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KpnTepHil peryuipnocn 6ecKoHe91no yJaJie11110li TO'IKII gafl 3aaqH 
3ape31161 B noiyiiuiniijpe') 

T. M. KEPHMOB, B. F., MA3bH if A. A. HOBPW30B 

Es wird das asymptotische Verhalten im Unendlichen der Losungen des Zaremba-Problems
für den Laplace-Operator in einem Halbzylinder untersucht. Mittels des Begriffes der Wiener-, 
schen Kapazität werden punktweise Abschätzungen fur die Lösungen, die Greensche Funktion 
und das harrnonische MaB angegebcn. Däs Hauptergebnis ist eine notwendige und hinreichende. 
Bedingung Mr die Regularität eines Punktes im Uneñdlichen. 

l4ccJIe(yeTcn nOneJeHIIe Ha 6ecHoHe q HoeT11 peweHufi 3aJarn 3ape4M juin onepaopa Jila-
niaca B flOJIyIHJmIlJ1pe. Ilo.1y'1e}Ib1 To1e q HbIe O[(HHII peuleHHt, lJyHKLHH FpMHa H rapMo-, 
iiuecxo1 WPM,4opiyiutpyeti.ie B TepMIlIlax t-apMoullqec}(ofl eMicocTIl. Ocnoeuofl pe3yJu.- \ 
TaT - Heo6xo.iyMoe H AOCTaTO 1 1HOC ycJIoBne perynRPHOCT11 üecxoile qHo yaJienHon Toqice. 

The asymptdtic behaviour at infinity of solutions to the Zaremba problem for the Laplace 
operator in a half-cylinder is studied. Pointwise estimates for s(outions, the Green function and	-' 
the harmonic measure are obtaind in terms of the Wiener capacity. The main result is a nec-
essary and sufficient condition for regularity of s point at infinity.	 S 

§ 1. J10c'ran0ua 3aAaqu 3apcM6bt	S.	 S 

rlyCTb 0 - noJIyIuJII4I-lJp ' {x = (x'.x): x,, > 0; x' E co}, rAe ' co	o6JiacTb B	C 
• riia;tHoti rpaHHl4eü H FcoMnalTHMM aaMhIFcaHlleM.. 1IpenoJ1OH1M, '-ITO Ha aG Bmgeaeito 

3a5IlcIlyToe 1IOjMHOKCTB0 F, HMeloLIee apeeJIbHhTeTQ q Kil Ha 6eCKOHe qHocTu. FlyCTl 
eue

0, = {x E ,G: x, > },	8, = {x E 0: x, = r},	F, = {x E F: x,, > t. 
• 4epe3 k, k0 . k 1 , . -. 6y)e1 o6o3HaaTb rloJIo+cI4TeJlbHbIe }cOHCTaHThI, 3aBIcHhLusle OT 71 

if oöJIacTH co. 'B ciyae n-> qp3 cap (e) o603HauM rapMoHHeclylo eMFcocm 
6opeJleecKoro MHo?lecTBa e R'. Flpii n = 2 TO e 0603Ha qeHue LIPHMCM ni 
eMFcocTH, nopo?eHHoü onepaopos -A + 1. lepMuH FBa3u-Bc1oJy" 03Ha4aeT 
,,BHe MHo?1ecTBa eMKOCTII HyJib". BBeJeM I1OCTHCTBO L2 1 (0; F) I)y llKl U1 fi Ha 0 
C FoHe q l-loik HOpMOII	 S	 S	 - 

S	

IIUI!L,(G;F) = (
J 

(grad u) 2 dx +f u2 dx) l/2	 (1.1) 

paBHblX HyJLIO HBa3u-1361Oy Ha F. CJIeCTBI1eM HepaBeHcTBa -Xapjut HBJIHeTCH 3HBI1-
S '
	 BaJieHTHocTb aToft 11 cJiejiyioiuefi HOMhI  

(f ((grad u) 2 + X. + !)2 u2] dx)U 2 . S	
'	 ( 1.2) 

1) DopMyJIHpoBIt RoRa3biBaeab. ix Raji .ee yTBep4ceHltn 6i.aif ony6iHHooanH B aaMeTKe 
au'ropoe [5].	-	 S	 .	

S	 -	 S 

8 Analysis Bd. 7, Heft 2 (1088)	 -	 S
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OTcIoJa aaKJllo qaeM, 'ITO MHoicecTBo 4)YHHIU4 113 L2 1 (G; F) C FcOMnaKTHhIMH HOCi-
TeJIHMHB 0 HJIOTHO B L 21(G; F). HocKoJlbKy la y1O(yHKuHIo 143 ynoMfiHyToro 
1HoacecTsa MOaHO npu6.rin3wrb B W2 1 (0) n ocJ1 eyoBaTeJ1bHOcTb10 r.naginix (fyHUH, 
3BHb1X HJIIO B5JII43I4 F, TO IIOCTHCTBO C0 (G \ F) 1'IJIOTHO B L2 1 (G; F) (cit. [4]). 

FIYCTb L2 1(GF) - flOCT&HCTBO JrnHeiHbIX 4)yHHUI4OHaJIOB iia L2 1 (G; F). Jho6oi 

(I)y1I1uI4o}IaJ1I E L,- '(G; F) HPe1OTaBI1M B BHL 

1(v) =f (i	± 10V) dx	(v E L2 1 (G;	'	 ( 1.3) 

rje /, (x,, + 1) /o E L2 (G) [6]. OTMCTHM, 'ITO HM JIIO6OM r E (0, oo)  

2	 k(r)	2 - -	 IIUIILs(G\Gr)	cap (F\F,) Igrad UJ[,,(G\G,),	 . 

cm. [9: rji. 10]. flOaTO1y ecjiii Fiiieer flOJ1OBflITJIbH3TB3 CMIcOCTB, 'ITO yaJIee 5yieM 
BcerJa npejwOJIal'aTb, TO nopa (1.1) aiBnBaJieHTna I-loprIe Ilgrad uIjL(u). 

