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Abstract

In this paper we will characterize the spaces of distributions of exponential
growth with support in a proper convex cone by the heat kernel method. As ap-
plication we can obtain the Paley-Wiener theorem for distributions of exponential
growth supported by a proper convex cone and Edge-of-the-Wedge theorem for the
space of the image by the Fourier-Laplace transform of them.

§1. Introduction

In this paper we shall study the space H ′(Rn, K) of distributions of ex-
ponential growth. The spaces of distributions of exponential growth for the
1-dimensional case, direct product case or global case were investigated by
many authors ([5], [7], [11], [15], [16], [18], [21], [24]). In [5] M. Hasumi studied
the space H(Rn, Rn) and the dual space H ′(Rn, Rn) (see Definition 3.2 and
Definition 3.7). In [15] M. Morimoto studied the space H(Rn, K) and the dual
space H ′(Rn, K) (see Definition 3.2 and Definition 3.7). The purpose of this
paper is to treat the space of distributions of exponential growth supported by
a proper convex cone Γ ⊂ R

n, (denote by H ′
Γ
(Rn, K)).

In §3 we introduce the base space H(Rn, K) and its dual space H ′(Rn, K).
The main purpose in this section is to obtain the structure theorem for
H ′

A
(Rn, K), the space of distributions of exponential growth supported by a
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566 Masanori Suwa

set A ⊂ Rn (Theorem 3.10). Therefore as corollary we obtain the structure
theorem for H ′

Γ
(Rn, K), where Γ ⊂ Rn is a proper convex cone, (Corollary

3.12), and the result which G. Lysik obtained for the case of direct product
support of half lines ([11]). Furthermore we have the decomposition theorem
for distributions of exponential growth with support in Γ+ ∪ Γ−, (Corollary
3.14).

In §4 we shall characterize the space H ′(Rn, K) by the heat kernel method,
which T. Matsuzawa introduced for the spaces of distributions, ultradistribu-
tions and hyperfunctions [4], [12], [13], [14]. The main purpose in this section
is to show that the convolution of the heat kernel and a distribution of expo-
nential growth is a smooth solution of the heat equation with some exponential
growth condition and conversely such a smooth solution can be represented
by the convolution of the heat kernel and a distribution of exponential growth
(Theorem 4.4).

In §5 we shall characterize the space H ′
Γ
(Rn, K) by the heat kernel method

(Theorem 5.1).
In §6 we shall study the Paley-Wiener theorem for H ′

Γ
(Rn, K) by using

the structure theorem given in §3 and the heat kernel method given in §4,
§5. Then we shall show that the Fourier-Laplace transform of T ∈ H ′

Γ
(Rn, K)

is a holomorphic function constructed by a finite sum of functions which are
holomorphic on the domains whose imaginary parts are proper convex cones
with vertex at the elements of K and with some polynomial growth conditions
and conversely such a holomorphic function can be represented by the Fourier-
Laplace transform of a distribution of exponential growth T ∈ H ′

Γ
(Rn, K).

Then we can see that T is constructed by a finite sum of distributions of ex-
ponential growth supported by a proper convex cone Γ (Theorem 6.9). As
corollary we have the result which M. Morimoto showed for the 1-dimensional
case [15].

In §7 we shall study the space of the image by the Fourier-Laplace trans-
form of T ∈ H ′

Γ
(Rn, K). Then by using the Paley-Wiener theorem given in §6,

we can obtain the Edge-of-the-Wedge theorem for this space (Theorem 7.11).
These results are generalizations of the work which M. Morimoto showed for
the case of direct product ([16], Theorem 2).

§2. Preliminaries

Definition 2.1. We define some notations:

x = (x1, . . . , xn) ∈ R
n, x2 = x2

1 + · · · + x2
n.
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〈x, ξ〉=
n∑

j=1

xjξj for x, ξ ∈ R
n.

z = (z1, . . . , zn) ∈ C
n, zj = xj + ıyj , j = 1, . . . , n.

ζ = (ζ1, . . . , ζn) ∈ C
n, ζj = ξj + ıηj , j = 1, . . . , n.

B(x0, δ) = {x ∈ R
n; |x − x0| < δ, δ > 0}.

α = (α1, . . . , αn) ∈ N
n
0 , |α| = α1 + · · · + αn.

α! = α1! . . . αn!.

Dα =
∂α1

∂xα1
1

· · · ∂αn

∂xαn
n

, � =
n∑

j=1

∂2

∂x2
j

.

E(x, t) = (4πt)−
n
2 exp(−x2/4t), t > 0.

