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On Nonlocal Problems for Pseudoarabolic Equations 

M. MAJCHROWSRI 

Es werden drei nichtlokale Aufgaben für pseudoparabolische Cleichungen betrachtet. Ihre 
Losungsmethode basiert auf der Konstruktion der Rimannschen Funktion Mr einen gewissen 
Differentialoperator dritter Ordnung. Damit werden die Aufgaben auf die Losung von Inte-
graigleichungen gefuhrt. Es werden hinreichende Existenzbedingungen für die Losung der 
nichtlokalen Aufgaben uiigegeben.	 I-. 

PaCCMaTpHBaIOTCH TH l!eJloHaJlbllbze 3aJa'rn yi,.iii nceBJ0napa6oJmMecsuix ypamLeuul. 
MeToj ux peweiinn odlloBaH Ha X0HCTHI14fl 4yiixiiiu PuMaua LJiH HeKOTOpOrO JH44e-
peHuHaJlhHoro onepaopa TpeTbero nopngla. 3THM 3aJauH CB0)1,HTCH K 11I1TJ1bHMM 
ypasHeHHHM. C0p1yJIup0Ballu gocTaTo'lHale yci101iufi IJIH cywecTBoBaHHn peweiiu 
He1oHamHux 3aJaq. 
Three nonlocal problems for pseudoparabolic equations are considered. The method of solving 
of these problems is based on constructing the Riemann function for some differential operator 
of third order. The problems lead to respective integral equations. Sufficient conditions for 
existence of the solution of the nonlocal problems are given.	 , 

1. Introduction. Partial differential equations of the 3rd order, e.g. pseudoparabolic 
equations, possess many phyical applications. These equations describe for example 
diffusion in a fissured medium with absorption or partial saturation, congelation of 
glue, they appear in the weak formulation of the 27phase Stefan problem, in fluid 
mechanics and in other problems (cf. [2]). Nonlocal problems for pseudoparabolic 
equations appear also during the numerical solving of some special kind of boundary 
value problems [9]. Nonlocal problems 'were at first considered for partial differential 

,. equations of the 2nd order of elliptic type [1] and later for parabolic , equations of the 
2nd order and parabolic systems (cf. [4-8, 10]). 
\Jn the present paper three nonlocal problems for pseudoparabolic equations are 

considered. The method of solving of these problems is based on a construction of the 
Riemann function for some differential operator of 3rd order. D. COLTON proved.in 
1972' (c.f. [3]) the existence of this Riemann function by a fixed point method. Ii 
1982 the existence of the Riemann function was proved by V. A. VODACHOVA by 
means of integral equations [11]. In this paper we will use properties of the Riemann 
function constructed by 1). Colton. For pseudoparabolic equations, a nonlocal prob-
'1cm was considered only in. [11]. The nonlocal problems for pseudoparabolic equa-. 
tions considered in this papercorrespond to nonlocal problems for parabolic systems 
of equations of 2nd order in [6-8]. 

Let Q= ((x,t): xE (0,1) and ' 1 E (0, T)}, for 0 <-, 1, T < co. Now, we can define 
the operator L by  

Lu. uxj + Au1 + a(x) u± 6(x,t) u + c(x) u	 ,	 (1)
for u = u(x, t), (x, t) E Q. We' assume that A = ' const, a E C'[O, 1], C E C'[0, 1], 
b E C'(Q) and b(x, t) < 0 for (x, t) E 92.. In the case b(x, t)	0 the-solution for some
boundary value problems for the operator (I) may be not unique (c.f. [3]).
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2. Nonlocal problems. For the operator L defined by (1) we consider the following 
• nonlocal problems.	 . 