PaCCMOTPHM I4HTerpaJIbHOe TO?+JecTBO 

f grad ugradvdx=/(v),	 (1.4) 
G 

re / E L2 1 (G; F), v E C'0 (G\F) 7 u E W2 '(G\G,) npHiiio6om -rtipaBHaHyjllOHBa3H-
i3cioAy iia F. Ecini Hpeuo.mOHHTb JOnoJrnI4TeJIbHo, 'ITO n (1.3) /i E W2 1 (G), TO, MK 
' 113BecTHo(cM. [2: . 15]) u E W2 2 , B M3JIOiI OHpeCTI-IOCTH llpoI138OJIbHOii TO'IKB MHO- 

4-ecTBa G\F ii , paBeHcrBo (1.4) MO?THO rIOHHMaTb B CIIJIbHOM cMbIcJIe: 

—/,u=f0 —divf B 0,	--/ . v Ha 

U = 0 1cBa3H-BCIO1y na F,  

- rje / = (I ..., /,) II v - BHewnnn HOpMa.mbH W. floaToMyynHI.wouecTecTBeHHo 
a3rnam (o6o6uçenn&.a) peutenuest saOa'iu 3ape.6u. Eciri u E L2 1 (Q; F), TO 6yeM - 

I'OBOpHTb 0 peutenuii C Kone'uuM unmepa.Jzo.4f /lup uxuie. B aTOislcJIy'Iae B IaqecTBe 
V B (1.4) MO?KIIO B3HTI, J1I06yI0 yHFqH1on3 L2 2 (G; F). J1OcOJIbHy B JieBoli qacTI1 
(1.4) HaxognTcn ciaiinpHoe npOH3BeAeHme B L2 1 (G; F), a B npaBol 

I - 

JiHHeiHbIl 
()y1IEcivaOHaJI Ha L2 1 (G; F), TO pelnel-Ine C 1OHe'IHbIM I4HTJ1OM ,1inpnxJIe cyue-
cTnyeT ii eJnhICTBeHIIO. 

§ 2. BenoMoraTejIb1uIe y'rBepeIIini  

HacToslIw4h rIaparpa ' cojlep7HMT ABa BdnOMOraTenbHhIx	 H HMHhI
cBeeHuH 0 peiiieax ojuioro O6bIIHOBeHhIOrO 1 )epeHIu4aJ1hHoro ypaBHell14n.. 

- - JIeMM a 2.1: .17ymb 96yuKtfua u ueem ,oe'w.'o nopty (1.2 u yaoemeopthi 
,tepaaencmey Au 0 na G.0 Kpae603ty yc.'weu,o au/& 0 na G\F a mom ctbicze, 
'Imo

-. C 
grad u grad v dx	0 npu 0	v E L2 '(G; F).	-	(2.1) 

[Iycmb, cpote moo, u(x)	0 ,ccaau-ecioay ,a F. ToeDa u(x)	0 ,taG\F. 

JoHaaaTe.mbcTBO: TaK iai u_ = (Jul - u)/2 = 0 KBa3I-nc10y Ha F, TO 

-u_ E-L2 1 (0; F) ii - B (2.1) MO?}cIIO r1OCTaBHTb v = u_. Tora lig.rad u_IL, ( G ) = 0
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= coust. ' 3Ta KOHCTaHTa paBHa HyJilo, fl0CK0JIbH U_ = 0 Ha MHO}HCTB HOJIOKH-
TeJlbHoü eMHoc'FH •'  

J1e1!a 2.2: Tlycmb / = 0 ita'G, u u — pezuenue 3aôau 3apeM6 e KOH'-'oU—Hb1,St 
unrne2paJw.4t ,4'upux.ie. Toôa 

•	sup Jul	k IJUJIL,(GA\GA+,) npu 2> i.	 /	(2.2) 
SAU	-	 - 

OueIlKa (2.2) J.rrn pemeiuit aiinmqecrntx ypasHeilnu liroporo nopua B'JUiBepreHTHofl 
ope c H3MCpIIMb!MH orpal! qeniii H63H[HeHTaMH AoKa3aHa M03epoM [10]. ToqHee, 

B [10] noy'ieiia HlIyTpeHHnn JlofcaJIblLan OIjCHKa Ttua (2.2), oHaxo, joicaaareicro iierHo 
pacrlpocTpaHlleTcn iia pacemaTPI[Baembirt 3JCCb ciyalk. 

flpuBejei1 HeEoTophIe jimionb3yew-de B gajibiicthueNi.CBeAetiHH 0 pemeHiuix o6hIH-
11oBen}Ioro U l4ePeIIIIilaJlbHoro ypaBHeHIIfl 

	

"(a) —p(o(o) =6	 (2.3) 

• Ha HOJIyOCH (0, co), rje p - H0TPI4UTJ1&HH HaMepuMafi 4yiiiciun, oTJIL44Hafl-oT 
ToHceeTBeHHoro nyi. 0603Haquf epea Z pewene ypauiieirnn (2.3), yoBJier-
Bopn1onee HaqaJ1I,HiI ycaoBHM Z(0) = 1,'Z'(0)= 0. FICHO, qTo Z — Bh!H1JIR 

• B'H113 Heyb1BaIoILafl (yHIurn, yoBJIeTBopHIOIIa! HepaBeHcTBaM Z(a)	1 H 

lim Z()/> 0. JlycTb z(a) = Z(d)fz2 — ewe OHO fl00HTebH0e 11pM 

•

	

	
>. 0. peiueiite ypaneHn (2.3). BpoHccilaH zZ' - z'Z paeH. eHHH1e B i'(0)

= —1. Dyi-1fcuHH Z — IIeB03paCTa!oLuaH, Tax IaK 

z'(a)=Z'(a) fdd	I	f'_	=. 

