Here + isusecl instead of q = 1, 2,' F± are the faces of D, j = I, ...,m. After appro 
•

	

	priaté transformations we get a two-dimensional boundary value problem With para-
meters in the cone K, nam'ely  

A 0( 0 ; D, 0) ü = 7	in K, 
B,(z0 D 0) i -=	on IK, 0 € SV_3, 

wher SN_3 is the sphereof the unit ball in &2. We denote	 S 

91(z 0) = {A0(z0, DY, 0) B 1 (z0 D 0)}	m 

I0(z0 , 2) L L(a), Dm2), MT(-, 'D_ 2)}.	
S 

where
A 0 ( z0 D 0) -=	21 L( D,, r Dr 

-	B(; D,, 0) =	mi±Ili.±(W D,- r,Dr,)	
S 

and-'r,.' =	- z0! .Ve have  

2t0(z0 A): W2m .2(6) - L2 G) x Ctm x (C",  

where G= (CO: 0 < w <w0 }, fjrl = 0, 'p- -. 2.  
(ii) The following properties of {0 ( z0 , 0) and ([0 (z0 , 2) determine the solvability and 

regularity of problem (1.9':	 ,	'• 
•

	

	 ker 210 (z0 , 0) and coker 91 0 ( z0 , 0) are trivial for all O'E &"-	
2

and for all z0 € M0.  

The line mi 2(z0) = ( z0 ) + 1 - 2m (toes not contain
	-(2.3)  

eigenvalues of t0 ( z0 , 2) for all - z0 € M. 	 - 
We introduce the eigerivalues 2_(z0) and 2) of 21(z0 A) by the property:	- 

The strip Tm 2_(z0 ) <fi(z0) -- I - 2m < 'Tm 2(z0 ) is free of Cigen-	
'(2' 

values of lö(zo,  

Theoreii 3:- The conditions (2.2) and (2.3) are necessary and sufficient that the 
operator o/ the problem (1.8'),  

21(x D) v l -/- 2 'n (o, /9( ) + I - 2/p + 1)	
1 

I	'•,	'	- V',	+- I — 2/p + 1)1 x E; [1' V1- Pfl/Q_ I1'4' 

X (Fq+1_2/p+l)	 (25)

- is a Frdholrn operator /or anyp € (1, oo), I = 0, 1,2,... 

Theorem : Let 'fl =9(z) and fl, = j1 (z) be smooth functions defined on the edge 
M t9Q and let u € V1+2P(Q, ( . )-f- I - 2/p + 1) be a solution o/.problem (1.9), 
where the right-hand side / € V' P '(Q, (.) .+ I - 2/pi + l i ). Assum'e that the conditions 
.(2.2) and (2.3) are valid and that Im2_(z) .< () ± 1 — 2m < Tm 2(z) for all z € Mt 
Then u € yI.+2rn.P.(Q, 

9 () + 1 - 2fp ± l i ), too.	., •	S •	 • •	 --	 - S	 -' 

•	 -	 •	 •	
-	 4	 -	 -	 •
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If eigenvalues 2(z) of 910(z; .) lie in the strip . h 1 (z) = 9(z)	1 - 2m < liii.,(z) 
•

	

	.	Y+ 1 - 2m = h(z) (but not on the lines mi ,. = h1 (z) and I  ;.	h(z)), them an 
- . expansion similar as for conical points holds:.  

u(x) =	(x) c(x) u 7(x) + w(x), 

	

•	 .	
S	 VE'i	 .-  

Provided Iin)(z),— 1 <p1 (z) ± 1 - 2m < liii 2_(z) for every z E M, 2 have a con-
stant multiplicity and i(z)	;.j (z) for z E Al and i	j Here y is a multzndex, i is a
cut-off function with ii(x) = 1 nar M . u are singular functions, c are the coefficients - 
auiduE V11+2mTh(0, .) ± 1 - 2/pl. ± l + e). Here r > 0 is 6real number. 

2.3 Regularity resultr for weak solutions n domains with conical points. Let Q c R1
be a bounded domain with the'single conicai point 0 E' bQ. Assume in the following 

	

•	that the weakly foiniulatecl boundary value problni (1.10) has a uniquely defined 
solution u E V	W m 2(Q), or more'precisely, that the.LaxMilgrani Theorem holds' 

	

•	 .	 .	 j.e.  
a(u, v)I ^ cl Hit Wm (°)H Iv Wm0(Q)IJ	for all u, v E V	 (26) 

Ja(u, u)I > c2 IIu; Wm'2(Q)11 2 . . ..	'	for all it E Y.	 (.7) 

In order to be able to use the Regularity Theorem 2 we demand that for certain 
• right,-hand ides the solutions it of (1.10) are contained in a resonable weighted 

space, namely:, 

(II) If  E L2 (1?) then u E V n m (, rn)	
/ 

Lemm a  1 If the line Tm i = N12 - rn is frçe of egenvalues of 9X(i) and m < N12 
or the Dzrichlet problem i5s given, then the property (R) is valid. 

Proof let 

Wm (Q, ) = {f If Wm 2(P	
= (m 

f r IDafIi d, 1/2 < oo} 

The following imbeddins hold [4: Corollary 3.1]:	 •	S	 •	

•; 

Vc.Wm '2(Q)	W 2(Q, )	b > 0,  

W'(h, )	L2(Q, b - m) for. 6 > m . N12.	 .	S 

Itf, follows from [5: Theorem 3;31 that for f E L2(Q) (even for / E L2(Q, 6 + vi)) the 
solution u of (1.10) is contained in V2m2(Q , 6+ m).Analogously to (2.4) we introduce	'. 
the eigcnvalues 2 and 2. of 91(2) is follows for .fl = m: •	 . 

-	

' The strip ImL < N12 - m <im 2+ is free of eigei'ivaliies of 11 (2). (2.8) 

	

S	 Wenow choose >0ssmudht.hatJmi._ —m+ N/2-j- <mi 24..Theorni2yiehls 
the assertion for m	N12. The assertion for the Dirichlet problem follows irninedi-
ately since W' 2(Q) =. V	Vm2(Q,0)	'L2(Q, —m) I	. 

S	 Retharkl: The conditionm	N12 of Lemma 1 can be weakened by the condition: There	• - 

• is ii. S > 0 with S > m - N12 and —vi ± N/2 .± S < Tin	.	
S 

Lemma 2: Assume that the line Tm 2. = —m + N12,is free of eigenvalus of 

	

•	and the property. (R) holds. Then there is a uniquely deleimined solution it. E V2m .P(_Q , - 
•	mi 2_ - N/p + 2m± s) of (1.10) for , every fE L(Q, Tm 2 - N/p'+ 2m ±'r), 

-	 S	 'S	 ••	 S.	 S
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<p < c, whe,'e e > 0 is a small real nuihber, and  

th; V2 (Q, Tm )._ - N/p .+ 2m + e) II 

C Hf; LP(Q, Tm 2 — N/p ± 2m + r)II'.'	 (2.9) 

Proof: The Regularity Theorem2 and the Lax-Milgrarn Theorem imply that for 
every fE L2 (Q) n LP(Q, Tm 2. — N/p + 2m.+ e) there is a uniquely determined 
solution u"E V2m ' P (Q, Tm 2... — N/p + 2m.+ e) of (1.10). Since L2 (Q) r LP(Q, Irn A. 

