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Non-Symmetric Dirichlet Forms 

S. Mataloni 

Abstract. As well-known, for X a given locally compact separable Hausdorif space, m a 
positive Radon measure on X with supp[m] = X and C0 (X) the space of all continuous 
functions with compact support on X the Beurling and Deny formula states that any regular 
Dirichiet form ((,D(()) on L2 (X,m) can be expressed as 

(u, v) = C, ( U, V) + f uvk(dx) + ffX xX-d (u(r) - u(y))((v(x) - v(y))(dx,dy) 
X  

for all u,v E D(E) fl Co(X) where the symmetric Dirichiet form Ec , the symmetric measure 
(dx,dy) and the measure k(dx) are uniquely determined by 1. It is our aim to prove this 

formula in the non-symmetric case. For this we consider certain families of non-symmetric 
Dirichiet forms of diffusion type and show that these forms admit an integral representation 
involving a measure that enjoys some important functional properties as well as in the sym-
metric case. 
Keywords: Non-symmetric Dirichiet forms, Beurling-Deny formula, diffusion forms, energy 

measures, differentiation formulas, differential operators 
AMS subject classification: 28 A 99, 31 C 25, 35 J 70 

0. Introduction 

It is well known that the Dirichiet forms are suitable tools to describe the variational 
principles of irregular bodies. In order to formulate such principles, regular Dirichlet 
forms have been studied. For these forms a rich representation theory is available, 
based on the fundamental formula of Beurling and Deny (see [1, 2]) and extended by 
Silverstein [9, 10], Fukushima [4] and Le Jean [6]. 

Let X be a given locally compact separable Hausdorif space and let m be a positive 
Radon measure on X such that supp [m] = X. Let C0 (X) be the space of all continuous 
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functions with compact support on X. The Beurling and Deny formula states that any 
regular Dirichiet form (E, D(E)) on L 2 (X, m ) can be expressed as 

(u,v) = c(UV) + Ix  uvk(dx) + fix	(u(x) - u(y))((v(x) - v(y))(dx,dy) 
xX-d 

for all u, v e D() fl CO (X), the symmetric Dirichiet form EC, the symmetric measure 
(dx, dy) and the measure k(dx) occuring in the formula being uniquely determined by 

E. These terms are respectively called the diffusion part, the jumping measure and the 
killing measure of E. 

A particular class of regular Dirichiet forms has been recently developed by many 
authors - it is the family of diffusion forms. A regular Dirichlet form is called a diffusion 
if both its killing and jumping measures vanish. In this case the form e E' admits 
the integral representation 

c(uv) = JX ku, v )(dx )	Vu,v E D(Ec) 

where (u, v ) is a Radon measure-valued non-negative definite symmetric bilinear form 
on D(E). Such a measure is called local energy measure of E, or briefly energy measure 
of E. The measure p has indeed a "local character" in X, that is, the restriction of 
the measure p to any open subset A of X only depends on the restriction to A of the 
functions in its argument. Moreover, p satisfies the following properties: 

Leibniz property: For every u, v, w e D(E) fl Co(X), 

Ti(uv, w) = v(u, w) + uj(v, w) 

in the sense of measure. 

Schwarz inequality: If E L2 (X,ji(u,u)) and 0 E L2(X,iz(v,v)), then	is inte-
grable with respect to the total variation of IjL(u,v)I and 

JX II (u,v)I(dx)	 Ix W 2A(U, u) (dx)) (J2-(d))4 

for every u, v E D(E) fl Co(X). 

Chain rule: Let u E D(E) fl Co(X) and let f e C'(R), with bounded derivative and 
1(0) = 0. Then 1(u) belongs to D(E) fl Co(X) and for every v E D(E) fl Co(X) 

j(f(u),v) = f'(u)jl(u,v) 

in the sense of measure. 

Truncation rule: For every u,v e D() fl Co(X) we have 

ji(u,v) = x{u>o}ITL(u,v)
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where XA denotes the characteristic function of the set A. 

The aim of this paper is to show that these results hold without any symmetry 
assumption on the form E. 

Actually, in Section 2 we prove that any regular non-symmetric Dirichlet form 
(E, D()) on L2 (X, m) can be expressed for u, v E D(E) fl Co(X) as 

E(u, v) Ec(u v) + Ix uvk(dx) 

+ 
fIX.X—d [u(x)(v(x)- v(y)) + v(y)(u(y) - u(x))] j(dx, dy), 

the non-symmetric non-negative definite form Ec, the measures j(dx, dy) and k(dx) 
occuring in the formula being uniquely determined by E. We point out that the measure 
k is the Killing measure associated with the symmetric part E of E. The form EC and 
the measure j(dx,dy) are not symmetric, that is Ec(u,v) 54 eC(v,u) and j(dx,dy) 
j(dy, dx). 

In Section 3 we prove that EC admits the integral representation 

Ec(uv) = fX u(u, v)(dx)	Vu,v E D(EC) 

where ,u(u, v) is a Radon measures-valued non-negative definite non-symmetric bilinear 
form on D(E) and we show that such a measure enjoys the same properties as in the 
symmetric case. This fact allows us to extend many results on diffusion forms to the 
non-symmetric case, for example in [7] we extend to non-symmetric Dirichlet forms, 
the results obtained by Dal Maso and A. Garroni in [3] for second order non-symmetric 
elliptic operators. 

We conclude the paper with an example in Section 4. 

1. Preliminaries on non-symmetric Dirichlet forms 

We shall consider the Hilbert space H = L2 (X, rn), where X is a given locally compact 
separable Hausdorif space and rn a positive Radon measure on X such that supp [m] = 
X, i.e. m is a non-negative Borel measure on X which is finite on compact sets and 
strictly positive on each non-empty open set. By (u, v) fX uv dm we denote the inner 
product of H, and by 11 . li the related norm. Let D(E) be a linear subspace of H and 
let E: D(E) x D(E) - IR be a bilinear map. 