	

J Z(a)2	Z(a)J Z(6)2	Z(ci) 

B cuiy (2.3)' yHKw4	' iie y6b1BaeT H CTPMHTCR K HJ11O Ha 6eccoHe1qHocTI. Ho-



3TOMy flH uo6oii a> 0' 

f [z'(a) + p (or) z(o)2] da = z(a) z'(a)I = —z(a) z'(a).	 -, - 

•

	

	HdnoJlbaya 3T0 T0?I-LCCTBO, BaHJIIO'laeM, 'iTO 4)yHrnncI a -± Az(a)/z(a) pealrn8yeT
MHHHMM 4)yII}CLHOHaJ1a 

f [ ' (a) + p(a) (a)2] 

iia MHoecTBe a6coJllorH0 HenpephlsHhlx (jyHIuiI, floJ qHHeHHhIx yCJIOBI4IO (a) 
A i-i 3TOT MIIIRIMyM paBel-! —A2z'(a)/Z(a). 0T1eT1,Ii Ta}c?fce, 'iro AZ(or)/Z(a) coo6-

IEaeT . MIlHIIMaJIbHoe aHaqeHiie A2Z'(a)/Z(a) yH}1IoI1aJ1y 

-'	 -	
f ['()2 + p(a) (a)2] da,	 •-

 rye a E (0, co), a — JlIo6aH a6coJ1loTHo IlenpepwBHan yHKIwH, yoBJIeTBoprno[Lan 
-	ycJloBl-uo (a) = A. Ha c}ca3aHuoro 0 MHHnmHsagmn aTMX 4yHiLHO11aJIoB cJleyeT, 

•

	

	'ITO flpH yBe;II4'lenHu (()y1IIfl1IH p OTHOUICHHR j z 'I/z H Z'/Z He yMeHbIuaIoTcR.
0Tc1oja.HeTpyJuIo nOJIyHTb oten}cH T J1R pelfleHllh Z LI Z 11 PM JW H0JIHLITe.nbH bIx orpa-

8*



116	T. M. 1-cEPRMOB, B. I'. MA3bH it A. A. H014Pv30B 

nHqeHlfRx Ha p. Ecsiii, lIanpI11ep, p(a)	x = const, qTo Bccra uMeer MecTo JJIH 
(fyHHI4uü p, BOSH n4-aIOu11X B aJIbHeiiLlleM,..To cpaBHiiai (2.3) c ypauenei 

-	= 0, noji yqae hi 

0	< x' /2 th(c' /2a) ^xh/2	 ^---- <O: —	. 

Hororiy npll JItO6hIX a, a> 0 

Z(a)-^ Z(o + a)	Z(a) C'h'a If z(a) e"0 :E^ z(a + a) 

§ 3. Oieuiai peuieiinli 3aaII 3apei6i.i	 . 

lloiioiari (a) = cap (F. FG,l) it paccMoTpH,M oôhlHHoBeHHoe 14epeHw1aJ!bIIoe 
ypaiieiiiie

 
"(c1) — k(a) (a) = 0,.	a >0.	 .	-	-	(3.1) 

Tei ca-mum MbI noJlaraeM B (2.3) p(a) = k(a). .CooTBeTcTByFouIle TOMy BhI60py 
I-leB03pacTaLoLLlee it Hey6hIBaIouee pellet-huH ypaBHeHHR (2.3), oiipeeiieie B § 2, 
6yjeM o603Haam rto-npcHeMy qepe3 z it Z. Cieyioivan jieita, 6sIu3Fcan K aHa-
j10I'1 q HblM yrepgeiiia	RJIH .3aja q li jIupuxie, uO31yeIi}ihIM B [3, 8], HBJIReTcH 
JJ1Io qeBoii.	-	 - 

	

•	 eiiia 3.!: 11gc/zb / = 0 ,ta G, u u — peuiewte 3aa'ut 3ape.it6 c Kone'utbz.4t u,-trne-
pao.P.i /upuxie. To3a	.	. 

/ f
U(X) 2*dx' <2..fu(y)2dy' npu 'x,, > y > r.	 (3.2) 

	

• -	 LoHa3aTeJIbcTB0: flycm S –)?(s) — Eycoq Ho-i1i11IeHat-! (j)yuHLuiH .a R', 

	

•	paiiaa iiy.iuo flll S <0 H.euI}{ittLe Ilpi-1 s > 1. flocTaBLI1 B (1.4) j)VHHWIIO x	v(x) 
=	— o))u(x)(x E G), ret > a> -r. Torija 

f (t	
)

 
(grad u) 2 dx '+ --fn' 

(t — a)U(X)	(x)dx = 0 
U	- •	 U 

I4JIH, qTO pasHoclIJIbilo,  

f	2E 
(grad u) 2 dx ±	

e)— (a) = 0 

-re (o) •_•	 ju1I(s0 ) . _ [Ie p.exo jui K upeeJiy upuE -0, 3at-iJIIo qaeM, q ro	• . . - 

-	.

 

f(grad j,,)2 dx 	(3.3). 

CJIeywBaTeJlbHo, 4.1111 JI1060r0 s E (0, 1)	 - -	• 

•	 )2dx:±ff 
(grad 

u)2dxda
	 (3.4)
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BocnoJlbayeieca HepaBeHcTBo1	 - 

f (grad u) 2 dx k((t) Ju2 dx. 
Gg'Gg1	 Gt'0g4.n	 - 

0Tc1oa 11113 inBeftHorO HepaBeHCTBa	-	 - 

fu2dx' <,kf [(grad u ) 2 + u2] dx 
S,	 G,\Gg, 

cJ1eveT o1eHKa  

[(grad u) 2 dx	k(t) (t). 
Gg\C*1 

fl0cTaBJ1aH Ce B (3.4), uaxou1M 

fdxf[u, 2 +	(t)u2]dt ^	'(),	 -	 (5) 

re ug(x'. t )' = u(x', t)/8t. (Dyi[iiuionai 

fRd^ 2 
+ k) 2] di, Tt 

o11pejeJIeHHbIü na 4ynniuinx, y)oBJIeTBopH1ounx ycJIoBIaIo (a) = u(x', o), AOMiraeT 
MHHHMM na peiuennn t L-* u(x', d) z(t)/z(d) ypaBneHnsi (3.1) II 3TOT MHI1HMM paBel-i 
—u2(', a) z'(a)/z(a) (cm.- § 2). H09To1y 113 (3.5) ceyeT Jul epeiwamoe Hepa-
BCHCTBO(Z ' (o')/Z(C)) (a) ^ i'(o),-KoTopoe H ilpilBo/DIT i (3.2) I 

	

CJ1eICTBHe 3.1: [Iycmb / = 0 na	U U - peutenue 3a0a'u 3aje.t6tc ,coneq,t& 
uurnepauloAt /lupuxize. To2Oa (y = (Y ' , yn))	- 

sup u(x) 2 k?1fu(y)2dy' npu x —1 > y,,> t.	 (3.6) - -	(y) 

-	oKa3aTeiIbcTBo: VIcnoJIb3yH (2.2) It MHOTOHHOCTb 4)yHELHH	(cm. (3.3)), 
HaxoJuiM	

0 

•	 sup u2	k IIUI!L,(U.\G+,)	k[2(t - 0 /2 npn\ I - 1 > T, 

,'ITO BMecTe C (3.2) flPHBOJLHT K oLe1-IKe	 . 