N/p +- 2m -4- e) is dense in L(Q, Tm L -- N/p + 2m + .E) (this follows imme-
ci lately from the definition of the weighted spaces in Subsection 1.3) . and the operator 
(2.5) is a Fréclholm operator we get the assertion I 	- 

Remark 2: Lemma 2is valid for ali/-E LP(Q) provided Tm A_ — N/p + 2?. 0. In this case 
we' have In; V2m.P(Q, Ini).- —N/p + 2m + e)II ;S,C lit; LP (Q)i1: However, if Tm L T N/p 
+ 2m < 0, N/p — 2m <Tm A and the suppositions of Lemma 2 are satisfied, then there 
exists- a- uniquely determined solution . u € V2m.P(Q, 0) of (1.10) for every / € Lv(Q) and 
Iiu; V2m.P(Q, 0 )11	c Ill; LP(Q)11. Indeed, if Im 2... -- N/p + 2m ^> 0, theft LP(Q) c LP(7, Tm 2 
—N/p ± 2m -)- e) . If TmA - N/p + 2m < O'and'N/p --2m < ImA, then the Regularity 
Theorem 2 and the Lax-Milgram Theorem imply that for every / E L2 (0) n LP(Q) there is . a - 
uniquely determined solution u E V2m V(Q, 0)of (1.10). Since L2 (0) n LP(Q) is denseip L(Q) we 

- again use the Fredholm property of the operator (2.5) and get the assertion. 

	

Lemma 3:' Assume that the line Tm;. = —m ± N12 is/ret o/ . eigenvalues of c 1(2)	- - 
and that the property (R) holds. If / € L9(Q) and Im 2_ < N/p, 1 <p ;5 . 00, then the 
solution u of (11O) is from LP(-Q).  

Proof: Assume that I <p < oc. If N/p N12 — ' m, then Remark 2 works and 
- --. 2m) in the worst case. Since V2m P(Q,.2m) L(Q) we get the assertion. 

If N/p > N12 - in, then the classicai imbedding theorem ie1ds that Wm.2(Q) 

; L(Q). If p = 00 and therefore Tm L < 0, then the assertion follows from the 
asymptotic expansion given in Theorem 2 1	 - 

2.4 Regularity resuJts for weak solutions in domains with edges. Let Q W he a 
b uncl ecl domain with the only edge M. ,Assume again that the weakly . formulateçl 

-bouiIdary.valiie problem (1-10) has a uniquely determined solu tion u E T Wm2(Q) 

for I E T7 . Agaih we ieed the regolarity condition: -  

(R) If f€ L2(Q), then u € V n VS-.2(Q, m),fi(z) = m for z E M. - 

Le mma 4: If the line Tm 2 = I — mis free of eigenvaliLes of 2t0 (z, 2) and if there is 
- a real number 6 with 6 >..m — 1 and —m + 1 + 6 -< lm2,(z) for all z € ill or if. the 

- Dirichlet problem i given, then the-property (R) is valid. Especially, if m	1 and the 
line.T.ni 2 = 1 — mis free of eigenvalnes of 0(z, 2), then the property (R). is satisfied. 

Proof: We first remark that J. Rossi1iNN [14] proved the following result: if , the 
• - line Im 2 1 — in- is free of elgenvalues of 2(0(z, 2) and the Gârding inequality is 

valid for the problem (1110), then condition (2.2) is satisfied. Since, our problem is 
even coeiive, we can use this result. We now em1oy the same ideas as in the proof' 

- of Lemma I.-We have u € W-.2(Q) Wm2(Q, 6) L2(Q, 6 — m) for 6 > m — 1 (cf. 
[4: Corollary 3.1]). From [12: Theorem 10.2] it follows that u € V2m2(Q, m + 6). 

(Theorem 4 yields that  € V2"-2(Q, m). If in =1, then we choose Ô sufficiently small I 

Analogotislyto Lemma 2 and Remark,-2 we are able to prove' 

Lemma 5: Assume that the line Tm 2 = 1 — m is free of eigenvales of 9L0 (z, 2) for 
z € M and the- property (R) holds Then there is a uniquely determined solution u E J72m.P 

(Q, Tm L( . ) — 2/p + 27h + e(.)) of (110) for every f E LP(Q, Tm L( . ) — 2/p + 2m
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± s( . )), 1 < p < co, where e(z) > 0 are small real numbers and. 

lu; 1/2m.P(Q, In	2/p' + 2m ± r( . ))lI	C lit; LP(Q, Tm 

— 2/ ± 2m  
It is more suitable to work with a weight with a constant exponent in the folio-

wing. Therefore we introduce:	 - 
Let z0 € 1)1 be such that Tm X_(z)	Tm ),_(z) for all z € M. For this we write

ml 2_(z0) = Im 2_. We have Im 2_(z) :!E^ Tm A_ < 1 - in < mi 2(z). Consequently 

	

'the following Lemmi 5' is weaker than Lemma 5.	.,	
I 

Le ni ma 5' :—Assume that he line Im 2 = 1 - m is free of eigenvalues of 0(z,,2) 
for z E 1W and that the property (R) holds. Then there is a uniquely determined solution' 
U E V2mP(Q, Tm ). — 2/p ± 2m + e)of (1.10) for , every f E LP(Q, mi 2— 2/p + 2m -. 
± e), I <p < oo, where c>0 is a small real nitmSerand 

• ,	
.	 llu;'.V2,",p(S, Em 2_ — 2/p -4- 2m + e )lI	 . 

^ 

	

C! 11; LP(-Q, Tnr2_ — 2/p ± 2m + )4J•	•.	. 

Remark 3: Lemma 5' is valid fora ll/ E S LP(Q) provided Im L — 2/p ± 2m 0. in this case 
we ha v6 lu; Vim.P(Q, I  ). — 2/p + 2m +.) C 11; LP(Q)I1. However, if im A - 2/p 
+ 2m < Oand the suppositionsof Lemma 5'aresatisfied, then there exists a . uniquely determi-
ned solution u €- V 2m .P(I2, 0) of (i.10) for every / E LP(Q) and lu; V2m.P(Q, 0)11	C If; LP(Q)Ii. 

Lemma 6 .:- Assume that the line Tm 2 = 1	m is free of eigenalues of 9t0 (z, 2) for
-all z ill and that the property (R) holds. 1f,/ E LP(Q), then u E L(Q) for 1 <p < oo. 

Proof: Since liii2_ < 2/p and the assumptions of Remark 3 are satisfied, we get 
U E 172mP(Q, Tm 2_ - 2/p + 2m+ e) J/2m.P(Q 2m) LP(Q) provided Im 2_ — 2/p 
+ 2m ^ 0. In the other case werhaY6 u € V2mP(Q; 0) L(Q) •	.	. 

S	 S.! 

3. Finite element methods in domains with conical points  

• 3.1 Finit-èlenient spaces We shortly characterize the finite-element spaces which we 
us; in the following (not only for domains with conical points). Let us consider a 
fami'y of appropriate partitions 7 1, of the bOunded domain Q depending on 
the mesh size h, Q = U {Qe,n: C = 1, . :., Eh }, Qe,h.€ al, Assume the partiti6ii to be 
uniformly near the set M	Q iii the sense that there is a set U(h) = Q,h: e € J"},
Q = U(hu (Q \ U(h)), such that

	

I

i-c 1 h fo x 	U(h), ill	U(h),.	(l ist (x, ')	c2ii for x E Q \ U(h), .	
- 

where the constants c 1 and c2 are independent of h, 1h is an index set (see Fig. 1 for 
conical points and Fig. 2 for an edge).	-. 