Definition 1.1. A pair (E,D(E)) is called a closed form (on H) if D(E) is a dense 
linear subspace of H and E : D(E) x D(E) - R is a non-negative definite bilinear form 
which is symmetric and D(E) is complete with respect to the intrinsic norm 

il u IiD(e) = Ei (u,u) 2 = (-'( u , U ) + (u,u)). 
To give an analogous definition for non symmetric forms, one has to define the
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- symmetric part of £ as (u, v) = 1 (E(u, v) + E(v, u)) 

- antisymrnetric part of E as (u, v) = (E(u,v) - 

Clearly, (E(u, v), D(E))	(E(u, v) + E(u, v), D(E)). 
Then we have the following 

Definition 1.2. A pair (E, D(E)) is called a coercive closed form (on H) if D(E) is 
a dense linear subspace of H and E : D(E) x D(E) - IR is a bilinear form such that the 
following conditions hold: 

i) Its symmetric part (E, D(E)) is a closed form on H. 
ii) (E, D(E)) satisfies the following "weak sector condition ": there exists a constant 

K > 0 (called continuity constant) such that 

	

IE 1 (u,v)I <Kui (u,u)Ei (v,v) 2	Vu,v E D(E), 

i.e. (El , D(E)) is continuous with respect to the intrinsic norm on D(E). 

Let us recall now the main definitions and properties of coercive closed forms which 
are necessary in the following sections (see 15] for furthers details), while we refer to [4, 
8] for properties of symmetric closed form. 

Definition 1.3. A coercive closed form (E, D(E)) (on H) satisfies the strong sector 
condition if there exists a constant K E (0, ) such that 

E(u,v)I <KE(u,u)E(v,v)4	Vu,v E D(E).	 (1.1) 
Definition 1.4. A family {G}> 0 of linear operators on H with D(G) = H for 

all /9 E (0, c) is called a strongly continuous contraction resolvent on H if 
i) 6G is a contraction on H for all /9> 0. 

ii) Gc, - Gs = (/9 - a)G,,,G,3 for all a,,3 > 0. 
iii) lim fl_flGu = u for all u E H. 

For any given coercive closed form (1, D(E)), always there exists a strongly contin-
uous contraction resolvent {G i } fl >o associated with (E, D(E)). It is defined as follows: 
for all u E H, Gu is the unique element in H such that 

E(Gj u,v) := E(Gu,v) + f3(Gu,v) (u, v)	Vu E D(E). 

Moreover, the range R(Gfl ) of Gfi is contained in D(E). Let us also observe that 
resolvent is not a self-adjoint operator actually, naming cores olvent the adjoint operator 
of G, we have that, for any given coercive closed form (E, D(E)), always there exists a 
strongly continuous contraction coresolvent {G}> 0 associated with (E, D(E)), and it 
results that, for all u E H, Gu is the unique element in H such that 

E(v, ( 3 u): = E(v, ój, u) + fl(v, cu) = (u, v) }

	
Vv E D(E). 

E(v, iu) =
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Finally, let us recall that, if G ,6 is the resolvent associated with the coercive closed 
form (E, D(E)), then we can define, for fi > 0, 

	

(u, v) :=	- 6Gu,v)	Vu,v E H.	 (1.2) 

Thus
E(u,v) = E(/3G fi u,v)	Vu E H,v E D() 

and
urn E(u,v) = E(u,v)	Vu,v E D(E).	 (1.3) 
0 00 

For further details see [5]. 
We conclude this section giving the definition of non-symmetric Dirichiet form. As 

usually, we put for all u,v : X - R 

u V v := sup (u,v), u A v := inf(u,v), u+ := u V 0, u := —(u A 0). 

Definition 1.5. A coercive closed form (E, D(E)) is called a non-symmetric Dirich-
let form (on H) if, for all u E D(e), it results 

u AlE D(E)	and
e(u - u A l,u + u + Al) ^! o)	

(1.4)
E(u + u A 1,u - u Al) > 0 

Proposition 1.6. A coercive closed form (E,D(E)) on L2 (X,m) is a non-symmet-
ric Dirichlet form if and only if the Markovian property 

for each c > 0 3 a function W, : R -p f—c, 1 + e] such that 

p(t)	t (t E [0,1]) and 0 <_e(t2) - cpe(ti)	t2 - t i if ti 

and, moreover,

We 0 U E D(E) 

lirninfE(W ou,u - ou) ^ 0	Vu E D() C—O
liminfe(u -o u, ou) ^ 0 J C—O

holds. 

Proof. See [5: Proposition I.4.711 
Theorem 1.7. A coercive closed form (E,D(E)) is a non-symmetric Dirichlet form 

(on H) if and only if the resolvent {flGp} associated with the form is Markovian (i.e. 

	

{i3G} is bounded and 0 < /3Gfl u	1 m-a.e., whenever u E L 2 (X,rn),0 < u < 1 
m-a.e.). 

Proof. See [5: Theorem 1.4.4]1 
In the following we study some particular non-symmetric Dirichlet forms, named 

regular non-symmetric Dirichiet forms. From now on we denote by C0 (X) the space of 
all continuous functions with compact support in X.
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Definition 1.8. A pair (E, D(E)) is called a regular form if it possesses a core, that 
is a subset F of D(E) fl C0 (X), which is dense in C0 (X) with the uniform norm and in 
D(E) with the intrinsic norm. 

Proposition 1.9. Let (E,D(E)) be a regular non-symmetric Dirichlet form on H 
L2 (X,m). Let K be a compact set and let U be an open set of X with K C U. Then 
there exists a function 1K such that 

4 K E D(E) n Co(X) 
= 1 on K 

supp [K] c U. 
Proof. Since X is a locally compact Hausdorif space, by the Uryshon lemma, there 

exists a function f e C0 (X) such that f = 1 on K and supp [fJ C U. Let us consider 
2f E Co(X). By regularity of E, D(E) fl C0 (X) is a dense subspace of C0 (X). Then 
there exists a sequence {t4'} E D(E) fl C0 (X) such that 

- 2f( x )I < IIn - 2fII

	

	Vn E N, x E X.
n 

For any fixed ñ, sufficiently large, it results that	- * > 1 on K and 0 	0 
on X - U. By (1.4) it follows that 1!K :=	A 1 is the required function I 

2. Beurling-Deny formula in the non-symmetric case 

We are concerned now with a general representation theorem on regular non-symmetric 
Dirichlet forms, firstly presented by Beurling and Deny in the symmetric case in their 
famous paper [2]. Let us start with two fundamental lemmas. 