I z(t1)	11/2	 -' 
supu2k I 2 -a'- '	 (c1) 	npii' t-1>a>r. 

S	 L	z(aj	j	 S	 - 

OcTaeTcIl fliIMC1IHTb i-lepaBeHcTBo Z(a) e''a	' z(a + a) (CM. noHei § 2) I 

3ane4aiiite: Eciu YIlHUlIR neeT CC61T a0cTaTo9ll0 fl3BMJ1bIIO Ha 6eCKOHe'IH0CTH HJIH 
IIMCCT npaBnJIhItyIo MMnopalITy, TO, HCrlOnbayn llaBecTHhie adHMnToTIl'lecnHe 11OMJTh1 HJH 
oieHx}1 Ann peweHut ypaBHenun (3.1), na (3.2) it (3.6) MOHHO HOJIY4UTh }{oHHpeTHyIo 
lIII4rnp Mau IIIo 0 pewenunx aaaan 3ape16bI. I'py6o roeopn, HMeloTcn cieayiouuie T1l B03-
MOHUIOCTII

o (exP(_kJ3/	ds)) CCJIH 

= O((a/t)k)	 ecmi	(a)- 8_2,	 (3.7) 

0 (exp (_kj Z(s) de)) eciu	(e)
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(CM. [12: i'i. II], [11]). LJJ!H TOPO, 'iTOGbI flOBCHTb B 3TO, AOCTaTO 1 1HO cBecTn (3.1) K yaB-
iieiiino PIILaTM Y'(a) + Y2(a) = k(a), re Y(a) = f'(a)/(a) 11 3aMer11Tb, 'ITO C())OpMy-
JIHOBIIHM6 oteHIdH ).JIH	H1([11J1 z B03IIIIHa1OT, COOTBeTCTBeHHO, npi y1. .y2 r	y2, 
F'	F2 ua 6CCKOHe q HOCT11. AHaJlorn'IIlhIe OU8HHH CflpaBe1.J1llBb1 H LJ1H B03paC TaioLLtero
peweiin Z. 

§ 4. ICpwrepuli POPYRIrPHOCTIT öecKoHe qHO yaIeHHoil TOICH 

ByieM roBopnm, 'ITO 6ecKoHe'IH0 y.aJieHHaII To q 1a pe2yil.clpna ôiui 3a#9a'Iu 3ape.At6u, 
ecJlI4 AJ1.9 Bcex / € L2-'(G, F) C OrpaHHqeHHblMII HocuTeJun1I4 penicium C }oHeqHhIM 
HHTFPJIOM LI4pHxJIe CTPCMHTCH H HyJflO npii x,, 00, x € G. OcIIoBLIoi PC3YJIBTT 
pa60m1 cogep ;KliTCH B cJIey1ouei TeopeMe. 

T cope a 4.1: BecKoneiuo yaaAemum mo'oca peyL'pna 8jt q aaôa'u 3ape6& 6 moat. 
•	u moito 8 nioi4 c.ay'Iae, ecitu /iynus 1(t) ne cy.4tupyea na (0, cc) uitu, 'mo paCnO-

CUJb1-W,
Co 

•	
V	 jcap (F\F+1)=co.	 V	 (4.1) 

HpHBe)eM npiep MH0,+cecTBa F, gan KOTOp0L'O c)opMyJ1HpoBa11IIhIfl KPIlTepnri peryJlHp-
HOCTH MoaeT 6MTb 

*
npeACTaB.TieH B HBHOM BIIJLe. V0603IraqMI 4epea p - TO'IHy iia aw H 

qepe - yGblBaIo[uylo noJ1ouTe.mHyIo HenpepMBHyIo 4yiuiiiio iia noiiyoc [0, cc], 
V(0) = 1. !lyCTb 

F = (x E G: (x' - p)/1p(X) E a, x,	01, 

re a - o6JIacTb Ha aw. 1+13 HaBecTHbIx O'IlIOH eMHocTLInapaJ1J1eJ1enuneaI(cM. [1]) cieayio 
HBCHCTB	.' 

log 
(i± 1)	Cap (F \ F1^1)	log 

k5 (j + 1)	 .	k6(j)3	(n> 3).
I103TOMY CJTOBM (4.1) BblfloJlIIelIo B TOM H TOJIbIcO csiy'Iae, eciu 

V	

r s	=	 n = 3,	f,(s)fl_3 s ds = cc npn 
j	log(s)I	V	 J	 S	 V 

Loa3aTe,.T1bcTBo reopeMb! 4.1: /4TocmamoaLnocmb. [IyCTb u H z - Te HC 
'ITO d B aemme 3.1. B cii.ny CJIeCTBUR 3.1 u(x) -*0 n.prl x , --> cc (x € 0) 

eciii z(o) —*0 I1M a—* 00.  )oI1ycTnM, 'ITO npejwi z(oo) no.r16a11TeJ1eH. Taii iaic 
V	 z'(oo) = 0 H npil 6o.TIbJI11,fx a dnpaBe.TvrnBo HCPBHCTBO z(a) > z(00)/2, TO HHTe-

V	

rpipy ypaeiie (3.1) OT a 10 cc, IIaxo}1M 

S 
Z'  (a)	 z()f cap (F\F 1 )dt.	.	

•	 V	 V 

V	

OTc1oJa caeT tyn oLleHHa	V

m	00 

S	 z(t)—z(oo) ^_z(oo)fdafcap(F\F+i)di 

ko =	z(co) f (it - t) cap (F, F,.+ ,) d.	• 

I.
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floToMy, f  cap (FM \F+ I ) d1z < cc, qTO paBHOC}1bHO (4.1). 
Heo6xoau.ocmb 6yjeT ycTalloBileña flH HOMOEWI c.riejiyioaeft JIeMMhI o6 oiei-uax 

4)yHKII1u HeMaHa N(x, y) a no.nyIi1.r1l4i-ijpe.	 - 

JTeMMa' 4.1: [Jycmb y E G it N(x, y) - uc'eaa?ouçee npu x -± cc u iiw6on !filiK-
cupoeannom y peuenue 3aôa'lu 

—4N(x,y)=Ô(x—y)-2(x) a G

	

	N(X,y) =0 'na eO\{y}avx 

2ôe 2 € C000(G),f 2(x)dx = '1. I7ycmb eve ? i 2 - nepeoe nooscurfleitbnoeco6crncenuo,e 

'zuciw'onepamopa JJan.aca,e to c oiwpoEin&t xpaeebim yalto lettem IIeü.Mana na aco U 
wI ,= mes8. 1 co. 

