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For the solution of the diffusion equation of Satsuma and Mimura in the
spatially periodic case general formulae are given. Furthermore some
simple criteria for existence and non-existence of the solution for all
times are derived and illustrated by examples.
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Introduction
Some years ago J. SATSUMA and M. MIMURA [2-4] introduced a class of
non-linear diffusion equations involving singular integral terms for describing some diffusion phenomena with non-local aggregation. They developed an exact linearization method for these equations and derived some
interesting particular solutions in explicit form by this method. Recently
in their paper [5] they investigated the stability behaviour of the steady
state solutions in the spatially periodic case.
The steady state solutions of Satsuma and Mimura are rederived in
systematic way in our paper [6] by reducing the stationary equations to
complex differential equations of first order. Methods of complex analysis are also used in our joint paper with W.GERLACH [1] to reduce the
general initial-value problem for the equation of Satsuma-Mimura in the
spatially periodic case to a Hammerstein integral equation for which by
Schauders and Banachs fixed point theorems the existence of a solution
in some time interval is proved. In our paper [7] this method is extended to
the general equations of Satsuma-Mimura. Besides in [81 we use the complex analogue of the Hopf-Cole transformation for linearizing the equations of Satsuma-Mimura and studying the general Cauchy problem on the
real axis. In the present paper this method is employed to the equations of
Satsuma-Mimura in the spatially periodic case. We derive representation
formulas in integral and series form for the solution of the general periodic Cauchy problem, study the asymptotic behaviour of the solution, and
give some simple criteria for existence and non-existence (i.e., blow up) of
the solution for all times. The somewhat involved general picture of the
existence of such a solution is demonstrated by examples.
1; Statement of problem
We deal with the following initial-value problem (cp. [11).
Problem P. Find a real-valued sufficiently smooth function u( s, t),
0!5t s T, periodic in s with period 27t, which satisfies the equation
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udu 5 + [Hu . u] 5 = O in -it:5sSit,O<t<T
and the initial condition
u(s,O) = f(s) in - it

(1)
-

S

s :5 it,

(2)

where d > 0 is a given real constant, F is a given real Holder continuous
2it-periodic function, and Hdenotes the Hubert transform
Hu s) =

fu(c)cotj -di

For dealing with Problem Pit is advantageous to use complex variables.
We interpret u( s, t) as boundary values u( e, t) of a regular harmonic
function u( z, t), z = re' , 0 S r< I , in the unit disk G on F: z = e is , - it S S Sit.
If v( z, t) denotes the conjugate harmonic function to u( z, t) normalized
by the condition v= Oat z = 0, we have v(s, t) = -(Hu)(s, t) for its boundary
values on F and the holomorphic function w(z, t) u(z, t) + I v(z, t) in G
fulfills the boundary condition
u - du

= [uv]5 onF.

(3)

Writing (3) in the form
Re[w-dw53+(l/2)i(w2)]=Oon17,
we see that w( z, t) satisfies the complex differential equation
W t + dz(z w') = (1/2 )z(w 2 Y in G

(4)

together with the initial condition w( z, 0) = S [f]( z) in G, where the prime
denotes differentiation with respect to z and S is the Schwarz integral.
From [l ii (cp. also [71) it follows that a continuous (generalized) solution of Problem P is unique and exists in some sufficiently small time
interval) [O,T]. In particular, if
M < 0,13509itd for = max {kp (s)I:-ir:5sSit},
where

cp

(5)

1- iHf, the solution exists for all times t> 0.

2. Integral representation of solution
The transformation
w-2dzWYW

- (6)

with an analytic function W= W(z, t) in Greduces the equation (4) for w to
the equation
Wt + dz(z W) 0

(7)

for W with the initial condition
W(z,0)

z),(z')=zcI0(z),

where a= f0 /2 d, f0

(l/2it)ffds and

(8)
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0•

= 0 the function 0 0 is holomorphic in G and continuous on
G. It satisfies the condition 0,( 0) = 1. Further, for definiteness, z is
understood as principal value.
According to (8)we make the ansatz

Since S[f](0)

(10)

W(z,t)=zW0 (z,t)

with a holomorphic function W in G continuous with its first derivative on and satisfying the initial condition W,(z .0) = 4D 0 ( z). In view of
equation (7) the boundary function W( s, t) = W( eIs, t) fulfills the heat
equation
(II)

W-dW=0, -it<s<,t, 0<t<T,
by (8) the initial - condition
W(s,0) CD(e is )

=

e'

1D 0 (e).

(12)

and by (10) the modified periodicity conditions
W(-it, t)

e 2 'W(it,t) , W(-it, t)

=

=

e 2nlcx W8 ( it, t).