Lemma 2.1. The following statements are true: 

(i) Let S be a positive linear operator on L 2 (X,m) (i.e. Su > 0 m-a.e. whenever 
U E L2 (X,m),u > 0 m-a.e.). Then there exists uniquely a positive Radon measure or 
on the product space X x X such that, for any pair of Borel functions u, v E L2 (X, m), 

(Su,v)=ff	u(x)v(y)a(dx,dy).	 (2.1) 
xX 

(ii) Let .' the adjoint operator of a positive linear operator S on L 2 (X,m) and let 
& be the unique positive Radon measure on the product space X x X associated with S 
by (i). Then for any pair of Borel functions u, v E L2 (X, rn) one has 

(Su, v) = JfX X X 
u(y)v(x)&(dx,dy).	 (2.2) 

(iii) Let 8(X) be the family of all Borel subset of X. Then 

a(E x F) = &(F x E)	VE,F E 8(X).	 (2.3)
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(iv) If, in addition, S is Markovian (i.e. S is bounded and 0 < Su	1 rn-a.e.
whenever u E L2 (X,m),0 <u < 1 m-a.e.), one has 

a(X x E) <m(E)	VE E 13(X)	 (2.4)

and, if S is Markovian, one has 

cr(E x X) <m(E)	VE E 13(X).	 (2.5) 

Proof. Firstly we observe that, if S is a symmetric operator, the proof of the lemma 
is given in [4: Lemma 1.4.11 and it results that a is a positive symmetric Radon measure. 

Let us start to prove that (2.4) follows by (2.1). Let assume, at first, that m(X) < 00 

and let be XE the characteristic function of the set E E 13(X). Then 

a(XxE)=fix x  a(dx,dy) 

11X  =
	

xX 
XX(X)XE(Y)a(dz,dy)

= (SXX,XE) 

fX E(X ) drn 

=m(E) 

since S is Markovian. Let now be m(X) = oo. By the assumptions on X and m, in is 
or-finite, actually let {X} be a sequence of compact sets such that X 1 C X2 C	C 
X,, C	and lim n— ,,., X = U 1 X = X. As before one easily check that 

a(X x E) 
Ix n 

XE(X)dm. 

Letting the limit as n -	, we obtain the thesis. Analogously, if S is Markovian, (2.2) 
implies &(X x E) m(E) then, by (2.3), (2.5) follows. 

To prove statement (i), let us denote by Co(X x X) the family of all continuous 
functions with compact support on X x X. Let us denote by Co(X x X) the set of 
functions f € Co(X x X) such that 

AX ) Y) =	uj(x)vj (y)	V ui, vi E Co(X),(x,y) € X x X 

and consider the functional 

1(f) =	(Su ,vi)	V ui, vi € Co(X). 

By some analogous arguments to those used in the proof of [4: Lemma 1.4.11, we can 
show that if f(x,y) 2 0, then 1(f) 2 0. Since Co(X x X) is dense in Co(X x X), we



1046	S. Mataloni 

can extend I to a positive linear functional on Co(X x X). Then there exists a unique 
positive Radon measure a such that 

1(f) = fix xX f(x,y)a(dx,dy). 
Choosing f(x, y) = u(x) v(y) and 1(f) = (Su, v), we obtain 

(Su, v) = fix xX u(x)v(y)a(dx,dy). 
Statement (ii) follows by statement (i). Indeed, by (i) there exists uniquely a positive 

Radon measure on the product space X x X such that, for any pair of Borel functions 
u,v E L 2 (X,m), one has 

(eu, v) = fix xX u(x)v(y)&(d-, dy) = (v, u). 
Then, interchanging the role of u and v, we obtain 

(Su, v) = (u, v) 
= if	u(y)v(x)&(dx,dy). 

XxX 

It remains to prove statement (iii). Indeed, let E, F E 8(X). Then one has 

x F) = fix XE(x)XF(Y)cY(dX,dY) 
 xX  

= (SX E , XF) 
= (xE,xF) 

= 
11 XE(Y)XF(X )& (dx, dy) 

XxX 
= &(F x E) 

and the proof is complete I 
Remark 2.2. Let us remark that, by Lemma 2.1/(iv), the measures a( . x X) and 

o(X x . ) are absolutely continuous with respect to m and the Radon-Nikodym derivatives 
satisfy the relations 

o 
< a(dx x X) <1 and O< a(X x dx) <1	m-a.e.	(2.6) dm	 din 

Lemma 2.3. Let {/3G5}s>o or {/3G5 } 5 >o be a Markovian resolvent or coresolvent 
in L2 (X, m), respectively (see Theorem 1.7). Then there exist some positive Radon 
measures c ,6 or &j for every 0 > 0 such that the approximating form E 5 associated 
with G5 or 65 for every /3 > 0 (see 1.6) has the representation form 

E(u, v) = 0' uv(1 - s5 (x))dm + /3JJ X  
u(x)(v(x) - v(y)) 5 (dx, dy)	(2.7)
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where
o(dx x X) 

sp(x) =
	dm	

(2.8) 

or

E(v, u) =
	

uv(1 - (x))dm + 13ff 
X  

u(x)(v(x) - v(y))&p(dx, dy)	(2.9) 

where
(x) = o

fl (X x dx)	
(2.10)

drn 
respectively. 

Proof. Firstly we prove that fiG,9 is a positive linear operator on L2 (X,m). For 
every u E Co(X), u 2 0, let us put v =Since 0 v 1 and )3G,6 is Markovian, 
then 0 < f3Gv < 1. Hence 0 < 8G,9u < II u Il . Let u E L2 (X,m), u 0. Then 
there exists a sequence {un} E Co(X), u, 2 0, such that un -* u in L2 (X,m). By the 
continuity of ,8G ,6 we have f3Gun -+ 13G,9 u with flG,9u 2 0, thus I3G,9u 2 0. Now, by 
Lemma 2.1 one has

(f3G,9u,v) = fix xX u(x)v(y)a,(dx,dy). 

Since, by (1.2), it results that 

E (16) (u, v) = 13(u - f3Gu, v) = /3(u, v) - /3(/3G,9 u, v), 

then

	

E(u,v) = iif u(x)v(x)drn - /3ff	u(x)v(y)a(dx,dy) 

	

= sf u(x)v(x) drn + 13ff	u(x)Ev(x) - v(y)ja(dx, dy) 

- ;ff
X X  

u(x)v(x)(dx,dy). 