Cyuecmayiom maicue noizo'icumeilwwe nocmo. c nnue y it k, aaeucanfue Om n, Co U 

'imo  
(i) IN(x, y)I	k e Y TV ) npu x - y > x,	-	-	- 

(ii) N(x,y) + 
Xfl —	 npu y,, - x, > , 

1w! 
(iii) a cone Ix -'y < x omnoutenue N x gynaa.itenmaiIbiioy pewenuzo onepa-

rnopa Jianitaca a Rn opanu'euoceepxy U omôeiieuo om nyutJt nodtoascume. 11bnb2Atu ,con-
cmanmaMu. 

OTJIOWHH oflpaBJaHBe aTnx CBOCTB )O KoHIa naparpa(a, npoBeJeM )oKa8aTeJ1bcT-
o' HeO6XOJBMOCTH YCJIOBIIFI (4.1). flycm - 

•	 E(i + 1) cap (F1 \F +1 ) < cc.	 -	S	 (4.2) 

flpenoriocnri, 'ITO 6ecicoeiio yyaieiiaa To'IKa peryjifipHa. flocRorIbcy yMHO-
+ceilae peluel-iun 3aa'LH 3apeii6bI B	Ha riawyio 4yHLtwo BG c HOCBTeJIeM B 

BH1O eRIIH14IAe B OKPCCTHOCTH 6ecKoIIeuIIocTL1, HpHBO)1IIT K pemeiiio aHaJIorHuHoii 
--

 
aagwill B G, TO 6eCKOHe4HO yaJIeHHaa ToHa pery.nHpHa Li jiJiI noJiyuiiJu4Hjpa G 
npia .m1060i t > 0. CJLeJoBaTeJ1bHo, MOKHO C CMOFO Ha'IaJIa c'LHTaTb CYMMY pnia 
( 4:2) ) ocTaToq Ho MaJIoi. flyc-ri	 - 

	

L	 - 
F7 \ F +1 = U F) c diain F(k) < —, FJ " F1 " = 0 npii k 1 + k2 . - 

	

k=I	 4 

3jech X - Ta ?lce zcoHcTaHTa, 'ITOH B (opMyJU4poBKe JIeMMb! 4.1. Taii KaK cap 
-	 co	 L 

cap (F,\F +1 ), TocyMMa .' (j + 1) Z capF1(k) ocTaTo'IHo MaJia. 0603Ha'IHM 

	

j=O	k=1 
'!epe3 z1 " paBJioHecllyLo riepy MH0,-KecTBa F1 " (cm. [7: rn. 11]) ii aBeyieM nö'reHIITaJi 

V,")(x) = f N(x, y) d1u1(k)(y),

/ 
rje N — )yHIctllR 1-IeMaHa H3 jier imbi 4.1. 143 onpweieii	yutnuiii N cJ1e.ryeT,
qTO noTeHtulaJ'I V"7 yjoBJIeTBopneT ypaaaewo 

17/k)(x) = f 2(x) d,21(k)(y) = 2(x) cap F,(k) a G	 - (4.3) 
F5(k)
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II xpaeoy ycJloBulO  

	

= 0 Ha eG\F/k):	 .	-	(4.4) 

OrpaHII4IlMcn cJ1yaeM n> 2; npn n = 2 ciieRyeT BCIOAy 3aMeHI4Tb C IX - y12_n 4yH-
JaMeHTaJibH1.1M penieHmem onepaopa —A-+- 1. B ciiiy Jieitii 4.1 

	

dui 	) 
S	

Vj(k)(x)l	kf	
yI2	

(x E G\ G1), 
FIM 

ha JleMMbl.4.1/(i) noJ1yaeM oLeHKy 

I V(x)	k cap F")	(x E G, 1 ),	 S 

a its -iein,i 4.1/(ii) oueHy	 . 

I V1(x)	C  
(yn + 1) d(g)	k(j +1) ap F1 ( k )	(x E G\ G1). 

F(k)	 S	 - 

Tai HH 

S	

Id .(k)( )	 . 
X— y111_2	

1	(x - E R°)

S. 

(ci.[7: c. 175]), TO 113 aThix OLeHOH Bb1TeIaeT	 . 

od S	 /	 L 

U =	V1 !!g k(1 + ,(j ± 1) E cap F/1. 
j=Ok=1	 \	;=O	k=1	 I 

•	1'Iteev	 .	 .	 .	. 

f(grad U)2 dx = f du() f d)f grade N(x, ) grad.. N(, y) dx, 
G	 OG	aG	C	 S 

rje u = E 1(k)•. 1'IcnciJlb3yH onpeJe.r1 e H14 e (yHFw.hIhI N, rIoJly4aeM 

S	 f grad .. N(x, ) grads N(x, j) dx = N(, ) - f (x) N(x, ,) dx. 

CJIeJWBaTe.abHo ,-

f (grad U)2 dx = f U() du() - It(G) f 2(x) U(x) dx. 
G	 aG	 G	..	.•	 S 

H-	 S 
•	faH Ha}. Mepa u IoHeqIIa, a (1)yH}cIktlfl U oI'paHn qeHa, TO U iaMeeT KOHeHh1! IhFITer'paJr 

J1upøxie. KpoMe TOrO, corJlacHo (4.3) 14(4.4), U	peineiie ajaq	 S 

•	0	 L au 
• -	.	.	4U(x)= 2(x)' _Y capB 0 —=0 naG\F.. . ,.	 - . 

-	 j=0 k=1  

	

jieiii,i 4.1 /(iii) noiyaei	S	
S 

-	
d .(l)()	 . 