•	Problem (N-I): Find a function u = u(x, 1) that is regular in Q and satisfies the 
equation	

0 

Lu(x, 1) = f(x, t)	.	 ( 2) 
•	subject to the conditions 

u(x, 0) .= T(x) for x E [0, 1],	 .	(3a) 
u(i, 1) ='(t) for t € [0, T],.	 .	 (3c) 

•	
'u(l, t) =E 1 (t) u(x1, t) + 0(t) for t € [0, Ti, x1 E [0, 1],	 (4) 

• where r, ip, x, 9, / are of class C' in the respective domains. Some addition&l condi-
tions for a j will be given later. A. M. NACRtJSCHEV [9] proved that some special 
problems with conditions of integral type lead to conditions of form (4). 

Problem (N-II) ': Find a function u = u(x, t) that is regularin Q and satisfies the 
equation Lu(x, 1) = /(x, 1) subject to the conditions 

u(x, 0)	T(x) for x E [0, 1], 
u(1, 

t) = (t)	for t E [0,T],	 .	 (3b) 
•	u(l, 1) =E &(t) u(x1,t) + (t) for	E [0, T], x 1 E [0, 11,	.	(5) 

where r, q, Oc i , , / are of class 01 in the respective domains. Some additional condi-
tions fora i will be given later. A nonlocal condition, of form (5) was considered in 
[6, 7] for a parabolic systemof 2nd order. 

•

	

	Problem (N--III): Find a function u ='u(x,t) that is regular in Q and satisfies
the equation Lu(x, t) = /(x, 1) subject to the boundary conditions 

u(1, t) , = 92(1)	/ for ,t € [0, T], 
u(l, 1) = (t)	for I € [0, T], 

and the nonlocal condition 

u(x, 0) = ,V' 1 (x) u(x, 1) + (x) for x € [0, 11, 11 € [0, T],	• '	(6) 
j=1	

0 

- where 99, tp, t, a p fare of class C' in the respective domains. Some additional condi-
tions for a, will be given later. A nonlocal condition of the form (6) was considered in 
[6, 7] for a parabolic system of 2nd order. 

I . Auxiliary problems. To solve the nonlocal problems (N-I) - ( N-Ill) we need the 
solutions of the f6llowing auxiliary 

Problem (P): Find a function u = u(x, 1) that ,is regular in Q and satisfies the 
•	equation L-u(x, I) = /(x, 1) subject to the boundary conditions 

u(x, 0) = r(x)	for ' x E [0, 1],	 -	•	•	(3a) 
u(l, 0 = 92(1)	for I € [0, T], •	• .	• '	'	(3 b) 
u,(l, 1) = v(t)	for t € [0, T];	 •	'	(3 c)
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where , , , / are of class C L in the respective domains and satisfy'q(0) = 
r'(l) = (0). To solve problem (P) we shall need the following operator M, which 
was defined by D. COLTON (cf. .[3]) as 

Mv	v1 j - Av1 + (a(x) v) + b(x, t) vg - c(x) V.	 . (7)

Let v = v(x, t, x0 ,.t0 ) be a solution of the problem 

Mv=OinQ,	 S	 (8) 

-	v(x0, t, x0 , t ) = 0. for t E[0, T],	
(9)

v(x,t0 , x0 , t0 ) = 0 for x E [0, 11, 

v(x0 , t, x0 , t0 ) =	[e(t_ui) - 1) for t E [0, T],	 (10) 

where (x0 , t0 ) is an arbitrary but fixed point from Q. Thefunction v(x, t) =, v(x, t, x0 ,	-
is called a Riemann function for the problem (P). D' COLTON showed (cf. [3]) that the 
Riemann function v for (P) exists and is sufficiently smooth. His proof results from 
the Banach fixed point theorem. 

Now we apply Green's formula in the rectangle x < < 1, 0 <' <1, to the 
identity	 S

vLu -   uMv = [UgVg - utv - aujv + Auv, + Au,v] ax 

+ [auv + cuv - Auv]	 (11)at 

and from conditions (2), (3), (8), (10) we obtain the following integral representation 
for the solution of problem (P):	 .	. 

u(x, t)= T(x) +f [a() t' () v(; 0, x, () ± c(s) r() v(, 0, x, t) 

Ar'() v'(E, 0, x, t)] d	 - 

- f ['() v'(l, ,, x, t) - '() v"(l, , x, 1) - a(l) '(,) v(l, , x, t) 

+ Aip( j) v'(l , x, 1) + A 9 ( 7 ) v'(l, 77 , x, t)] di i 
S	

.	 It 

+ff v'(,71, x t)/(, ) d d j	,	"	,	( 12)

(for details see [3]). 