(13)

Using the Fourier expansion of (D 0 (e), the problem (11)-(13) has the
solution
W(s, t)

Putting

=

e

=

e '1

,

e'0)

2 ir f_'T7

= o -

kce

e

Ik

d(k - cx)2tdo

_0)e

s, for Wwe obtain the formula (10) with the function
(14)

W0(zt)
where
Ga(,t)=>•
k=-ni

ke_d(kY2t

(IS)

In particular,
(o,t)=fG(c,t)re_dcr2e>o.

(16)

2TEi

Theorem 1:11 the function W0 (z,t) given by (14) does not vanish in G
1z :^ I for O:; t :5 T (or 0 s t a T, respectively), then the function u(s, t) =
Rew(e 1 ,t), where wis given by (6) with W defined by(l0), (14), represents the unique solution of Problem P in [0, TI (or [0, T), respectively).
Remark: If

ix

=

m is an. integer, we have G.,( ç, t)

W(zt)=--1 JCD(z) G0 (c,t)-- ,
where

=

ç-m( ç, t) and
.

(17)
-

G0 (ç,t)

=

ç_ k e_ dk2t
,

(18)
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with
G0 (e',t) = ( 5/2 ir,e)>0

(19)

expressed through the thirdJacobi's theta function &
Example 1: For the non-constant steady-state solutions of equation
0) we have (cp. [61)
2
f(s)nd i - Idins12
p(s) nd I+CeiflSs
I Cein
Il - Ce

Cz n,

w(z)=nd

n=i,2 .....whereldl<i.

- Cz

Here f Re w(0) nd , hence cc = n/2. Further

cI 0 (z)=i_Cz n , D(z)=zn12[l_Cznh],
W(zt)=e_d2/4)t(z),w(z,t)=w(z).

3. Series representation and asymptotic behaviour of solution
Let the function (D, given by (9) have the Taylor expansion
0 (z)1+a j zinIzI:5l.

(20)

Then by (10), (14)
W(z,t)z[e2t+ajzie1(i_)2t]

(21)

with
W(z, t) - z' [e_d2t

+z

1=1

a1 z 1 ed(i)2t]

+

(22)

ja1z' ej)2t.

In view of (6) from (21), (22) we obtain

Theorem 2: If the function cI in (9) has the expansion (20), the function
w corresponding to the solution u of Problem Pis given by the expression
w(z,t) = f. - 2d

1=1

e

I

a z i e d (J )2t

2t +

azJe(i)2t

.

( 23)

j=1 i

From (23) the following asymptotic behaviour of the function w as

t- +is obtained:
Jn the case -cn<a<1/2:
w(z,t)f0 .

( 24)

In the case N-1/2<<N+1/2,N=1,2,...:
w(z,t)".. 1- 2dP(z,t)/Q(z.t),

with

(25
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P NaNz1e_c(n_x)2t+...+alze_d2t
+(2N-l)a2 N- 12 2N -le _ d ( 2N_l_x)2t + 2Na2Nz2Ne_2NO2t
and
NcX)++az ed2t

Q = aN z N e
+a2N1

z

2T1 e(22t +a2Nz2' e (2N_2t+e•ckL 2

In the case a = N +(l/2):
(26)

w(z,t) f0 - 2dP0(z,t)1Q0(z,t),
with
I

(NaN 2 N +(N+l)aN+l z N

)e

1 '4)t +...

+ (a j z + 2Na2NZ2N)e_d(N112)2t
+ (2N + l)a2N

I

z2N*1e_d(N+12)2t

and
Q. = (azN+ aN+i zN)e_/4)t+
2N)e-d(N-I/2)2t
+(alz a2N Z
+(a2Nlz2t\T+1+l)e(11*1/2)2t.
4. Existence assertions
In view of (21) the condition for the existence of a solution to Problem P
can be formulated as follows.
Existence criterion: The holomorphic function
ajyjzi,ijedi(I2t,

'V0 (z,t)l+
does not vanish in

Iz I

:5

(27)

1.

The function (D0 (z ) does not vanish in Iz I :5 1. Further, for t >0 we have
0<<l(J=l2...)in the case 0sa<l/2 and - r 1 =l,0<y<l(J = 2,3 .... )inthe
case a = 1/2. Hence there holds
Theorem 3: If 0 a :s 1/2 and
l
I al !S1
1=1
then the solution of Problem P exists for all t> 0.

(28)

In the case a> 1/2 fromthe asymptotic relations (25) and (26) we obtain
u(0, t) = Re w(0, t)

1co*

fo

if one of the coefficients a1, a2,... ak with k = 2N-1 as N-112 <a :s N and
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k =N as N < a N+112 is different from zero. Following an argumentation by
Satsuma and Mimura in their papers cited, we conclude that then the solution of
Problem P cannot exist for all t> 0 (i.e., must blow up in finite time) since
:5

IJ'

u(e 15 ,t)ds =2Ttu(0,t)

is independent of t for regular solutions

u

of problem P.