	

= kf Xff: yI2 HpH .o(x, F1") <	S 
In 

	

S	 •	 S 

( - paceTonhille). IJOaTOMy	 -•	- 

	

-	.V(k)(x) 	= const>0	.n9 HBa3h4-Bcex x E	 (4.5) 

I,	 0•
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Eciiaeo(x, F,( k))	To H3JieMMbl 4.1 BalTexaeT 

k(j . + 1) ,z1(k)(F(k))	k(j + 1) cap F1 ".	 (4.6) 

flycTb x E FJk.). I1pegcTaB1It U(x) B B11JC	 -' 

U(x) = ' f N(x,y)d5(c)(y) + i" f'N(x,y)diL/(y), 
j.k f(t)	 j,k F,() 

i'je B I1BIO Cy 
. 
INIAIY Hona)aIoT Te j H Ic, IJIR KO1'OpbIX MHo?ecTBa	uMeloT Heny-	- 

cToe IIepeceeL-1He c )/2-opecTHocTbI0 O MHoecTBaF°. UMeeM 

-	
" f N(x, y) du,(k)(y) = f N(x, y) dji(y) 

j.k Fl(k)	 .-

.+	'	f N(x, y)	1(k)(y) +	'	. 1 N(x, y) d(1u/y).. 
• (j.k)+(j,.ko) F,Ck)nO (fI)	 (,.k)+(j,,k,)

YO 

B ciiy (4.5) iiepBbii HH'ref'paJl cupaBa He MeHbwe, 'IBM Ic0 , H B cimy J!eMMbJ 4.1/(iii) 
a?iu1ti 113 IIILTeI'paJIOB no F1(k ) n O' HeoTpuuaTeileH. 1'la JIeMMhI 4.1 c eiye Hepa- 

BCHCTBO	 - 

•	f N(x, y) du , ( k)(y)	k cap FJ". 
F,(k)'\O(J') 

Coriiacno (4.6) I4HTCFBJ no F,B cyi1e	" He npeBocXoJn.T (j + 1) cap Ff. 

•	U(x)	Ic — kX (1 + ')E cap F(k) 	(XE F)).	 S 

'FaK Icaic j6 u Ic0 npoIa3Bo.nbnIi, TO U(x) k/2 icavn-Bcioy Ha F. flycTb JJ1H onpe-
JJICHHOCT11 To'Ka x' = 0 ya.neHa OT w Ha pacconne 1. ,Torja jilo6as Toq lca (0, xe), 
x,, > 1, yJaeHa Ha paccroniie 1 OT MIIoMecTBa F. B cniiy (4.6) 

IU(0, x) =E;IVj(k)(0, x)I	Ic1 Z (j + 1) cap F,: 
j.k	 'j.k 

flocJ1eHIoIo cyy C caMoro jiaqajia MOcHO 6iiio CqIITaTb MdHbIuei, q em k0/4k1. 
floaToiy U(0, x)< 1c014. 0603Ha4ii1 4epe3	öec}coHe'lHo 1H4epeHLL1pyeMyiO 

(1)y11HW110 B G, neoTpntaTeii-iyio,	BHY1O ejuiHiie flJl1 x, L> 2 11 HYJ1LO 11p14 

x  	atc Icalc 

grad U grad v dx = 0	(v E L2 1 (G; F)), 
C  

ro 4)yii}wi411 V = (U - k0/2) voBJieTBopHeT paency 

f grad V grad v dx = 1(v)	f grad (U grad v - v grad U)dx	- (4.7) 

i'je / - J1LiHeiiHb1t (1yHFcw4OHaJL Ha npoc'rpaHcTBe L 1 (G; F), cocpeJoTO'ielilw1 iia 
MHO?FCCTB {x E G: 1 x 2}. 0603HainM 'lepea S 4yHHUi4IO 113 L2 1 (G; F), yjo-
J1TBOH1O1LIO paBCHCTBY (4.7) i1H BCeX v .e L2 1 (a; F). TaM MaK. 3HOCTb V - S 

• nBJIneTca rapIou11'(ecKot, ()YHHLtHeil B 0, noj'niHeHa omIOpOrnlOMyyCJlOBItiO Hei--
MOHa Ha aO\F II MBa3M-BclOy Ha F HeoTpIlUaTeJIbHa, TO flO JIeMMe 2.1 oa ueoTp14-
IaTeJ1bIra n, o6JLacTn 0. [IocKo.mHy, , no npeynoJloaceHlaio, 6ecicoHeqHo 
To q Eca peryJinpHa, TO 5(x) -* 0 np x -+ 00 (x E G). C mpyrofi cTopoHhl, npii x >, 2 
nMee 5(0, x)	V(O, x) .= U(0, x) — k0 /2	— k014. lloJLyveHHOe npoTiinope4lle
noa3hjBaeT, '(TO 6cHoHe4Ho yaJieHHaa To'lMa nppery.nnpHa I
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,LoHa3aTeJIbcTBo memmu 4.1: 003HaiiM qepe3 A pemeiiie aaii Heiiiaiia 
zifl =A B G, aA/a/v =0 Ha 8G, A(x)= O(x) npii x, —> oo. Tax iaif 2dx = 1, 

- TO A(x) = w X,r+ const + O(e'), rje joil - (n - 1)-11epIIaH mepa 0). 3T0 IlaBecT-
Hoe cooTHoweHue npoBep q eTCJq jii46o M0TOJOM ypi,e, .ni6o npii HOMOELW npeo6pa-

'30BanI4H JIaniaca no x,. fIycTb r(x, y) - 4yHJaMeHTaJIbHoe peueiie aaaH 
MaHa B IIHJIIIHRpe w x 1t, 'r.e. peuieiie 3ajaqia 

T& , = _	 (x,y€R),' 

aI'Y) 0	- 

(xE&x RI , yEwx1t1); 
onycxaIoELee oieiixy O (Ix,I) ripii lx,, l	00. MeTojo1 Dypbe noJIyaeM win Pripe-

cTaB;leHue	 - 

1'(x, x; y ' ,yn)	 S 

-	 =5	

-	

+ 
const +	99k(x')	 -	

5 

2w	 k=I	2Yk 
rje {yk2} ii {q} - rIocJIeJoBaTeJIbHocTb noJ1oicI4TeJ1hHh1x c06cTR(HHh!x +IUCe.TI H 

opTOHopMHpoBaHHaH nocJIe)oBaTeJrb1IocTb cO6cTBeI-lHblx (I)YHLWHIi ollepaTopa.IIanJIa -
ca B w c OmHOpojFIb1M ycJloBI4eM F1eiaiia Ha aw. Png B.npaBoil XjacTll CXO3UTCH B 
HeIwTopOM cia6o cMblc.Jle, YTO411FITb KOTOPbItl HeT HeO6xO1IMocTH. B curly u3BecT-
HOf oleH1cI1 1921,1	koykM (k0 , M -	 }coHcTaHThI) iarieei 

•	 P(x, y) - Ix;rnI -- const	k e Y.I Vt HH X -	> x. 