Let us observe now that, by the Fubini Theorem, 

IX XX 
u(x)v(x)c(dx,dy) = Ix u(x)v(x)ap(dx x X) 

hence, by (2.8), 

CO) (U v) = 13f uv(drn - a,9 (dx x X)) + 13ff	u(x)[v(x) - v(y)]a,9(dx, 

	

= fif uv(1 - s,9 (x))dm +flff	u(x)[v(x) - v(y)]a,9(dx,dy) 

and (2.7) is proved. 
To prove (2.9) it is enough to start with 

= /3(u —/3Gu,v) 

and to make the same arguments used to prove (2.7)1
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Remark 2.4. Interchanging the role of u and v and with a change of variables x 
and y in (2.9) and (2.7), we obtain two further representation forms of 

E() (u, v) 
=PIX 

uv(1 - i(x)) dm + Ix X  v(y)(u(y) - u(x))a(dx, dy) (2.11) 

(V, U) = 13' uv(1 - s(x))dm +	v(y)(u(y) - u(x))&(dx,dy). (2.12) 

Remark 2.5. Let (E,D(e)) be a non-symmetric Dirichiet form. Let {fJGfl}p>o 
be the Markovian resolvent and let {/3G}> 0 be the Markovian coresolvent associated 
with E. Moreover, let { f3G }p>o be the Markovian symmetric resolvent associated with 
the symmetric part E of E. By simple considerations one has that G, = Gp-1-G hence 
denoting by o and & the measures associated with G fl and Gfi , respectively, by Lemma 
2.3, and by &,6 the measure associated with G,9 by [4: Lemma 1.4.11, it results 

(dx,dy) o
fl (dx, dy) + &# (dx, dy) & (2.13) 2  

Moreover, putting
s(x) =	

x X)
	 (2.14) dm  

by (2.8), (2.10) and (2.13) easily
s fl (x) + ifl(x) 

s(x) = (2.15) 2  
follows. These considerations, (2.7), (2.9), (2.11), (2.12) yield 

-	1 
(u, v) = (E (u, v) + E(,6) (v, u)) 

= /3f uv(l - 9 ,6 (x)) dm + I(U(X) - u(y))(v(x) - v(y))&(dx,dy) 

according with [4: Formula (1.4.8)] for the symmetric case. 
Now we are in a position to prove the Beurling-Deny formula for regular non-

symmetric Dirichiet forms. 
Theorem 2.6. Any regular non-symmetric Dirichletforrn on L 2 (X,m) can be ex-

pressed as 

E(u,v) Ec(uv)+ Ix uvk(dx)
	 (2.16) 

+
 IXI XX—d [u(x)(v(x) - v(y))+v(y)(u(y)-u(x)) ] j(dx,dy) 

for all u,v E D(E) fl Co(X). Here EC is a non-symmetric non-negative definite form 
with domain D(E') = D(E)flCo(X), j is a positive Radon measure on the product space 
X x X off the diagonal d, and k is a positive Radon measure on X. Such elements Ec,j 
and k are uniquely determined by E. 

In order to prove this result we give the proof of two further theorems.
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Theorem 2.7. Any regular non-symmetric Dirichletforrn on L 2 (X,rn) can be ex-
pressed as 

	

E(u,v) = gc(u,v) + 
Ix 

uvg(dx) + 2ff	u(z)(v(x) — v(y))j(dx,dy)	(2.17)
 XxX—d 

for all u, v E D(E) fl C0 (X). Here gc is a bilinear form with domain D(C) = D(E) n 
Co(X), such that Q c (u , v) = 0 for every u,v E D( C ) with disjoint supports and 

gc(uv) = 0	Vu E D(),v E ®(u) 

where ®(u) = {w e D( C ) : to is constant on a neighbourhood of supp[u]}, j is a posi-
tive Radon measure on the product space X x X off the diagonal d and g is a positive 
Radon measure on X. Such elements gc,j and g are uniquely determined by E. 

Proof. Let us suppose that (2.17) holds. The proof of the uniqueness of j,g and 
C is the same of the symmetric case (see [4: Theorem 2.2.1]). In particular, it results 

that there exists uniquely j such that 

E(u,v) = _21u(x)v(y)j(dz,dy)	 (2.18) 
XxX—d 

for any u, v E D(E) fl C0 (X) with disjoint supports, and there exists uniquely g such 
that

/ u(x)g(dx) = E(u,v) — 2//	u(x)(v(x) — v(y))j(dx,dy) 
iX	 JJXxX—d 

for any u, v E D(E)flCo(X), with v identically equal to 1 on a neighbourhood of supp [u].

Let us prove now the existence of the measure j. By (2.7) and by (1.3), one has 

E(u,v) = _/3JJ	u(x)v(y)a(dx,dy) — E(u,v) 
XxX 

as 0 - :— if u, v E D() fl C0 (X) and supp [u] fl supp[v] 0. Let K 1 , K2 be arbitrary 
compacts subset of X such that K 1 fl K2 = 0 and let u, v be a pair of functions such 
that

0<uED(e)flCo(X), u=lonK1 and u=OonK2 

0 v E D(E) fl Co(X), v = 0 on K 1 and v = 1 on K2. 

It results that

	

fla(Ki xK2)=JJKI	f3o(dx,dy) 
 xK2 

ifX
$u(x)v(y)a(dx,dy) 

xX 

= —E(u,v) 

— —E(u,v) 

<00
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as 0 — 00 by (1.3). Then the family of measures {0c}>o is uniformly bounded on 
each compact subset of X x X — d, hence a sequence	converges as f3, — x 
vaguely on X x X — d to a positive Radon measure j. Actually, if we define j = , we 
obtain that such a measure j satisfies (2.18), so we get that there exists a unique Radon 
measure j on X x X - d such that 

2j	vaguely on X x X - d as 3 - 00.	 (2.19) 

Let us prove now the existence of the measure g. Let us fix a metric p on X which is 
compatible with the given topology and choose a sequence of relatively compact open 
sets {G,} increasing to X and a sequence of numbers 6, —* 0 such that 

= {(x,y) e G, x C, p(x,y) > 6,} 

is a continuous set with respect to the measure j for every 1, that is lim,_.j(r,) 
(Uff 	By (2.7), for any u € D(E) fl CO (X) such that supp [u] C C,, one has 

E(u,u) = _JGI u 2 (1 - 4(x))drn
(2.20) +0

 nff
u(x)(u(x) — u(y))a(dx,dy) 

G, xG, 

where s(x) = 
o5 

dm 
(dz xG,) and {fl} is such that /3,a — 2j vaguely. Moreover, by 

(2.6) and (2.20)

0 <I3nf u2(1 — 4(x))dm 

	

= E"(u,u) — i3nff	u(x)2cr,,(dx,dy) 
C, xG,—d 

+
 nff , xG,—d 

u(x)u(y)a 13 (dx, dy) 
G  

	

E(th) (u,u)+/3nff	u(x)u(y)a(dx,dy). 
C, xC,—d 

Then, by (2.19),

0 < limsup/inf	- 4(x))dm 

	

E(u, u) + 2fGI	u(x)u(y)j(dx, dy) 
 xG,—d 

<00. 