4. Solutions of the nonlocal problems. We can formulate the following theorems: 

Theorem 1: If the given junctions r, ip, ô, /, a j (j = 1,..., n) are-of class C' in the 
respective domains and

 
1 —E a(t) [v#; t, x, t) - Av'(l, t, x1 , t)] + 0  

for every I E [0, T], then a solution of problem (N-I) exists.
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Proof: Let q(t) = u(l, t) be such a function that the solution of the auxiliary 
problem (P) defined by (12) satisfies the nonlocal condition (4). We substitute (12) - 
into (4), which leads to the equation 

TM = f '() j	a(t) [v'(l, v, x, t) - Av1 '(1, 1, x1) t) -f- a(1) v(l, 71, x, t )]J d7) 
o	71	 - 

nV	

.	 I 
-f- Ea,(t)	(x1 , t) -f- 19(t),	 (13) 

=1	 V	 -	 V 

where	 V	 V 

(x, t)= r(x) +f [a() r'() v(, 0, x, t) + c(e) TM v(, 0 ' . X, t) 

V	 V	

- Ai'( ) v1 '(,0, x, t)]d + f [A'() v'(l, 77, , t)	
V	

V 

V V

	

- '(,) v

'(1, 7, x, t)] di1 ± f 	7, x, t) /(, ,) d di7.., 

Integrating by parts in (13) leads to the following Volterra integral equation of the 
2nd kind for ,:	

V 

V	
(t) w(t) - f	a1(t) [Av'(l, , x, 1)	

V V 

V - 

v(l, 	x 1 , t) - a(l) v(l, , x, t)]} d = F1(t),	
V	

V (14) 

where V	 V	

- 	 V 

V 

w(t) = 1 — E a(t) [v(l, t, x 1 , t) - Av'(l, 1, x, t)] 

and	V	 V 

•	-	,	F1(t) =	a1 (t) {(x, 1)	
V	

V	

V 

	

V	

V	
V 

	

- r(l) [v7(l, 0, x, t) -Av'(l, 0, x, t), + a(l) v(l, 0, x 1 , t)]} + ô(t).	V 

It follows immediately from the assumption of Theorem 1-that there exists a solu-
tion of equation (14). The solution of the Volterra equation (14) is of class C'[O, T]. 
This follows from the assumption of Theorem 1 and from properties of the Riemann 
function v (for details see [3, 11]). The function q' defines the solution of the problem 

- (N-I) by formula (12k  

Theorem 2: 1/ the given junctions r, , 0, and a (j = 1, ..., n) are of classC' in 
the respective domains and	 V	 V 

	

V	.1 +E a1 (t) v'(l, t, x, t)	0 '/or every t E [0, T],'	
V 

V	 then a solution of problem (N-TI) exists.	 ••	V
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•

	

	Proof: Let i(t) = u(l, t) be such a function that the solution of problem (P) de- 
fined by (12) satisfies the nonlocal condition (5). Now, we obtain the equation 

a 1(t) [A(i7) v'(l, n, x1 , t) + '()	,	, t)] dl) 
Oj=i	 V	 S 

a(t)	t) ± (t),	 S	 (15) 
where	 V 

-	 V	 , 

+f [a() T ' () v(, 0, x, t) + c() r() v(, 0, X, t) 