Let {Sh} be a family of finite-dimensional spaces, Sh	V, with the following pro-



perties:  
fO Local approximation: for every U.E W m .P(Q) and for all Qe,h € 17h there is anele-

ment IhU E Sh With  

-	In - Ihu; EV'4(Qeh )Il	C h tm - - Ni-lip— I/q) llVu ; L1'(Qe h)ll,	 - 
- where W m -"(Q)	W' Q(Q), 0 ^,.l -_z^ m and 1	p, q 



	

Error Estimates for Finite Element Solutions	141 

h 12 i,h 

Fig. 'I	 S	 :Fig. 2 

20 Inverse inequality: for all uh E Sh cJVf, (Q) and e,5 E 1h	 - 

' JVgu,,; L(Qe)II	ChN(1IQ_iIq.) I Vu;	 1 15; q 1 5	q ;5; sc,. 

where V denotes the field of all derivatives of the order 1. We refer to [2: Chap. 3], 
where these properties are considered The local properties tO and. 2° imply global 
properties (see [8: Theorem 16.7]), namely	.

-S •	
liu - Ihu; W' P(Q)Jj ;5 chm ' l mU; L(Q)JI	for p	q,	•..(3.2) 

S	 - 5 
1k — Ihu; JV'•(Q)ll	chm	IlVm L(Q)II	for q = cc,  

•	.	ll Viu; L(Q)M <N(Ifq_ifq,) ll V juh; L (Q)ll .	fbr q 1	-q, Uh E 8h 

	

S	 .	 (3.4) 
Definition 1: Phu € Sh c V is th e /i?ite-elenent solution of the problem (1.10) if 

a(Phu, v) = (/, v) for all v € Sh.	
5	 5 

- - . Since the Lax-Milgram Theorem i 's valid, Cea's.lemma implies 

(1k — Phu; _W m.2(Q)II	Cml 11 U - uh; Wm2 (9)1I.	 (3.5) . 
S.

 

uhESh	 V S 

3.2 Erioiestiniates in Wm.2() . T1e local approximation property l° and the estimate 
• (3.5) yield JJU — Phu; W m2(Q)lI .O(/jm) for u E W2m2(Q). If u W9m2(Q), then 

cannot expect such an estimate in general. Therfore let us characterize those conical 
or'bu'ndary points where the type of those boundary conditionschahges which do 
not imply that u € W2m . 2(Q)	.	 S 

Definition 2: The point Oj from M is significantly singular if  
N12 - 2m < Tm 2_	 :''	.	 S	

(3.6)	 • . 
(A-i is defined analogously-to A_ by (2.8)).	 5	 ..	 .. 5 

If this is valid and the assumptions of Lemma 2 are satisfjed, se get if / E . L2(Q) 
S thenthesolution u of the problem (1.10) is from V2m .2('Q, In 1'-.J- — N/2 '+ .2m + c) 
but not, in general, from V 2m2(Q, 0)	W2m .2(Q),.	 .	.. 

Example 1:--We consider the Dirichlet problem tin = —/ in Q, it = 0 on Q, where Q is 
a plane domain with the single conical point 0 with the angle co, Since A_ = —r/e)0i,'we have: . 
if —1< _t/w0, which means w0.> 7r, then 0 is a significant singularity. 

Theorem 5: Let a( . , .) be a real bilinear form which satisfies the conditions of the 
Lax-Milgram Theorem (2.6) and (2.7). Assume that there is only one significant singu-
larity 0 e a.Q, that the line Tm A = N12 - m is /re of eigenvalues 61 0 (A) and that the
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property (R) is valid. Let {Sh} be family o//iiit-elenent spaces with the prdperties 10. 
and 20. Then the finite-element solution Phu E S, approximates the soh,etion .0 of (1.10) 
in the sense	 S 

•	 Hu	Phu; Wm2(Q)Il	Ch_Tm_m±NI2_6 Il/; L2(Q)ll.  

	

Proof: We use the estithate (3.5) . and get -	 - 

•	
lu —Ph ; Wm2(Q)ll2 < CJu - JhU 7 W,.2(_())112	-. 

- .	 --	< C(u— ihu; Wm.2(u(4))l2.+	- _[u; Wm .2	.. - 

x (Q \ U(h))112) 

\%hereIhu is defined by 10 and U(h) was introduced by (31) Property 10 Lemma 2 
and (3 1) yield for the first term 

1k - IhU Wm2(U(h))112 

Cliv	L2(U(h))11 2 = C	f r2(ImA_NI2+rn+1mA+N/2m_e)lDuj2dx 
.	.	 rn U(h)	. 

•C(c1h)2(Im_±NI.2_m._) E	f r2(ImA_NI2+m+e) Du! 2 dx  
•	 .	 kI=m U(h) 

:!E^ O2-1mL±v/2_rn_ lk; Vm2(Q, ImA_ - N12 + m + )112 

lu y2m2(Q Im i - N/2	2m -f- v)112 

... 11; L2(Q, Im L —N/2+ 2m + e)112 .	 S 

^ O1r2(-ImL±N/2_rn_e) Il/; L2 (Q)ll 2.	.	 (3;8) 

Further we have for the second term, usingigain the estimate (2 9) 

11U.- Ihu; W'2(Q \ U(h))11 2	 S	 - 

Ch2 V2 u; L2( \U(/))li2  

S	 •	 Ch 2	'	•f h2(_1m2_±NI2_2m_z)+2(1m2__12+2n+) .l Du J 2 dx 
S	 •	 12m DU(h)	 S 

C(11C2 ) 2 ( 1.m1__Y /2 ± 2m + E ) h2m+2(_1n2_+N/2-2m—  

X	'	f- r2(A__N/2+2rn+e) lDul 2 dx	 .	 S 

II =2rn .Q\U(h)	 . .	.	 - S 

•	 .	 • • . .C3h(—Im1_+N/2_m_t) Ilu ; V2m ' 2(Q, Tm 2_ -- N12 + 2m + e )11 2	- 
•	

•

 

C4 h2 ( -. Jm2R/2—m—e) It; L2 (Q )11 2.	 • .	 •	 (3.9) 

Both- estimats imply the assertion (3.7) I 
3.3 The Aubin-Nitsehe trick. The Aubin-Nitsehe trick all'ows to estimate the error,  
u - Phu inLP(Q) 2 15;p ^	the essential idea is to introduce the adjoint problem 
to the weak problem (1.10). 

•.	
.-' 

• Definition 3: Let a( . ,.) be a real-bilinear form defined on V x V. The ajoint 
prWm is.: Find a solution u E V of. (1.10) such that a*(u , v) = a(v, u) = g(v) for •	all'v E V,,g E V.	• -	 - S	 •	 •
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S	 (S 

We need -in the following the regularity of the solution of the adjointprobleni. 
Therefore we shortly formulate some results of V. G. MAZ'JA and B.' A. PLAMENEVK,IJ 

• [10: § 3] without proofs, first for domains with a conical point 0. 

Lem ma .7: Let to*u) be he operator determined by a*(-,,.)and defined anildgonsly 
to The-u 2.0 is an eigenvalue of 91().) if and only if ,uo ± i(-2m '-f N) is an 
eigenvalue tJf 91o*(/2).  