This implies, in particular, that the family of measures {$( i - s (x))dm}>o is uni-
formly bounded on each compact subset of C,. Hence an increasing sequence 

oo and some positive Radon measures g on C, exist in such a way that 

— s 9 (x))dm —* g	vaguely on C, as 0,, —*00 'vii.	 (2.21)
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In view of (2.19) and (2.21) we have that, for every I such that supp [u] C G,, 

E(u,v)= fl!i—MCC /3nf[	u(x)(v(x)—v(y))afl(dx,dy) 
G1xG,,p<6, 

.+ 2ff u(x)(v(x) — v(y))j(dx,dy) + f u(x)v(x)gl(dx).
 

 

Let us extend the measures g i to X, by setting g,(E) = g,(E fl C,). Then by (2.21), 
{ g,} is non-increasing on each compact set. Let us denote the vague limit by g, i.e. 

	

g	vaguely on X as I — . 

Letting 1 -+ oo in (2.22), we get the expression (2.17) with 

gc(u v) = urn urn f3 If	u(x)(v(x) - v(y))a fl (dx, dy).	(2.23) 
J GxG,,p<6, 

	

By (2.23) it is easy to prove that	has the asked properties U 

Theorem 2.8. Any regular non-symmetric Dirichiet form on L 2 (X,m) can be ex-
pressed as 

E(u,v) = c(uv) + J
X 

uvh(dx) + 2ff	v(y)(u(y) — u(x))j(dx,dy)	(2.24) 
 XxX-d 

for all u, v E D() fl Co(X). Here Fc is a bilinear form with domain D(F C ) = D(E) fl 
C0 (X), such that .Fc (u , v) = 0 for every u,v E D(FC ) with disjoint supports and 

	

c(uv) = 0	Vv € D(.TC),u E ®(v) 

where ®(v) = {w € D() to is constant on a neighbourhood of supp [vI}, j is a posi-
tive Radon measure on the product space X x X off the diagonal d and h is a positive 
Radon measure on X. Such elements .Fc , j and h are uniquely determined by E. 

Proof. The proof is the same of the previous one using (2.11) in place of (2.7). It 
is clear that

urn urn /30 - i(x))dm = h	vaguely on X	(2.25) 
00 1-00 

	

c(uv) = urn urn J3
I t
	v(y)(u(y) - u(x))a(dx,dy)	(2.26) °°"°° xG,p<6, 

and j is the same of Theorem 2.7 since is obtained as in (2.19) U 

We are now in a position to prove Theorem 2.6.

1051 

(2.22)
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Proof of Theorem 2.6. Expression (2.16) easily follows by Theorems 2.7 and 2.8 
putting

gc(u 
v)- .7 c (u , v) + gc(u, v)

-	2 
= lim 

urn 2 IGI
1—oofl--. 	xG,,p<6: 

X [u(x)(v(x) - v(y)) + v(y)(u(y) - u(x))]a(dx,dy) 

and
k(dx) - h(dx) + g(dx) 

-	2 
C is a non-symmetric Dirichiet form. Indeed, 

Ec(uu) = urn lim q (u(x) -u(y))2cxp(dx,dy) ^ 0 l—oofi—.00 xG:,p<6, 

and the statement is proved I 

Remark 2.9. Let us denote by j the positive Radon measure on the product space 
X x X - d such that j(dx,dy) = j(dy,dx). We can also obtain j as the vague limit 
of the sequence {fl& }fl>o that appear in (2.9). Moreover, using representation (2.9) in 
the proof of Theorem 2.6, we obtain 

((v, u) = Ec (v u) + fXuvk(dx) 

AX xX—d 
[u(x)(v(x) - v(y)) + v(y)(u(y) - u(x))](dx,dy) 

with

	

ec(vu) = urn lim	Jf'G 1
l—.00$--.00	 xGj,p<6, 

X [u(x)(v(x) - v(y)) + v(y)(u(y) - u(x))] &p. (dx, dy). 

Moreover, if (E, D(E)) is a symmetric Dirichlet form, (2.16) becames the well known 
Beurling-Deny formula. 

3. Non-symmetric diffusion forms 

By using the terminology of the symmetric case, we give the following 
Definition 3.1. Let us call non-symmetric diffusion form a regular non-symmetric 

Dirichiet form when the positive Radon measures j and k in (2.16) vanish. 
By Definition 3.1 and Theorem 2.6 it results that E	1C• Moreover, we observe 

that the positive Radon measure k vanishes if and only if the positive Radon measures 
g and h of (2.17) and (2.24) vanish; then	cc
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Proposition 3.2. A non-symmetric diffusion form (1, D(E)) is strongly local, i.e. 

E(u,v)=O	VuED(E),vEO(u) 

E(u,v) = 0	Vv E D(E),u E 0(v) 

where 0(w) = {f E D(E) : f is constant on a neighbourhood of supp[w]}. 

Proof. The thesis easily follows by the identities e EC cc	and by their 
integral representation forms (2.23) and (2.26) I 

In this section we are interested to consider non-symmetric diffusion forms. Our 
aim is to prove that, as well as in the symmetric case, these forms admit an integral 
representation. 

From now on, let us denote 

Al	{(x ) y) e C, x G,: p(x,y) <,}. 

	

Let (E, D(E)) be 'a non-symmetric diffusion form. Then E EC	,FC• By (2.23) 
and (2.26),

Ec(u,v)= lim lim 
[ IAI u(x)(v(x)—v(y))r(dx,dy) 

'°°'  

+JJ u(y)(v(y) - v(x))efl(dx,dy)I 

= urn lim [J v(y)(u(y)—u(x))(dx,dy) 
'°°	A, 

+Jfv(x)(u(x)_u(y))afl(dx,dy)1. 

Then using (2.13), the symmetric part E' of E' has the expression 

(u, v) = lim lim if (u(x) - u(y))(v(x) - v(y))&fl(dx, dy). °°°°	A, 
Moreover, the antisymmetric part	of e'has the expression 

(u, V) = c (uv) - 

= urn lim	 ff u(x)(v(x) - v(y))ct fl (dx, dy) 
-,	 -	-	- +

 hA
u(y)(v(y) - v(x))&(dx,dy) 
, 
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- 
ff u(x)(v(x) - v(y))&(dx,dy) 

- 
ff u(y)(v(y) - v(x))u(dx,d)J 

= urn 

A,	

[ff (u(x) + u(y))(v(x) - v(y))ufl (dx, dy) /3--. 1—c000	A, 

(u(x) +u(y))(v(x) _v(Y))&s(dx,dy)J 

= limim 12 ff (u(x) + u(y))(v(x) - v(y))(	
2 -	)(dx,dy). 