•	
- Ar'() v'(,0, x, t)] d + f ['() v(l,	x, t)	 S 

•	
+ a(l) q'() v(l, 7 , x, t) - Aç'(1) v'(1, j, x, t)] d 

S	 V	

+ff v'(, , x, t) f() d d.	V	

•	

V 

Hence,	-	V	 V 

/	 £	(n	
V	 V 

•	 t(t) ,(t) +. f p() j ' x i(t) [Av,1'(1, 77, x,, t) - v(l, ,,x1 , t ) ]J dij = .F2 (t), (16) 
•	 •	0	 1=1	 S	 - 

where	
S	

V 

V	

(t). = 1	a1(t) v'(l, t, x, t)	
•:	

V	 V	 - 

and	 -	 V	 V 

•	

V	

F2(t) = E a(t) [(x1, t) ± r'(l) v'(l, 0, x, t)] + (t).	
V 

• It follows immediately from the assumption of Theorem 2 that a solution of equation 
(16) exists. Owing to properties of the V Riemann function v (cf. [3]) this solution of the 
integral equation (16) is of class C'[O, T]. The function ip defines the solution of the V 

problem (N-TI) by formula (12) I 

Theorem 3:1/the given functions q', , t, jand c (j = 1,..., n) are of clüss Ctin 
the respective domains and •	 . 

•	 •	 S	 V 

\ 	

V	
S	 n	V	

V	

- • 

1 - ' x1 (x) e-'4' + 0 for every x E [0, 1],	 V 

S	

•	
j=1	

V	
V 

then a solution of the problem (N-Ill) exists. 

Proof: Let r(x) = il(x, 0) be such a function that the solution of the problem (P) 
defined by (2) satisfies the nOnlocal condition (6). It leads to the equation	V 

= r(x)	a 1 (x) + Z a1(x) f c() v(e, 0, x, t 1) r() d	- •	

•	 V 

•	

S	 +E a,(x)f [a() v(, 0, x, t1) 7 Av'(,Ox,t1)] T ()d+F(x) , (17)	V
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/ 

where	 S 

n	 -	- 
F(x) = -' c(x) f ['(,) v'(t, , x, t) - '() v(1, , x, t1) 

• j=1	0 

- a(l) 92'() v(1,-7, x, t) ± A(i1) v'(l, i, x, t1 ) + Aç'( j ) v'(l, , x, t 1 )] d 
n- 

+ Z x(x) f  v'(, j, x, 1,) /(, ) d d + i(x). 
j=1	00	 - 

From integrating by parts in (17), we obtain 

r(x) z(x).	I K(x, ) r()d + ' P(x),.-	 (18) 

where

z2(x) = 1 - 'x1(x) e— All,	 I 

P(x) = F(x) + Z a j(x) [a(i) v(l, 0, x, t 1) - Av'(l, 0, x, t i)] (0), 

K(x, ) =.' x 1(x) c() v(, 0, x, t,) - -- [a(s) v(, 0, x, t,) 

— Av1'(, 0, x, t)]}. 

It follows immediately from the assumption of Theorem 3 that a solution of equation 
(18) exists. This solution is of class C'[O, 1]. The function r defines the solution of the 
problem (N-Ill) by formula (12) I 

Remark: The situation in the problem (N-Ill) with a nonlocal condition of the 
• form (6) is more "simple" than in the corresponding problem for a parabolic system 

of equations of 2nd order. Problem (N-Ill) leads to'a Volterra-type integral equation 
but the corresponding nonlocal problem for a parabolic system of equations of 2nd 
order leads to a Fredholm-type integral equation that is always solvable. 
Nonlinear case. It is possible to consider the following nonlinearities: 

= 0(t, u(l, t))	-	in problem (N-I), 

t(t) = (t, u(l, t))	in problem (N-IT), 

= 't9(x, u(x, 0))	in problem (N-Ill) 

and

f(r, t) = /(x, 1, -u(x, t))	in (N-I), (N-Il), (N-Ill).	•. 

In this case the integral equations (14), (16), (18) become nonlinear equations. One can show 
that if the Lipchitz constant for the functions ô and / as functions of the last argument are 
sufficiently small, then there exists a solution of the corresponding integral equation. The 

- solution of the nonlocal problem is defined by (12).	- 
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