- Corollaries: (1) If the line Tm-). = —m + N12 is'/ree of eigenvalués of 12), then 
it is free of eigenvalues of 91 0*(a), too. (ii) The imaginary parts of the eigenvalues. of 

-W2) and 10*(1u) are situated : symmetrically to the point —m + N12:	-. 

I	•.	 I'	I	_I_.	 .	 - 
• . .

.	 •Irna	ImA_N/2—vi. Tr. du+ Im2	Fig.;3 

(iii) Let ..t_and ) + be those eigenvalues of 2f0 (2) which are defined by (2_8) The correspond 
ing eigenvalues of to* (/L) are It- + (-2m + N)i and = - + i.(-2m +• N) 
and consequently Imp- = —Tm ). - 2m + and Imu = —Tm )._ - 2ni' .,+ N. 

Lemma 8: Let  X be a Banach space with -V Xand X 1 , X2 a pair of Banach spaces - 
with Ia(u;v)I. < C lu; X 1 1 I1 v ; X21I for all i, v E Vand Sh ci X1 n X2 . Then. the finite-
elem'ént solution Phu appro'ximates the solution u of the problem (1.10) in X in the sense 

	

•	 - Phu; X li	C Iu - Phu; Xil! sup {ftug - JhUg; .K 2 1IIg; X*II}, (310) -	.	. 

where a*(ug v) = a(v, u)= (g v) for g € X* and v E V, X is the dual space of X 

Proof: We have  

lu— Phu; X = ftu - Phu; X" =- slip I(g , u - Phu)!, 
g;X'1=1	 - -: 

•	

-	

.	 = sup {J(g, u	Pu)/Jg; XI  
-:	 ,O1-gEX	 .	 -	-	 --

-	
= sup {ja(u -	ug)l/Mg; X*Il}  
O+gX  

S	-'	 = sup {ja(u - Phu, u9 - Iug)/gX*}  
O+9EX.  

-	
C Ilu - Phu , XIII up	- Ihug; X 2 /g; X*jj} I	- 

	

O-4-geX	
-	 ' . 

•Example"2: For X = L2 (Q), X1 = W m.i(Q) = X 2 we get for the solution u of (1.10) 

Iu - Phu; •L2 (Q)1I	'	.	 •	 -	 . .	 . 

C j]u - Phu; 'TV m.2(Q)ll sup {11 u9	JjUg; W m.2 (Q)l1Ig; L2 (9)1I1.	- 
•	 •	 O*geL(Q) •	 "	 • -	 - 

Assume that he assumptions of Theorem 5 are satisfied and that (R.) is valid for a*(u, v).The

	

- -	' estimate (3.7) for u and the estimates (3.8) and '(3.9) for u yield	 - - 
•	

-	 lu - Phu; L2?)II	 IIf• L2 (Q)	.	.	. 

'S

 

, provided lm ,,u- - N12 ± '2nt	0. From Corollary (iii) follows  
•	 Ilu— Phu; L2 (Q)Il ^ Ch IIflh_'.+ hI *	If; L2 (Q)11 for —Tm ). + N12	0.  

I —Tm ).++ N12 < 0, then it follows from Remark 2 that U E Vim.i(S, 0)	W2m2(Q). 

	

- -	The estimate (3.) yields	,-	 •	 -	 • •
 

IIU I - IU; LV m2 (Q)Il	Ch'' 11V 2 u; L2 (Q)ll	Chm lu; V2m2 (Q,,0)lj	C	L2 II. - 

-	-	-	•	 .	
-
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Therefore we.get 
Ilu - Phu; L2 (Q)II = Ch_ Im2 + N 12 II/; L(Q)II for. — Tm 2^ + N12 < 0. 

For symmetric bilinear forms we have	 . - .
	 Ilu — Phu; L2 (Q)II :S Gh2( _ 1m_ + NI2 - Th	Il/; 2(Q)II. 

3.4 Error' estimates in LP(Q), 2 p < oc. We have seen in Subsection (3 '3 that the 
Auhin-Nitsche trick yields very simply error estimates in L2(Q). In order to 'get results 
iii L(Q) for 2	p	oc, we need more complicated investigations. 

6: Assume that the suppO'sitin'is of Theorem'5 are satisfied, that R) is -. - 
valid for a*(., .), that the right-hand side f of (1.10)' lies in LP(Q), 2	p	00, Tin 1. 
< Nip, that Sh . W m (Q) for p < CO and that"Sh c± L(Q) for p	00. Then the finite-
element solutionP h ' E 8h approximates the solution u of (1.10) in the sense	,. 

Mu— Phu L(Q)I <C fh 
t&-+N/p Ilf; L(Q)M - if —Irn 2 + N/p <0,

-	.	 -	=	[/._,IrnA_+ImA._e Hf; L(Q)lI if —liii ). ± N/p	0 
'(3.11) 

provided ni IV/2, and	2 -f- P m <0 and 2 p oc, or Tm 2_ ± m 0 and
2 . p . < N/(Em A. ±  

:u	Phu; L(Q)M  

C 
1h_Th1'+'NIP_t If; LP(Q)II	 if —Tm 2^	2 -f- m < 0, 

—	h- i"	/p+Iuui) -in- Hf L(Q)II	if —Ini	+ Tm )_ + m > 0 

•	-	-.	.	 .	 .	 .	.	 (3.12) 

provided Tm 2 ± m Wand N/(Ini _' + ni) < p	, where a> 0 i a small real.
number.  

Proof: (i)-We remark that if m'< N12, then it follows from (3.6) that lm 1_ '-L m - 
'N/2 '- m >. 0. Therefore all bases are eoered by the above assumptions. 
(ii) We first consider the case rn N/2, I mn'L + m 0, 2 < p < 00. We want 

to use Lemma 5 for X = LP(Q), X1 = Wm P(Q) and X2 = Wm(Q),. where i/p ± i/q 
-= 1. Ld us verify the assumptions of Lemma 5. Since N/p> N12 — m, the classical . 
inibedding theorem yields that V . Wm 2(Q) L(Q). Since mi 2_ + m < 0, Leninia. 
2vields that u'E V2mP(Q,1m2_ — N/p + 2m ± e)c V'(Q, 1m2_ — N/p + m -j- a), 

- 
S c V m .P(Q , 0) Wm.P(Q). Since N/p — m < mi 2, and Tm 2_ <N/p, we finally get 

from Lemma 2 that Ug E Wm.(Q) for g E .L(Q) . Therefore Lemma 8 is applicable and 
we have 

•	 Ju - Phu; L(Q)II	C u — Phu; WrnP(Q)M	, 
11u9 — Ihug; 

-	 -	 .	 O4=gL(Q)	1 1 g, L (Q)jI 
-	 -,	-	 -	(3.13)
1,6t , us estimate the first factor. it follows from (3.2) and (3.4) that 

Mu — Phu; Wm'(Q)II
 

• .	Ik — Ihu; W m (Q)lI + IIIhU — Phu ; Wm(Q)II  
- . .	.	<'C(u — Iu; W m.P(U(h))ll - 1k — Ihu; W(Q\ U(h))Il	-	•, 

- .	-	S -
	 • 

+ hNI) N/2 IIIhU - Phu; W ,2 (Q)II) - 

-	C(Vrnu; LP(U(h))lI ± htm 11 Vomu; LP(Q)\ U(h))  