Theorem 4: If a > 1/2 and one of the coefficients a 1 , a 2 .... ak in the expansion
(20) of I( z) is different from zero, where k is the greatest integer smaller than
2a, then the solution of Problem P does not exist for all t> 0.
Example 2: We choose
1 - Cz" with ICI< I . C * 0
(29)
and a 0, where a * n12. By (6) or (9) to (29) there corresponds the function
cx-1C1 2 (n-a) (n-2a)Re[Ce1'1

F(s) 2d

I i-Ce'I2

with
cp(s)

2d

a+C(n-a)z
I - Cz1

.

1 - Ce 1 '
By (23) we have the solution of (4)

nCz"e°' n-a)2t
e1a 2 t_ Czne1(h1)2t

(30)

with F. = 2da. If 0 a <n/2 the solution (30) exists for all t 0. If a > n12 It blows
up at time t 0 , where exp[dn(n-2cz)to] = I C1, i.e., at t0 = [dn(2cx-n)i'ln(l/ICD.
Example 3: We further choose

(l-c 1 z " 1 )(lc 2 z'12 ) I_c1z"l_ c, 2 z"2 +c1c25nh1*n12
(31)
With 0 s c1, C2 < 1.*
0 and a (n1 n 2 )/2 (sums of two pulses, cf [43).

Then

f(s) nd

1-cz
I • c 2 - 2c1 cosn 1 s

*

nd

I—C'2
I c- 2c2cosn2s

with
W(Z) = n 1 d

l*c1z'l

+ n2d

I-c2z'

By (23) we have the solution of (4)
w(z,t)

=

- 2d P 1 (z,t)/Q 1 (z.t)

where
P1 (z,t)

(32)

.

(n1+n2)c1c2z''2 e_ d(n 1 . n2 )

2 t/4

+n2c2'1) e_fh_2)2t/4,

Q1(z.t) = ( 1+cc2zhh1*h12
)e

-d(n1+n2)2t/4
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and f0 2d = d(n 1 *n 2 ). The solution blows up at time t,, where
(ct+c2)1(1*cjc2),i.e.,atto =(dn1n2)-hln[(i*c1c2)/(c1+c2)].
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exp(-dn 1 n 2 t.,)

S. The case a 0
If

0, by (17) we have
W(z.t) =--!- j'rGo,t)f

with G 0 defined by (18) and
z)=co(z)exp{_-

f0siic-.

Therefore Wis a holomorphic function in Izi

4'(z,t)= —i-- f
2iti

<

1. Further, W(z,t) * 0 in IzI

(zç)G0(ç,t)--- *0 in IzI^l

I if
(33)

with the function
(z) =

exp{_-f z S tir] ()-- }.

On F we have
.(e13)exp{_JHfdo}exP{--fr s:rdc}

so that Re (e).> 0 if the condition
-,t/2 i^ 2d 0

15 7t/2 as - it :5 S :5 it

(34)

is fulfilled. Then also
Re

Re(e1(3*0))Go(eb0,t)do >0

J

=

on account of (19), and in view of the maximum principle for harmonic functions
Re 4'(z, t)> 0 in Izi ^ I implying the condition (33).
Theorem 5: If
Problem

0

and the condition

P exists for all

t>

(34) is fulfilled, then the solution of

0.

Example 4s We choose
(D(z) <0 -

cz) 2 =

I - 2c< c2 z 2 with 0<

c<

1,

(35)

which corresponds to the function
f(s)4d

-

' c fl cosns=4dc(coss-c)/II-ce 13 1 2

n=1

--

-

By (23) we have the solution of (4)
w(z,t)4d

.e

t _ 22-4dt

1_2czet+c2z2e_4it

.

(36)
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If 0 c < 4/0 '3) = 0.76980 the solution (36) exists for all t . 0, whereas for
c a 4/0 /3 ) it blows up at t o = (lid) lnp 0 where e 0 > I Is the smallest root of
the equation p 4 - 2cp 3 + c 2 0 In particular, for c 4/(3/ 'S ) we have p
2/-/-3 The criterion (34) is fulfilled if arc tan (c sin s/(1 if , c s I /

The condition

c

cos

s))

!^

,t/4 in 0

s

s

!^ it, i.e.,

0,41421. Finally,
we remark that the criterion (5) yields the very restricted condition c < 0,095924.
0,70710.

(28) is satisfied if c

:5

-

I

=
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