CrlpaBejJIIlBOCTb cBohcTBa (iii) gan ()yHKIUU1 f' Mo?iHOC q HTaTb 113BOCTHOft (B OCHOBy 
oHa3aTeJ1bcTBa MO?*HO LlOJ107HTb TOT 4)aiT, 14TO 4)yHJaMeuTaJlbHoe penieue 3aJa4H 

HeftMai-ia B noJlynpocrpaucTBe ec'rb cyMMa 4yHJaMeHTaJlbHoro pememm onepaopa 
J1auacaB R'u ero oTpa?EeHHH B rpa1Il1Hoi runeprIJIocIcocTu). OcTaeTcH 3aMeTrlTb, 
qTO

N(x, y) = f'(x', x,, y" y,) + f'(x', —x,, y', y,) - A(x) + consti 

§ 5. OICllKU 4yllKL1ffH rpulla II rapMollnqecKoff MbI gim aajain 3apeii.t 

HaCTOMqHfl naparpa4 coJepicuT -HelcoTopyro Koji HecTBeHHylo 11H4)opMaulIlo 0 
pemeHunx 3aa q u 3ape16bl. 

iTeieua 5.1: llycmb / = 0 na G\ G, it u - peuzenue 3a0atju 3ape.4t6b. To2ôa 

f u(x) 2 dx'	f u(y) 2 dy' npu T > x > y.	 - 

)Iolca3aTeJIbcTso 6JU13}cO H -oFca3aTeJlbcTBy JIeMMbI 3.1 ii Mb! JiIIWI. KOTHO 
HaMeTuM ero. flomcTaBJlfln B (1.4) ,,cpe3alomyro" OYHRLIHIO, aiiaiioritirio (3.3) noJly-	•	- 
4aeM	 - 

f 9 rad  u) 2 dx =	(0 <a < r, .(a) = IkII5 0 ) .	 S 

GG0	 -
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OTc1oa, TaK aie RK (3.5) ita (3.3), BbIBOWTCH HepaBeHCTB0 

fdx'f [u,2 + W(t) u2] dt.	'(a),	g(x', t-) = 

143 c}caaaHHoro B IOH[e § 2 rneaeT, 'iTO 4)yHKIllOHaJI 

a

 
+ kt) 2] dt f R dt)

 

onpeRenemian iia 4yHIautax, y)oBJ1eTBopnIoI4x YCJIOBIIIO (a) = u(x', o, jocTl1raeT 
MHHBMyMa Ha peiiieiiuu t -. u(x', o') Z(t)/Z(d) ypaBHeHIla (3.1)11 3TOT MIIHI1MYM pae 

u(x', c) Z'(o/Z(a). OTc1oa Bb1BOBM OHK (Z'(a)IZ(a)) (Cr) i'(a). IlilTerpilpyfi 
3T0 HepaBeHCFBO, aa}caH'iliBaeM goiia3aTeJlbCTBO I 

CxecTBHe 5.1 (flpiiHIlIn (bparMeHa-JHHeJIe()a): ECAu U - pezuenue sai3a'ut 
•	3ape.6t.w u / - 5y czuonai c opanu'enn& nocurnelteM, nw cnpaceaiiuea CAeay-



mqas aiibmepnamuea: eclt u u.Meem ?oHe'rnb2i unme2palt Japuxie, mo 

•	 u(x) <co,	 (5.1) 
z(x,)	 - 

a npomnucnou ciyae  

.1'	Iu(.,x)(l.c	 S 

> 

Z(x)112	
• 

r-.00	

.	 •

- 

oHa3aTeJIbcTBo: JJlH TOFO, qTo6bi flOiHTb (5.1), ROCTaTO q fio cocJaTbcH ha 

cjjecTBue 3.1. Il ycm U - peniene aaja qn 3apeM6bl C öecHolIe q I-IbIM uHTerpaJOM 
EIi4pitxJle. 0603Ha'IHM 'iepea V pewel-lue Toll	e aaaq ia C }OHHbIM nHTerpaJIoM 
L iapuxie II HHMHHM FC pa3HO6TH U - V JIMM 5.1.T	ia	() = o(Z(x)) 11 v

yoBJIeTBopHeT HepaBeucTsy (3.2), TO cJ1eJcTa11e JoHaaaHo 

flycTb y = (y ' ,.y,,) E G. Ha30BeM ff)yu?fueu I'puna-3aOa'Lu 3apei6& peuieuue 3a-

-4g(x, y) = ô(x - y) npu x EG, 

npir xEaG\F, g(x,y)=0 lipil xEF, 
av 

uMeIouee IoHe qHbJll nierpai )]upiixJie Bile J11060ll0XpeCTH0CTH TO 11}1 Y. 'paBHeHhle 

14 yciloBile Hetki1aHa Ha G\F cue iyeT nOHilMam B CMhICJIe HHrerpalbHOro TO;-lc)ecTBa 

f gradg(x, y) gradv(x) dx = v(y)	(yE c0°°(G\F)), 

re-ycJIoBh1e ,Lupitxie ita F )OJ11cHO 6hlTb BblnoJlHeHo HBa3M-BC1Oy. BbweJIHn 113 g 
4y1uaMeHTaJ1bHoe peweHi-le onepaopa JLan.riaca, MHOflHHO Ha ,,cpeaaiouyhO" 
(t)Y111UU110 C HocHTeJIeM s6ji1-13ii Toq icH y ii ncnOJlb3yH orn1o3I-laHyIo paapetIIHMoCTb 
aaaqu 3aperi6u B i.riacce L2 1 ( G, F), hIoJIyaeM CyuecTBoBaHh1e 14 -eg11HCTBHHOCTh 
()HHIHH g. IlycTWg0 - 4)yHHLHB 1"puHa aaaa'ni )h1p1-1XJ1e B O6J1aCTH G. Ta11aK 

cioI v	0 na aG, TO H pa3I-IOCTH g - 90 MOHHO lII1MHhtTb ieiiy.2.1. CJ1eJoBa-
.TeJIbHo, g	90 iia 0 ii TOM 6oiee g	0. Cr1eJyhoti1ee npeaioeuue COIWP W YT TO-



q eqilbie oIeHicM ()y1Iiluhh11 g.
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flpeJJIoaeHlle 5.1: Pyni1fu.rpuna 3a0a'u 3apet6&aonycKaemc 3one Ix,, - YnI 
> 1 oenu 