A,  
Let us define now

&(dx,dy) =	—_&fl(dd) 
2 

Then it results that 

c(u v) = lim urn 
IA 

(u(x) + u(y))(v(x) - v(y))6(dx, dy).	(3.1) 
, 

Remark 3.3. Let E(u, v) be a non-symmetric diffusion form. Then by the identity 
= gc and by their integral representation forms, it follows that 

13ff u(x)v(x)a(dx,dy) = lim lim 13ff u(y)v(y)crfl(dx,dy). f3—. 0000	A,	 '	°°	A, 
Then, obviously, since &(dx,dy) = &(dy,dx) one has 

13J
JAI 

u(x)v(x)&(dx,dy)= lim urn 13ff u(y)v(y)&p(dx,dy) loofloo 	 1—cu 
and, since

a13(dx, dy) = & ,6 (dx, dy) + (dx, dy) 

ö(dx,dy) = —(dy,dx) 

it results that

13ff u(x)v(x)(dx,dy) = urn urn 13ff u(y)v(y)(dx,dy) 
A,	 1—.00fl—oo 

= - lim u rn13ff u(x)v(x)fl(dx,dy). 
A, 

Then

urn u rn13ff u(x)v(x)(dx,dy) = lim lirn [3ff u(y)v(y)(dx,dy) 
A,	 A, 

=0. 

With these considerations there follows easily that the symmetric and antisymmetric 
part of a non-symmetric diffusion form are strongly local forms. Moreover, it is easy to 
check that Ec (u , v) = _Ec (v , u) hence (3.1) is a "good" representation.
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Theorem 3.4. Let EC(u,v) be a non-symmetric diffusion form and let c (u , v) be 
its antzsymmetric part. There ex its a signed Radon measure (u, v) such that 

c(uv) = Ix A(u , v)(dx)	Vu,v E D(E c ) .	 (3.2) 

Proof. Let us consider, for any fixed pair of functions u,v E D(E C ) fl C0 (X), the 
linear functional 

(I(u, v), ) := urn urn 
IAI

	

(x)(u(x) + u(y))(v(x) - v(y))6(dx, dy)	(3.3)
00 0—co  

on C0 (X). If cp on supp 
Jul 

flsupp[v], the functional 'F(u,v) is well defined by (3.1). 
Moreover, by simple calculation using Cauchy criterion, the functional II(u, v) is well 
defined for all w E C0 (X) and is bounded in Co(X)* (the dual space of Co(X)), hence 
by the Riesz representation theorem, for any fixed u, v e D(E C ) fl Co(X) there exists a 
unique signed bounded Radon measure (u, v) such that 

('I(u,v),) = Ix co(x)A(u, v)(d-)	Vw E C0 (X).	 (3.4) 

Choosing now	1 on supp Jul fl supp[v], by (3.1) Ec(u,v) = fX jT(u,v)(dx) U 

At this point let us define u(u,v) := j(u,v) + f(u,v), where jT(u,v) is the energy 
measure associated with the symmetric form E' (see 16: Proposition 1.4.1)). Hence we 
have proved the following 

Theorem 3.5. Let Ec(u, v) be a non-symmetric diffusion form. Then there exists 
a signed bounded Radon measure ,u(u,v) such that 

E, (u, v) 
= Ix 

p(u, v)(dx).	 (35) 

Such a Radon measure (u, v) enjoys some important functional properties that 
will be describe below. The following proposition shows one of the most important 
properties of ji: its local character. 

Proposition 3.6. Let E(u,v) be a non-symmetric diffusion form and jz(u,v) the 
measure associated with E by (3.5). Let u 1 ,u2 ,v 1 ,v2 E D(E)flCo(X) such that u 1 = u2 
and u 1 = v2 m-a.e. on A open subset of X. Then it results 

XA(X)/A(UI,V1) = XA(X)12(U2,V2)	on X. 

Proof. The proof in the symmetric case is given in 16: Proposition 1.5.21 and in 
[4: Lemma 5.4.61. Firstly let us observe that, by (3.3) and by the antisymmetry of the 
measure 6,3 (u, v), if v = 0 on A or u = 0 on A, then 

= 0. 

Then, since

Ix XA(X)(UI,V1) - XA(X)(U2,V2) 
XA(x)1(UI —u2,v1) + IxX	)j(u2 ,v 1 V2) 

the thesis easily follows U
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The previous proposition states that for any open subset A of X, the restriction 
u(u, v) to A depends only on the restriction of u and v to A. This allows us to define the 
domain of the form restricted to A, denoted by Do (E, A) as the closure of D(E) fl Co (A) 
in D(E). 

Lemma 3.7. Let Q be a relatively compact subset of X and let A be an open subset 
of ft Let (, D0 (E, 1k)) be a regular non-symmetric Dirichlet form on L2 (X, m). Then 
there exists a sequence {o,} E D() fl CO (Q) such that	2 0 for any n € N and 

/ XA in ft 
Proof. Let us fix a metric p on X which is compatible with the given topology and 

let us consider
An := ly € A: p(y,9IZ) > 

where &2 denotes the boundary of ft For any n E N, An is closed and An C Q, so 
An is compact. By Proposition 1.9 there exists a sequence ,, E D(E) fl C0(f) such 
that, for any n E N,	= 1 on A and supp [J C A. Let us define ça :=V 
and	(Do. := <. Then p, E D(E) fl CO(Q),= 1 on A,	2 en—i and ço / XA•
Indeed, for all x € A, p(x,t911) 2 p(x,i3A) = 5 > 0, hence x E An for each n > 6 and 
pn(x) = 1 — 1. Moreover, for all x V A,	(x) = 0 - 0, then	(x) _+ XA(x)' 

Proposition 3.8. Let E(u,v) be a non-symmetric diffusion form and M(u,v) the 
measure associated with e by (3.5). For every u, v € D(E) fl Co(X), it results that 

i(u,v) = .-ui(v,u) 

in the sense of measure, that is 

fE 
A(u , v)(dx) = fE 

for every Borel set E of X. 