For ζ ∈ Cn, ζ = (ζ1, . . . , ζn), we put |ζ| =
√
|ζ1|2 + · · · + |ζn|2.

Definition 2.2. Let K be a convex compact set in R
n. Then we define

supporting function of K by hK(x) = sup
ξ∈K

〈x, ξ〉.

Definition 2.3. Let Ω be an open set in Cn. We denote by H(Ω) the
space of holomorphic functions on Ω and by C(Ω) the space of continuous
functions on Ω.

Definition 2.4. D(Rn) is the space of C∞ functions with compact sup-
port. S(Rn) is the space of rapidly decreasing C∞ functions and S′(Rn) is the
space of tempered distributions.

Definition 2.5. For a function ϕ(ξ) ∈ S(Rn), the Fourier transform
F(ϕ)(x) is defined by

F(ϕ)(x) =
1

(2π)
n
2

∫
Rn

ϕ(ξ)eıξxdξ

and the Fourier inverse transform F−1(ϕ)(ξ) is defined by

F−1(ϕ)(ξ) =
1

(2π)
n
2

∫
Rn

ϕ(x)e−ıξxdx.

Definition 2.6. For ϕ(x) ∈ S(Rn) and φ(x) ∈ S(Rn), the convolution
of ϕ(x) and φ(x) is defined by

(ϕ ∗ φ)(x) =
∫

Rn

ϕ(x − y)φ(y)dy.
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Definition 2.7. For a function ϕ(x) on Rn, if ϕ(x)eıζx ∈ L1(Rn
x), then

LF(ϕ)(ζ) is defined by

LF(ϕ)(ζ) =
1

(2π)
n
2

∫
Rn

ϕ(x)eıζxdx, ζ ∈ C
n.

Definition 2.8. Let A be a set in Rn. Then we denote by A◦ the
interior of A, A the closure of A, for ε > 0, Aε = {x ∈ Rn; dis(x, A) ≤ ε} and
by ch(A) convex hull of A.

Definition 2.9. Let Γ be a cone with vertex at 0. If chΓ contains no
straight line, then we call Γ proper cone.

Definition 2.10 ([6], [22]). Let Γ be a cone. We put

Γ′ := {ξ ∈ R
n; 〈y, ξ〉 ≥ 0 for all y ∈ Γ}.

Then we call Γ′ dual cone of Γ.

Definition 2.11. Let Γ be a cone. Then we denote by prΓ the inter-
section of Γ and the unit sphere. The cone Γ1 is said to be a compact cone in
the cone Γ2 if prΓ1 ⊂ prΓ2 and we write Γ1 � Γ2.

Proposition 2.12 ([22], [23]). Following conditions are equivalent:

1. Γ is proper cone.

2. (Γ′)◦ 
= ∅.

3. For any C � (Γ′)◦, there exists a number σ = σ(C) > 0 such that 〈ξ, x〉 ≥
σ|ξ||x|, ξ ∈ C, x ∈ chΓ.

Proposition 2.13 ([22]). (Γ′)′ = chΓ and (Γ1 ∩ Γ2)′ = ch(Γ′
1 ∪ Γ′

2).
Furthermore for a convex cone Γ, we have Γ=Γ + Γ.

Definition 2.14. Let Γ+ be a cone with vertex at 0. Then we put
Γ− = −Γ+.

Definition 2.15. Let A be a set in Rn. We put S′
A

:= {T ∈ S′(Rn);
supp T ⊂ A}.

For the structure of S′
Γ
, the following proposition is known:

Proposition 2.16 (Bros-Epstein-Glaser [1], [17]). Let Γ be a proper
open convex cone in Rn and let T ∈ S′

Γ
. Then there exists a polynomially

bounded continuous function G with support in Γ and a partial differential
operator with finite order P (D) so that T = P (D)G.
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Proposition 2.17 ([17]). Let Γ+ ∈ Rn be a proper open convex cone
and S ∈ S′

Γ+∪Γ−
, Γ− = −Γ+. Then there exist S+ ∈ S′

Γ+
and S− ∈ S′

Γ−
such

that

S = S+ + S−.

§3. Distributions of Exponential Growth

In this section, we shall introduce H ′(Rn, K), the space of distributions of
exponential growth, and give the structure theorem of H ′

Ā
(Rn, K).

Definition 3.1. Let K be a convex compact set in Rn and ε > 0. Then
we define Hb(Rn, Kε) as follows:

Hb(Rn, Kε) := {ϕ ∈ C∞(Rn); sup
x∈Rn

|Dpϕ(x)ehK(x)+ε|x|| < +∞, for ∀p ∈ N
n}.