-	+ h"1"12 111hu	u- Wm .2 (Q) II ± hNIp_12 ft — Phu; W m2(Q)II).	-
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•	Using Remark 2 and the relation (3.1) we have 
_	

II VmU; LP(u(h))IIP = E	I rp( IlrIA__x /p + m .+ —pm2__NIp+mfe), l9tl.dx 
U(h)	-.	 - 

chp(lm—NIp+m±) lu; V2m (Q, Tm L	N/p + 2ni ±. e)ll	—(3.14) 
- and 

•-	
11V21nu; LP(Q\U(h))IIP	 - 

•	=	7 h''--- V/p+2m+O—p(InI1..—N/P+2rn+) lDul dx • 

= 2n
 

	

( .Q )\ U(h)	 --	: 

--	^ .0 h_P_iP+2± lu; V2m.P(Q, Tin L --- N/ -3- 2nz ± c)ll .	(3.15) 

Therefore Nve get
 

Hu - Phu; W'(Q)Il

	

	- .•	 - 

lu; V2m (Q, Tm L - N/p ± 2M'

	

± e)ll	 • 

Il/; L2(Q)Il) 
•	 .	

:	 Ch-1+ N/ptnc; LP (Q)11-	.	 (3.16) 

We now ,estimate the second factor of (3.13), having in mind that mi z - N/q 
+ i	e <0, ut Im - N/q + 2m = -Im + + N/p 0. Let ust-art with the 

• : case that —Tm 2 + N/p o:me estimate (3.2) and Remark 2yield 

lu9 - 15u3 W" Q(Q)11Q 

= lug	Ihug;	 Ilv0.- IhUq 
Wm.(Q\ 

U ( h ))lI Q-

C(V mug -LQ(U(h))l l Q +	V u9 LQ(Q \ U(h))) 
• . -	

-	Cf	'	f	 dx' 
•	 -	 Inj=m U(h)	 •	 •	 . 

+ mq	 (p \ U(h))IIQ) 

+ %/q—m—	 72m(Q Tm ,i_ - sT /q + 2rn +)Il 
± hmq J Vomug ; LQ(Q \ U(h))IIQ).. 

• • • -

	 An estimate similar to (3.15) implies	- • I •	 . -	
. 

•	 Iu9 - I4u Wm .(Q)lI 5 C h(1mN1Q+2t) l I i • L(Q)ft	- 
=	

•.	
-	 (3.17) 

Wei no assume that Tm i_ - N/q ± 2rn = —mi ± N/p < 0. Since Tm A 
< N/p, we haye that N/q - 2m < Tm +, and emark 2 r ields that u9 E V2"4(Q, 0) - 

-	W"(Q) and 

lu9 - I/iu9 ;' W'(Q)li	C htm hg; L(Q). -	•:•	 (3.18)

The inequlities (3. 13), (3.16)—(3 . 18) Iniply the estimate (3.11). 

	

(iii) Let im)._ ± n	0 and 2 p	N/(Ini 2 +ni). Then w have agin
N/p >' N12 - rn, u E V2rn P(Q, Ins L - N/p + 2m ± c) V'tl.P(Q, Tm A - N/p + m 
+	V"P(Q, 0) WmP(Q) and Irn L - N/p ± 2m.> N12 - N/p. O:. There:. - 

-• -•	 fore 'e can repeat all estimates of theease (ii).	-	
•	 , - 

10 AnalysisB(I 9, Held 2 (1990) -	 -	.	 'S	 ••	 /	-	- 

•	,	 ,:•
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-	(iv) Let Imi_ + ni ^0 N/(Imi_ -r-m) :E^p <cc We have 

'llu- Ph ; LP(Q)II <Ilu - Ihu;LP(Q)ll ± llJhU - Phu; L (Q )ll ..	(.19) 
We estimate the first term of the right-hand side using (3.2)" 

ll,	Iu; LP(Q)II	C lu; L(Q)ll	
S

= C lu; LP(U(h))IIP + C
Ilu ; LP(Q\ U(h))IIP. 

Since' Tm A - N/p + e <0 and Tm 2_ - N/p + 2m -+- e >0 if e is sufficiently 
-- sinail and u E V2"(Q,' Tm A_ - %7p + 2m + e) LP(Q tm 2 - N/p + e), we 

get lu; LP(U(h))jl, lu; LP(Q\U(h))lI < Ch_T ±Nfp	It; LP(Q)II similar to (3.14) and 
(3.15), and theiefore  

lu - Ihu; LP(Q)II	C h I1+N/p-E lit; L(Q)i1.	 (3.20) 

Using the inequality (3.4) for q 1 = N/(Im A- ± m + 6)', wheid 6 > 0 is sufficiently 
small,.Weget for the second term of (3.19) 
'	iiIhU - Phu; L(Q)ii ,	C hNIP_(hh1+m), IlIhu - Phu; LN,mA+m+o)(Q)li. 

Since q <,N/(lm';.- + rn), we can apply estimate (3.20) and get  

•

	

	ilIhW - U; LN/(Im2+m+o) (Q) 1 i :5: C	il/; LNI(ImA±m±)(Q)II. 

From (3.11) follows 

lu - Phu; LNI(1m1_±m+)(Q)ll 

it; LNI(1ml + m + 6(12)ii	for, —In2 + Tm L + m <0, 
= 1 h-" -"' - lit LN/(IrnA_mo)(Q)ij for —Tm	+ Tm L + m ^ 0

Since m' < —Tm L -j- 'N/p, we get 

IlIhu — 
P

hu ; LP(Q)II  
lit; L(Q)ll	 if —Tm 2^ + m2 ± m 

- 1	 lit; L(Q)ii if —Ip'i 2 + + Tm , 2_ + m ^ 0. 
(3.21) 

Since here —Tm A + Z/p —2 Tm A_ ±_N/p + Tm 2+ - m in the second case,*e 
get from (3.20), (3.21) the assertion (3.12). 

• (v) At last we consider the case = cc. Here Tm A_ <0. Let q 1 = N/(Im A-
+ m + 6) as before, where 6> 0 is so small that Tm A_ + 6 < 0. We take an e > 0 

• such that ImA_ - N1q 1 + 2m -Ve =m— 6 +e 0 and im•A_ N1q 1 + m +,- 
= —ô + ,E <0. We have that N14 1 <m and therefore it follows from Remark 2 and 
the classical imbedding theorem that u E	 Im"A_ —'N1q 1 + 2m + e) 

Tm L — N/q j ± m + e) V"4'(Q, 0).	Wm;(Q) L(Q). Using' the 
estimates. (3.3) and (3.4) we have - 

iI ? — Phu; Lm (S2)11	•	 S •	 •	 - 

Mu - Ihu; °(Q)il + iilhu - Phu; L(Q)Ii	-	-. 
Il —'Iu; L(U(h))ll + I ju — Ihu; L(Q\ U(h))II	- 

•	
"	 1-.liIu - Phu; L(Q)i1	'	-	 S	 • 

< C(hm_NIQIlVmu; L(U(h)) ± h2mIq IlV2mu; L(Q\ U(h))Il	• 

;5 

•.	 + h_NIP li lhu —' Phu; LP(Q)ii),	-	-	 • 

•	 •,	 (•	 S	 •	 ••	•••	 -
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where p is so, large that N/p < and p > 2.Since Tm 2 - NI; + 2m + e> 0,. 
- it follows from Remark 2 that u E V2m P(Q, TM).  - N/p + 2m +e) 'L(Q, Tm 2.L 

- N/p + e). The same ideas as were used in the estimates (3.14), (3.15) yield, 

•	
- Ihu; L(Q)II '!!9 C h_1111t I/; LQ '(Q)	 .	(3.22). 

a
nd	-	.	.	. .	 0• 

lu - IhU L(Q)ll :!E^ Ch_ImA+N/P_ )I; LP(Q)..	 •(3.23) i 

Moreover we cFemand that p is so large that' -7 1m 2+ +. N/p < 0 prov ided —Tm 1 

< 0. We now apply the estimates (3.11) and (3.12) and get  
-.