Proof. Step I. Let Q be an open set such that supp [u] fl supp [vj C . By Lemma 
3.7, for any open subset A of Q there exists a sequence {co,2} E D(E) fl CO (Q) such that 

XA• By (3.2) and by the Lebesgue convergence theorem, we have 

0= lim lim lim 
JfAl

p(x)u(x)v(x)p(dx,dy) flCX 100	 , 
= lim urn	XA(X)u(x)v(x)(dx,dy) °° °° 1A, , 

= lim lirn if	 u(x)v(x)p(dx,dy) °°	AxG:,p(z,y).(6,} 

= lim lirn if	 u(y)v(y)(dy,dx). 
AXG,,p(z,y)<6,) 

Step H. We show now that for the sequence {ço,,} as before, we have 

lim JX
	— n(x)(u,v) = 0. —°° 
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Indeed, for any n E N 

fx	 (x)[j(u, v) - j(u, v)] 

15 If W n(X )A( U 'Pn - u,vçan) + f	- v)

and, by the Lebesgue convergence theorem, 

urn f	- u,vcn) 
TI-• 00

= urn urn PTffA,XA(X)(UXA(X) - u(x) + U XA(y) - u(y)) 
I—.00$—.00 

X (vxA(x) - VXA(y))ofl(dx,dy) 

=0 

since for I sufficiently large and for all 3 > 0 

ff{
( uxA(y) - u(y))(v(x) - VXA(y))cTp(dX, 

A xG, ,p(z,y)<.5,} 

= JJjAxGj
(uxA(y)- u(y))(vxA(y) - v(x))p(dy, dx) 

,p(x,y)<6,} 

=0. 

With the same arguments we have 

urn f	(x)A(u, VW. - v) = 0 —. noo 
and the thesis follows. 

Step III. We show now that for the sequence	as before, we have 

lim f	+	 = 0.
co n—. 

By the Lebesgue convergence theorem we have 

lim f	VW.) +	 uçon) 
n ) —.	x 

= urn lim 13Jf'A1 XA(x)(u(x)v(x)XA(x) - u(y)v(y)xA(y))p(dx,dy). 
°°$°° 

For 1, /3 sufficiently large, we have 

13ff, A xG, ,p(z y)<5,} (u(x)v(x) - 
u(y)v(y)XA(y))6p(dx,dy) 

{  

=

 

off	- u(x)v(x) + u(y)v(y))(dy,dx) 
{AxG,,p(z,y)<6,} 

-40
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by Step I. 
Step IV. By Steps II and III and the Lebesgue convergence theorem, we have 

0 = urn Ix n(x)[(un,vn) +P(v,u)] n—.00 

= urn I n(x)[(u,v)+(v,u)] 

= I 
We have so proved the thesis for all open subset A of ci subset of X. By the regularity 
of measures j the thesis holds for every Bore! subset E of ci. To conclude, we just note 
that since supp [u] fl supp [vj C n we have for every Borel subset E of X 

fE	= JEn	= fEndn= _L,u) 
and the proposition is proved I 

Remark 3.9. We point out that it is just the locality property of A which enables 
to state some general relations holding "in the sense of measure" as consequence of the 
suitable analogous relations involving the measure of the all space. 

Proposition 3.10 (Leibniz property). Let E be a non-symmetric diffusion form 
and p(u, v) the measure as with E by (3.5). Then for any u, v, w E D(E)flCo(X) 
the relations

(uv, w ) = vz ( u, w ) + uiz(v, w)	
(3.6)p(w,uv) = v(w,u) + up(w,v) 

hold in the sense of measure. 

Proof. Since the Leibniz property holds for the symmetric part j(u, v) (see [4: 
Lemma 5.4.2]), it is enough to prove (3.6) for the measure /i ( u, v). Moreover, by Propo-
sition 3.8 and Remark 3.9, we have just to prove that 

Ix ( w, uv)(dx) = Ix u ( x)(w, v)(dx) + Ix v(x)(w, u)(dx). 

Actually, by (3.1) and (3.2) one has 

= urn lirn Mx ) + w(y))(u(x)v(x) - u(y)v(y))6fl(dx,dy) IA1 
= lim lim Jf u ( x )(w ( x ) + w ( y))( v ( x ) - v(y))(dx,dy) A, 
+ ff v (y )( w ( x ) + w(y ))( u(x ) - u(y))(dx, dy) 

	

=
u(x)(w, v) +

	
v(x)(w, u) 

where the last equality holds by (3.4) and (3.3) 1
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Proposition 3.11 (Schwarz inequality). Let E be a non-symmetric diffusion form 
such that (1.1) holds and let j (u,v) be the measure associated with E by (3.5). We 
suppose that there exist the two Radon-Nikodym derivatives 

- d(u,v) e L'(X,m)	 (3.7) 
- dm 

- 
- dj(u,v) e L'(X,m)	 (3.8) 
 dm 

for every u, v e D(E) fl C0 (X). If E L2 (X, ii(u, u)) and 0 E L 2 (X, jz(v, v)), then 
piJ is integrable with respect to the total variation of I/2(u, v)I and one has for every 
u,v e D(E) n Co(X) 

Ix II I,i( u , v )I(dx )	K (f Il2(u,u)(dx))2 (L II2(v,v)(dx))2 

where K is the constant that appears in (1.1). 

Proof. The proof of the proposition in the symmetric case is proved in [4: Lemma 
5.4.3]. By the strong sector condition (1.3) it results that, for every u,v E D(E)flC0(X), 

IE(u,v)I 

that is, by (3.2), (3.7) and (3.8), 

p(u, v)(x)dm <	J [j(u, u)(x) + P(v, v)(x)J dm. 

By the local character of the measures jz(u, v) and TL(u, v) it results that 

L
(u, v)(x) dm	* L [(u, u)(x) + j(v, v)(x)J drn

( for every Borel subset E of X. Choosing v =	(x)v and u = 	V, V)
 (x)u we 

	

(vu)	 p(u,u) 
obtain

	

I p(u,v)(x)dml	KJ [(u,u)(x)P4(v,v)(x)] 
IJE	 I	E 

for every Borel subset E of X. Thus, we have 

	

Ii4 u , v)(x)I	K (Ø(u , u)(x)	v)(x)). 

Then, as pji4(u,u) and t,bP.(v,v) belong to L2 (X,m), by Holder we obtain 

	

I	 A 

Jx IbI (u, v)(dx)I K(IX  I 2 i(u , u)(x) drn 	(f	I 2 v, v)(x) drn)


and the proposition is proved I
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Proposition 3.12 (Chain rule). Let E be a non-symmetric diffusion form and let 
,u(u,v) be the measure associated with E by (3.5). Let u E D(E)flCo(X) and! E C'(R), 
with bounded derivative and 1(0) = 0. Then 1(u) belongs to D(E)flCo(X) and the chain 
rule holds for every v E D(E) fl Co(X), i.e. 

= f'(u)ji(u,v)	
(3.9) 

ji(v, f(u)) = f'(u)(v, u) J 

in the sense of measure. 