(x' )	f k(z(x)/z(y))1I2, eciju x >  

 1 k(z(y)/z(x))1I2,. eciu y > n + 1.' 

Hpojie m020, 63011€ lXn — y I !S^ 1 cnpaeeaiiue& oteiocu 

1k Ix - y I 2	npu n > 2, g(xy)< 
= Ik log (2/Ix - yj) npu n = 2. 

,LoHa3aTej1hcTBo: LBa nocJlejuB4x.HepalieHcTBa xopouio 113BecTHbI, H Mb! He 
6y1eMocTaHaBJII1IBaTbcH Ha lix cTaHJapTHoM BblBoge, OCHOBaHHOM Ha JIeMMe 2.1. ,LlBa 
Ileplibix HepalielicTBa Her locpegcTlienHo BblTelcaloT 113 nociemix 14 cJleJcTB14a 3.1 

3aie q aiutè: 143npea31oeHHn 5.1 it npejwTanJIe}IIin pewenliR 3aa'111 

au —Ju = / na 0,	= Oiia aG\F, u = 0 na F 
Ov 

npn notouw (byH1uuH I'pHHa cileayloT pa3Jlll4IlbIe oI.eHxH 1 nn U. HeTpyano flpOflepiiTh, 
uanpn(ep, 'iro ripil yc.nollin /(x)I	'F(x) iia 0 uee, 

r, 
u(x)I	k (z(xfl)U2f 2(t) -1/2 F(t) dt + z(x)12 f Z(t)1/2 F(t) dl) 

'flycm O(F) - cHa6HeHIIoe l-iopMoii IIU II (F) = sup flu (x )I : x E F} 11OCTHCTBO 
HenpephlBIIhlx ()yHKIH	M 1t, CTpeHuu H K	 -lxc	HJ1IO iipu xl	(DO. 4epe3 600(F) o6o-
3Haq nM rlpocTpallcTBo cyKeH14u ila F tjyiiiuutt na npocTpal-lcTHa C0 00 (0) rJiaJwi'Ix, 
(fIyHH1Htl iia 0 C H0MIIaHTIIbIM14 HOCHTCJIHMI1. Pacc1oTpnM }cpaeliylo 

av tJv = 0 B G,	= 0 ha 00\F,	v = iia F.  

Ec.iii T E 600 (F) , TO 3T 3aa qa HMjJlHHO CBOJUITCI4 K paCCMOTpCHHOfi B § i ii FIO-
BTOMY oHo3I-1alHo pa3peLIlHMa B HJL3CCC (yHK1u4i C HOH'!hIoii H0pM0Ü (1.2). B.cH.riy 
jietii 2.1 113 l-lepaBeHc'FB 0	1 Ha F CJIeAY IOT nepaBellcrBa 0 u	1 Ha G\F. 
FI03T0My peuleHn'e 3ajaq H (5.2) npejcTaBHMo B siie	 - 

v(x)=f(y)H(x,dy),	 .. .
	

(5.3) 

re H(x, e)- - hiepa MHoKecTBa e F, 0 H 1.. 3T0 paBeHCTBo n03BoJlHeT pac-
1IP6CTPHI4Th O6paTHhIl1 oiiepaop 3a)a'll4 (5.2) Ha lIpOCFpaHCTBO O(F).(D yHRilviii 
113 o6.nacTn atiwiefflirt noJly'leI-lHoro pacrnllpelinli onepa'opa (5.3) 6yaeM Ha3bIBaTb 
peuLenu.stu daôa'Lu (5.2) c 11enpepbie1-&tu aaunstu ,/lupzzxite. 

fle1JloeH1!'e 5.2: Ecuiu x'> 8, mo 

	

• - ....... . H(x, F\F8).;;^; k(z(x)/z(s))112:	........... ........ . (54) 
1J o}caaaTejlbcrBo: IIOC}cOJlbRy 0	H	1, TO ocTaTon1O no.ny'lHTb (5.4) flpl! 

yeJioBlill X,, > S + 2. Hycm q - jiio6aii (I)yHKUIIH 113 O(F) C I-iodHTe.meM B F 
Cor'jiaôi-io CJ1eJcTBnIo 3.1 	-. 

q(y) H(x, dy) ;5k (-) max f Z(S)	F\ F, 
•	 F 

'ITO B C14.Thy Hp0II3BOJ1bHOCTH	HK11l11 99 flHBOIlT R (5.4) I	.	-
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Cite ACT B ie 5.2: Tlycmb p E O(F)-u y(s) =sup {I(x)I : xE F8). Toeaa Ojia peaeiu. 
3aaau (5.2) c nenpepb16HUNII aanu.tu ,Tupuxie cnpaeeôiiuea oienia 

rn 

v(x)j ;5 y(x) +kZ(Xn ) h/2 f	(x E	 :	. 

ToRa3aTeJIbcTBo: B cniy (5.3)	
5	

5 

	

F 
y(Yt;) H(x,dy) !!^ y(xn) -kf [y(y) — (Xfl ) ] 4. H(x,.dy) . ,	 S 

rJ ew+ — noJIo?4uTeJIbHaa qacTbw. floc.oeju-iiiii II HTerpaii MoaHor1epeIIHcamBBHJe 

f[y(s) - y(X)] dH(x, F,\ F,). noaToMy	 S 

Iv(x)	y(x) _fH(x, F\F,) dy(s).	
.: 

OcTaeTcn flI4MHIITb HepaBeHcTno (5.4) I	 ' 
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