 

41P lu - P4u; 'L(Q)Jl	 -.. 

Ih_ Im2_i Ill; LP(P)II	'	if—Tm 2^ <0, -	 .. 
-	 1	 111	(Q)ll	

if	 > 0	 (3.24) 

provided m N12 and Tm 2 ± m < 0 or Tm 21 ± M .0 and 2 p 
<N/(Im )._ ±'m);  

h1P lIu - Phu;LP(Q)ll	..	S	 ,	 -	 ,	 ..	 • 

^
Jh_ Im_c. Ili; Lv(Q)ll	 if —Tm 2^+ lm')_ + m < ' 0,	 .. - 

—	lh_ 2ImA + .1m_mn_ Ill; LP(S2)11 if - - Im 2^ +Tm 2_ + m	0
(3.25) 

	

• provided 1rn2_ + m 0 and N/(1rn2_ + rn) p <00. Since — IrnA_ I ru 	-, 
= '-TmL in the second case of (3.24) and —21m2_ ± TrnA, — m —TrnA_ in 

•	the second case of (3.25), we get the inequalities (3.11) and (3.12) also for p = oO, 
inserting the estimates (3.22)—(3.25) in the above estimate of u - Phu in L(Q) • 

• Example 3: Let its consider the plane Dirichlet problem for the Laplace operator of Exam-
pie 1. Assume there is only ifici corner point 0 E t9D with an angle 'w0 >'. The corresponding 
bilinear form a( . ,.) is symmetric and therefore we have p = 2.. and ,.t, = 2+ . Since p.... = ,L. 
+ i(N -- 2m) = 2+ =	we get the well-known result Tm 2 + = —Tm 2_ = /w0 in our case. 

•	We consider the case p = oo. Since Tm A_ + m = —2r/(ao + I > 0 and —1mA' + Jm A-
+ m = — 27/w0 + 1 < 0 for w0 < 27, the first estimate of.(3.12). implies 1ju - Phu; L(Q)J 

If; L9(Q)1I . If w0 = 2ir, the second estimate of (3.12) yields Iju — Phu; LO-O (S2)11 
Ch 112	Ill; L°°(Q)II.  

Example 4: We investigate the plane Dirichlet problem for thebiharnionic Operator, i.e. 
A 2U= fin Q, u = 8u/8u = 0 on Q. Let Q be a domain with the singl corner point 0 with 
an angle w0> 1260. The corresponding bilinear form a( . , ) is symmetric and consequently Nye 
have p.--	+ i(N — 2m) = 2^ + i(-2) = A... and Tm 2^ = -m).- - 2. H. MELZER and 

- .	R. RANNACHER [13] have calculated the numbers Tm L for angles wo € (9,2z]. In our case we 
•	have then'-3 :5^ Tm A	-,1.5 and consequently —0.5	I  2+	1.  

•	Let us.consider the-case p = co. We divide it into tvo subcases. 
1 0 im A_+ m < 0, which means w, < :3/2. Consequently; . —Tm 2+ = Im A_ + m < 0, 

and the first estimate of ( j ; 1 1) yields II - Phu ; L°°(Q)ll	Ch- 111)-° Il/ L (Q )Il' if	< 32/2. 
20 Tm 2... + n 0, which means w5 > 3t/2. Then —mi 2+ ± I 'm 1_ + m = 2(Em 2... + m)

^ 0, and the second estimate of (3.12) yields lu-- Phu; L°°(Q)ll	Ch- 31m1_-4_e If; L°°(Q)lI''  •	if co	3i/2. Especially for w0 = 27t we have 1ju — Phu; L°°(Q)II	C h 112 ' Ill; L(Q)ll. 

•10 *	s•	•	 .	. S	 -
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4. Finiteelement methods in domains with edges 

" We pick, up the threadsof Subsection 3.1. We assume for simplicity,that the domain 
Q N, N . > 3, has the only edge M: We take an analogous partition of Q and 
introduce the set U(h)' in the same way as in (3.1). We deal with the family {S h} of 
finite-element spaces 'ith the properties 1 and 2° of Subsection 311. 

4.1 Error estimates in W m2(Q). The qualify of the err estimates depends essentially, 
on the regularity , of the solution u of (1.10). Therefor:e we first introduce the definition 
of a significantly singular' edge,analoously to the Definition 2of a significantly 
singular point.  

Definition 4: The edge M is . sigiificantly singular if there is appintz 1 E M such 
that	 0	 0 

,I'-2m <In 2L(z1),  

where A_(z 1 ) was defined by (2.4). 	 .  
We denote lm,2_ = sup {Irn 2_(z 1 ): z 1 E . M} =. I m 2_(s) as in Subsection 2.4. if 

(4.1) is valid and the assumptions of J]emrna 5' are satisfied, then for every / € L2(Q)

	

O ,	the solution u of (1.10) is from T72- 2(j?, TmL	1 + 2m+ s), 'but V2m.(Q, I  L 
—1 +2m + e)	V2m.2(Q,0)	W2m2(Q). 

Example 5: We consider the Dirichlet problem zlu= —/n Q, u = Oon eQ, where Q 1R3 
is a rotation-symmetric domain with an edge with constant iñtcrir angle 3r/2. Then Im A 

0	

= _2/3.' The relation (4.1) is satisfied and _1lI issignificantly singular.	 0 

0	'

 

Theorem 7: Let a( . , .) be a real bilinear form-which satisfies the 'conditions of the 
'Lax-iMilgram Theorem (2.6) and -(2.7). Assume that there is only one significantly 
singular edge M, that the line mm 2 = 1 - m is free of eigenvalues of 10(z, 2)"/or z € M 
and that the 5roperty (R) is valid. Le {Sh } be a family of finite-element spaces with the properties 1 and 2°. Then the 'finite-element solutin P,u € 8h approximates the solution 

0 

u of (1.10) in the sense   

	

ju- Phu; Wm2(Q)II	C h_1	—n+lc If; L2(Q)II 
•, 	 '	

'	 0 ' '	
(4.2), 0 

	

• 0 0	 provided f € L2(9).  

	

0	
/ 'Proof: Using the ideas of the proof of Theorem 5 and the estimate (2.10) Nvë gt 

	

O	the assrtion I 
• 4.2 Error' estimates in LP(Q), 2 :s^ p	do[The basic idea in Section 3 was to use 

0	 the Aubin-Nit'sche trick in order to et error estimats'in'LP(Q), 2^ ^ p	00. The' 

	

O inequality (3.10),' the regularity of the weak solution it of problem ().10) and the	- 
. regularity of the solution of the corresponding adjoint problem (see Definition 3) are  

O the keys for these estimates. The regularity of the solution "u was discussed in Sub- 
section 2.4. Let us now formulate some results about the regularity , of the solution of 
the adjoint problem.  