Proof. The first part of the proposition is well known (see [8]), since it only concerns 
the symmetric part of E. Let us prove equalities (3.9), that is, by Proposition 3.8 and 
Remark 3.9,

I
x	 Ix 

1i(f(u),v)(dx) = 	f'(u)(u,v)(dx). 

Let v E D(E)flCo(X). Firstly, we can observe that if 1(v) = v2 , by the Leibniz property, 
(3.9) holds. Now if 1(v) = v 3 , we can apply the Leibniz rule on v 2 v to have (3.9) 
and in general, by the linearity of the form, we obtain that (3.9) holds when f(v) is a 
polynomial such that 1(0) = 0. Since v E D(E) fl Co (X), hence —M < v < M, then by 
the Weierstrass theorem, we know that for every f E C'([—M, M]) with 1(0) = 0 there 
exists a sequence f of polynomials such that f(0) = 0 and f,, - fin C'([—M, MI). 
Then we have

Ix (f(u),v)(dx) = Ix  
By the Lebesgue convergence theorem, taking into account that the integrals are taken 
on the compact set supp [u] where {f,(u)} is uniformly bounded by a constant, it results 
that

Ix f(u)JL(u,v)(dx)	Ix f'(u)p(u, v) (dx)	Vu,v E D(E)fl C0(X). 

We shall prove that

Ix p(f (-), v) (dx) 

hence, by the uniqueness of the limit, the thesis shall follows. Actually, one has 

{j(f(u),v) - iz(f(u),v)] (dx) 

=- f(u),v)(dx) 

KEi (f(u) —f(u),MU) _f(u))vui(v,v). 

Since  

Ix  If(u) - f(u )I 2dx - 0	as n -+
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it is enough to prove that 

'(f. (u) - f(u), f. (u ) - 1(u)) =J 1, (f. (U ) - f(u), f. (u) - f(u))(dx) 

as n -4 oo. Applying the chain rule on functions In, we have 

- f(u),f(u) - f(u))(dx) 

4 =	(f(,) , f(u))(dx) - 24 (fn(.), f(u))(dx) 
+ 

J p(f(u), f(u))(dx) 
= J21,u	- 21 f(u)(u,f(u))(dx) + Ix p(f(u),f(u))(dx). 

Taking the limit as n —i oo, by the Lebesgue convergence theorem it follows that 

(f. (u ) - 1(u), f. (u ) - 1(u)) 
u)(dx) - 2Jf'(u)(u, f(u))(dx) + J z(f(u), f(u))(dx) 

= 
f i(f(u), f(u))(dx) - 2f JL(f(u), f(u))(dx) +

	
j(f(u), 

where we have applied the chain rule in the symmetric case. Thus (3.9) is proved I 

The above Proposition can be also proved for a Lipschitz continuous function f, 
with 1(0) = 0. Then it is simple to prove the truncation rule, that is 

= X{u>O}IL(U,') 

for every u,v € D(E)fl Co(X). 

4. Example 

Let X	be an open subset of R'2 (n > 3) and let m = dx be the Lebesgue measure 
on Q. Letting a ii € L'(ci,dx), we define 

aii = ,, + a,) and	= (a 1 - a3 1 )	(1	i,j	n).

Let us suppose that there exist two constant A, M > 0 such that 

äjj(x)j	V	(c ' ,. . ,) E R 
i,j=I
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and

	

I1IM	V1i,jn. 

Let b, d1 E L,(cl , dx ) and CE L 1 2 ': such that b1 - d1 E L"(,dx) U L°°(),dx) and 

f
(cu+ Edi --dx

>0	VuEC'°(),u>0. n 
au I - .	O 1	J 

Let us define for u,v E C() 

	

oo	E	Ov	 On 
E(u,v) =	 dx +	d1u—dx + > J biv_ dx +fcuvdx. 

	

ij=1 f Ox Oxj	• I	Ox	 Ox, 

The closure of (E, C°°(1)) is a regular non-symmetric Dirichiet form on H = L2 (X, m) 
(see [5: Proposition 2.111). 

Let us observe that

	

OU OV	 f	--	J	-- f aii ---dx+>dtuOx dx+	b,v 
Oxi 

dx 
i,j=I 	

Ox,	j1  

is not a non-negative definite form. Actually, it results that 

	

au Ov	
E dt_bj J	

Ov E(u,v)=	f aii_____cix+	2 u0dx 

	

Ox Ox,	
i=1 

+>Jv On _— dx+J c -
 

 -	luvdx, 
( 

	

2 Ox	 2 09X  j 

	

that is (2.16) holds with j = 0, k = c -	n a(b+d) andazi 

	

1 On Ov	I d - b Ov	 b d Ou 
udx+J	

dx. Ec(uv)=	/ a ---- dx+	I j	Ox 1 Ox,	j	2	Ox	 OxI 1=1 

Moreover, let us observe that Theorems 2.7 and 2.8 hold with j = 0 and 

c c (uv) =	Jaij.Y_Y_dx +	(di - bz)uY_dx 
t=1 

J ali Y_dx+J(bi _dl)v-!z_dx
ax)

i1 
TI 

9 = C -
0b1 
axi 

C 

E axi
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In the case that d, = b 1 and c -	=	- it results that k = 0. Then - 8x	or.'

OuOv E c(uv) =	Jaii__dx 
ij=I 

is a non-symmetric diffusion form. This form satisfyes the strong sector condition (1.1) 
with K M +1:

IE(u,v)l(	+ 1)E(u,u)E(v,v).	 (4.1) 

Let us observe that Theorem 3.4 holds with 

1i(u,v)dx = a 1, (x) 
au av ---dx. 
9x 1 ox, 

For such a measure the Leibnitz property and the Chain rule can be easily proved. 
Moreover, the Schwarz inequality holds: 

n au Ov In IbI21 -(dx) 

5u111 

J';z >1 IIIáiI	
5v 

axi-1j(dx) 

n	 2\	/n	 2
OuI	

I * 

1=1 

I

") 

n	 2	2 

(E	
2	2 

j 2	dx <M(jH2	dxo1
loxii

- dx (E it,	

Ov	
2 

M	
fII2 

OUOU
axi 

(,	
, 

- 
- 

Moreover, since the Schwarz inequality holds for the symmetric part, it results that 

L I21 
n 

a1,---I(dx) 19xj 

n	 \	n	
2 

2 2 au au	I 
(+i) 

( J=1

jii a--dx i - dx 
Ox Oxj 

j (' L ii a,	
/ 

and	+ 1 is the constant that appears in the strong sector condition (4.1).
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