Lemma 9 ['12: § 5]: Let 9(0*(z, )'be'the operator which is determined by a*(.,.) and' 
which is defined analogously to 910(z, 2) (cf. (2.1)).'Then 2 0 (z) is an eigenvalue'of tb(z,2) 
iff'1zo(z)	20(z) ± i(2 - 2m) is an eigenvalue of 91 0*(z, 1u)..  

	

O	 •0 Corollaries: (i) If the line Tm 2 ='—rn + us free of eigenvalues of ,210 (z, 2) for 
all z € 1W, them it is free of eigenvalues of to*(z, ia ), too. '(ii) The imaginary parts of the 
eigenvalues of f0(z, )) and I1o*(z, 1u) are situated symmetrically 'to the point —m 
(cf. Fig. 3). (iii) Let 2 = A_(z0) be an, eigenvalue of ¶1(z0 , A) given by Definition 4 and 

I	''	 0	 0	 0	 \ 

0	 / 
0	 ,	

0	 ,	 N
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2^ = 2;() an eigenvalie of	2) for which lm 2^ = Im 2^(2)	1w 2+(z) for all
z € M. The corresponding eignvalues of the ad joint problem are are . = 2. 4. ± i(2 -- 2m) 
and z+ = 2_ + i(2 — 2m),' and consequently we have Tm z_ = —Thi 2^ — 2m + 2 

• - and Tm ji+ = —Tm 2_ — 2m + 2.	 . 

Theorem  8: Assume that the süpposit ions of Theorem 7 are satisfied and that the 
pr Op R)-holds for a*(:, •), h3o, (hat the right-hand side of (1.10) is from L(Q), 
2 ^p < co, that Sh c W-(Q) for p < oo and Sh cL°(Q) for p = co. Then the 
finite-element solution Phu € 81, approxiniates. the .slut ion u of (1.10) in the following 
wad: If one of the conditions •	 .	 S...	 •	.	 SS .	 ..	 - 

)m	,ImL+rn<02 p<co, 

	

h)m :-1 - 4 1w L + rn 0 2 p < Tm	rn 
5	

. 'c)n<,2'^p<	
2	<	

:. 
•	

•	 2	.	Tm 2_ +,m	N - 2m	 S	 S •	- 

	

N	 2N	2	.''	 •. 

	

d)m<—,2<p<	S	 •<	 . 

	

2 . •	 .N - 2m	1w j. + m	•	 • 

is fulfilled, then	 .	S	 S •	 S 

- 	 .II	- Phu; L(Q)II	'	.	S	 •	 •	 •	

...	

S 

<.0 f h'IP- vi —Iuil '- hf LP( 0)hI	 if — 1w	+ 2/p , <. 0,	1 

=	h %Jp— '1/ —Tn + 1in1 — 9/,O-,-I -t 
If

 
LO(Q)11'	if - [iii ,+ + 

2ip 

	

S	 ••	

.	 43). 

If 2/(l m 2.. -+- m)	p < co and one of the conditions	..	 S 

S	
N	 N	2	2N-

e) rn - Tm ,._ ± m ^. 0, 1) ?n < -, ..	 - 
S	 •	

-.	 2 mi ). + rn . N - 2m 
is fulfilled, then.	•	 S	 •	 • . S	

S	

• - 

Jw—. Phu; L(Q)II	
S.	 ••.	

.5	 S	 •	

. .• 

fhNI,/2_h12..+I_ f Ill; LP (Q)11 '
-

	+ imA_ +rn < O . 
= 

•	 Jf; LP(Q) if Tm 2_ - 1w 2+	0. 
•	.	-	 .	 . 

5,	 -	 S	

-	 (4.4).' 

•	

- ItS.	5	 -	 S	 •	 S	 S 

	

N	2N	2	2N 

	

g)m< 2 ,	 < 1m2_+m' Al 2m, 	
• 

•	 then	
'.	•	 •	 S	 •	 -	 S	 •	 . 

lu — 1'hU L(Q)II	 - 

2 - 1m - + ' hi; L(Q)M	. i/Jni ^ + I — 2m/N <0, 

	

i h-v/P - N/2-lt til-+Ijii2,+2#n/N—c Ill; L(Q)jj if — ]III  2^ ± 1 — 2rn1N	0, •	 • - 

•	 s	

'	 ._	 -	.	 .	
/	 (4.5)' 

where > 0 is a small real number. if 
p= 

oo , and N(Im 2_ + m)/2 < rn, then the 
corresponding. estimates are valid, too.	•	 .	 '	 S	

••	 •
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Proof: Cases a) and b): It follows from the classical inibedding theorems that 
- V W-,2(Q)LP(Qyand from Reiiiark 3 that u € V2m.P(Q , Im 2— 2/p + 21m + e) 

V"P(Q, 1m). - 2/p + in + s)	Vm.P(Q, 0)	Wm (Q) for a sufficiently small 
• e > 0. For the solution u of a*(u9, v) = (g, v), where .g € L(S)) , I/p + I/q = 1, we 
• have u € V2 (Q, mi 4i& - 21q + 2n + e) Vm4(Q, Iniu_ 21q + m -P e). 

= + 2/p - in ± e) Wm(Q) because 2/p '— m < im2. There- 
fore Lemma 8 is appliable for X = LP(Q), X 1 = Wm P(Q) and X 2 = W m 4(Q) and we 
have	 . 

-	 '	' -\J u W"(Q' 
lu - Phi; L(Q)H	C	- Phu'; W m.P(Q)IF sup	g	 h g,	 / 

I	 O4jLQ(Q)	 ki; L(Q)Il '
(4.6) 

We estimate the first factor, using the inequalities (3.2) and (3.4: 
.	•u	•PU ;' W m (Q)l1	 S	 S 

flu. -- ihu; W m P(Q)Il + lllhu - Phu; Wm.P(Q)Ij 

' C(u - 14u; W mP(U(h))lI + 1k	Ihu; WmSP(Q\U(h))II 

	

+ h"1- \/2 ll Ihu - Phu Wm ( Q)lI)	 - 

Using the properties of U(h) we get, analogotislyto the proof of Theorem 6, that 

ha - IhU W m P(Q)11 :!E^ C h-'" + /p-n- f/ LP(Q)f1 

haVing in mind the ineqialit' (2.10). Further it follows from (4.2) that  

hNIPN12 hhIhU - PAn; JJTm.2(Q)ll ^ C h N1P- N12	 V+1C hh/; .L2 (Q)ll .	 -: 

Since —liii 2_ ± 2/p in > N/p . — N12 - mi 2_ in -f 1 we get 

•	 •	 .	 flu - Phu; Wm-(Q)) < C hAIP-N/2-Im2-m+1-e Ill; LP(Q)11. 

We now estimate the-second factor of (4.6). The estimate (3.2) and Remark 3 yield 

- l ug - Ihu; W'(-Q)hl	 . 

•	 ^ C  
1 h1"'A++-m-2/p-r'" fg;LQ(Q)	 if —Im 2 ±	< ,	 48 

-	 Jg L(P)1 if —im i + 2ip o 

• We have used that Tm /t-.- 21q + 2m = —Tm 2 + 2/p. inserting (4.7) and (4.8) 
•	

. into (4.6) we finally get (4.3). •	 S 

	

• •

	 Cases c) and (1): The elasical imbedding theorern imply that VWm.2(Q) 
L /( " ) (Q)	LP(Q)..Further we have that u € Wm•P(Q) as in the cases a), b), and 

	

-	
• since 2/p.— m < Tm 2,, it9 is from Wm .Q(Q) , I/p - l/q = 1;Therefore.we again get 
the estimate (4.3).	 .	 .	 •	 . 

Cases e) and f): Lemma 6 yields that. it E L(-Q). We have	• 

hit - Pu; L(Q)ll flu - IA-u; LP(Q)jj + h An -.Phu; LP(Q)1 1.	(4.9) 

It follows from (3.2), Remark 3 and the properties of U(h) that 

In - IAU LP (P)hl	Cfu LP(Q)fl	C (IIu LP(U(h))II + lu Lv(P \ U(h))ll) 

S	 -	
C	 hIt; LP(Q)ll;	

-	
(410) 

•	 S	
• 

S	 •	 •	 •
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Let 6 0 be so small .that —Tm )^ + Im i_ + nt + 6'< 0,  provided —Tm 1, + Irn,_ 
m < 0. Since 2/(Im L + rn + 6)' < 2/(Im L + rn), it follows from b) or c), 

using (3.4) for q 1	2/(Im 2_ + m + 6), that	 . 

llJhu	h; LP(Q)ll	.	:. 

^ C jh )v1P—N12-1M)._+l—C II/; LP(Q)li	if—Inr2.T+ 1m1_ +.m <0, 
-	 il/; L(Q)R if -Tm 2+ + Tm 1_ ± m ^ 0. 

(4.11) 

Since 2/p— Tm2_^ N/ —N12 - 1m2_ + 1-and' 2/p —Im2_. N/p 
- 2 1  

_ 
+ !in 2^ - rn + I-in the second, case Ave, get from (4.9) and (4.11). the 

etimate (4.4).	 S 

Case g): The inequalities (4.9) and (4.10) are again satisfied. We apply the inequality 
(3.4) for q 1 = 2N/(N - 2rn) in ordér,to estimate the second term of .(4.9). Wehve 
IlIhit	Ph-u; LP(Q)II	C hNIP—NIQ iiI hU - Ph-u;	Using now the inequality. 
(4.3) in the case (1) for q 1 instead of p we get	 .	. 

JIu - Phi;  

	

IIIhU - ; LQ '(Q)	-	 . 

•	

S	

Jh_Im.._m+l_s Ill; LQ (Q)ll	if —Tm	-f- 1 - 2m/N< 0, - 
0	

h_1m..+Im1+_m+2m—t lit; L(Q)	if —Tm 2 + 1 — 12i/N	0. - 

Since —1m2 ± 21q, >: 	- rn -f1 if —Tm 2^ + 1— 2m/N. < 0 . and 
• . . —Tm 2. + 2/q 1 ^ —Tm 2_ + mi	rn + 2m/N.if —Tm 2+ + 1 - 2rn/N 0, the' 

estimate (4.10) for p = q 1 implies	 0	 .	 • 

llIhU - Phu; L(Q)	, . 

^
JhmflA_7l_t Ill; L(Q)	if —In;., ± 1 - 2m/N <0,  

— C 
lh_ Im + T	m+2m/Ne If; L(Q)j if —fin + 1— 2m/N > 0. 

(4.12) 

-The inequality(4.5) follows from (4.9), (4.10) and (4.12) because of'— TmA_ ± 2/p 
• N/p — ,N/2— Tm 2_ + 1 and.--1m2_ + , 2/p	N/p - N12 - Tm _ +.im 2^ - 

+. 2m/N- if—Tm 2+ +1 - 2m/N :^! 0.  
Camp = oS: We assume that N(Im2_ + m)/2 < m and that 6 > 0 is such a small-

real- number that N(lm 2_ + rn + 6)/2 < ni,- too. -Let Do =2/(Inl )._ +m + 6). '	It follows from Remark 3 that u V2m.Po(Q, im 2_ - 2 /po + 2rn +' e)  
Tin 2. - 2/Po + m + e)	Vm-°(Q, 0)	WmPo(Q) L(Q): We. have 

	

Phu; L(Q)II ;;^_ I lu - Jhu; L(Q)Ii + Ilihu	Phu: L(Q)ll.	(4.13). 

We estimate the first term of (4.13):	 '	.	.	•	

0 

-	 lu - Ihu;	(Q)I1. = niax (iIu - Ihu; L(U(h))lI, lu- Ihu;L(Q \ U(h))). 

We get fro  (3.3) uic1 Remark-3	S	

S	 ,	 S 

1k - I hu; L(U(hJ)il ^ Ch-1' Ii Vmu ;' 1 °( U ( h ))ll	 S	 •	 -	 S

:!E^.Chrn_N/p, h_11A_-21P–m_ lu; V m .P.(Q , mi 2. —2/1)0 + rn + e)ll 
•	 . - S	

- - ^ Ch-"	N/p.+2/p—e .11/; L '(Q)ll .	-. -	 -
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•	Analogously we get	- 

1k	Iu; L(Q \ U (h ))II ^ Ch2"I1'° IIV2rnu; LP-(Q \ U(h))II 

•	 -	 Ch-.n	IPo+2IP- '/; L.(Q). 

•	orisquent1y we have	 ••.	
.. 

•	
- lu -7 Ihu; L(Q)ll < Ch!--'1p21p°'  

We 
now consider thesecond term of (4.13). The estimate (3.4) yields for a very large 

I 11hU —"Phu L(P)Il ) Gh- 1 liIh'lL — Phu; L(Q)l1 
We etimate Ilu —.Phu; L#(S?)Il  by:(43), (44) or (4.5) and lu — Ihu;L(Q)lI as before 
and get the assertion I .	

Example 6: We consider the 3dimensional Dirichlet problem for the Laplacian: 

•	-	

J 

f iu	i-	I' 
a(u, v) = X I — --- dx = I Iv dx	Vv E W0 ' 2 (Q),/ € L°°(Q). 

i=i	 -	S 

	

S	 -	 •< 

The weak solution u € W0 1.2 (Q) is uniquely determined. Let 1m).' = —/ o co > . \\T have 
•	

' Nm (I A + m)/2 = 3(—	d--1- 1)f2< 3/4 < in = 1. The assumptions of the case g) are 
•	-satisfied for p = oo. Formula (4.5) yields the error estimate lu -, Phu; L°°(Q)II = 0(h4wo1/2). 

•	 Example '7: We consider the 3dirnensional 1)irichlet problem for the biharmonic equation: 

: -	a(11, v) =fox,-.  ---	dx = ftv dx	Vv € W02.2 (Q), I € L°°(Q
1 	x7-  

Q	 Q	--	 S 

The weak solution. u € W02( _Q) is uniquely dermined. Let w0 be the largest angle of M. he - 
case a) is satisfied if Im )_--+	< 0, which means	126° < w0- < 180°. The case e) is satisfied-

•	 if Tm 2- + m 0, which means w0 ;> r (see H. MELZER and R. R. ANNACHER [13]). Conse-
-	quently,.  

-	
1k —'P5U 1'(Q)II 

= J0_h/2__	if '-.-l26° < W0 < 180°, 
 if w0 > 180°.	 - 
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