Definition 3.2. We define the spaces H(Rn, Rn) and H(Rn, K) as fol-
lows:

H(Rn, Rn) := lim←−
ε>0

Hb(Rn, Kε),

H(Rn, K) := lim−→
ε>0

Hb(Rn, Kε),

where lim←−
ε>0

means projective limit and lim−→
ε>0

means inductive limit.

Remark 3.3. Now we give the relations of H(Rn, K) and the other func-
tion spaces:

(i) D ⊂ H(Rn, K).

(ii) If {0} ⊂ K, then H(Rn, K) ⊂ S.

(iii) Let r ≥ 0, s ≥ 0, Ss
r (Rn) be Gel’fand-Shilov space and Sr(Rn) =

lim−→
s→∞

Ss
r (Rn). Then it is known that

S1(Rn) = {f ∈ C∞(Rn); ∃δ > 0 ∀α sup
x∈Rn

|Dα
x f(x)|eδ|x| < ∞},

(for details we refer the reader [18]). Therefore

(a) If K = {0}, then H(Rn, K) = S1(Rn).

(b) If {0} ⊂ K, then H(Rn, K) ⊂ S1(Rn).
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(iv) The space H(Rn, K) is slightly different from &E in [3]. In fact

ϕ(x) ∈ H(Rn, K) ⇔ ∃ε > 0 ∀p ∈ Nn s.t. sup
x∈Rn

|Dpϕ(x)ehK(x)+ε|x|| < ∞.

ϕ(x) ∈ &E ⇔ ∀p ∈ Nn ∃k > 0 s.t. sup
x∈Rn

|Dpϕ(x)|ek|x| < ∞.

Therefore if {0} ⊂ K, then H(Rn, K) ⊂ &E .

Remark 3.4. L. Hörmander treated the base space Sf so that D ⊂ Sf ⊂
H(Rn, K) and the Fourier-Laplace transform of Sf . For the details we refer
the reader to [7].

For (i) of Remark 3.3, the following theorem is known:

Theorem 3.5 ([15]). D(Rn) is dense in H(Rn, K).

Corollary 3.6. If {0} ⊂ K, then H(Rn, K) is dense in S.

Definition 3.7. We denote by H ′(Rn, Rn) the dual space of H(Rn, Rn)
and by H ′(Rn, K) the dual space of H(Rn, K). The elements of H ′(Rn, Rn)
and H ′(Rn, K) are called distributions of exponential growth.

By Remark 3.3 and Theorem 3.5, we have H ′(Rn, K) ⊂ D′.

For the space H ′(Rn, K), the following proposition is known:

Proposition 3.8 ([15]). A distribution T belongs to H ′(Rn, K) if and
only if for any ε > 0 there exist a partial differential operator Pε(D) and a
bounded continuous function Fε(x) such that

T = Pε(D){ehK(x)+ε|x|Fε(x)}.

Definition 3.9. We put H ′
A
(Rn, K) := {T ∈ H ′(Rn, K); supp T ⊂ A}.

Now we have the structure theorem for distributions of exponential growth
with support A ⊂ Rn:

Theorem 3.10. Let A be a set in Rn and T ∈ H ′
A
(Rn, K). Then for

every ε > 0 there exist S(x) ∈ S′
A
, n0 ∈ N and tj ∈ K, j = 1, 2, . . . , n0 such

that

T = S(x)eε
√

1+x2
∑

1≤j≤n0

etjx.
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Proof. Let ε > 0. By K ⊂
⋃
t∈K

B(t, ε
2 ) and K is a compact set, there

exists n0 ∈ N such that K ⊂
⋃

1≤n≤n0

B(tn, ε
2 ), tn ∈ K.

Let x0 ∈ Rn. Then there exists t′(x0)
∈ K and n1, 1 ≤ n1 ≤ n0 such that

hK(x0) = 〈t′, x0〉 and t′ ∈ B(tn1 ,
ε
2 ). Furthermore

hK(x0) +
ε

2
|x0| ≤ hB(tn1 , ε

2 )(x0) +
ε

2
|x0|

≤ tn1x0 + hB(0, ε
2 )(x0) +

ε

2
|x0|

= tn1x0 + ε|x0|

≤ tn1x0 + ε
√

1 + x2
0.

Therefore, for any x ∈ Rn,

ehK(x)+ ε
2 |x| ≤ et1x+ε

√
1+x2

+ · · · + etn0x+ε
√

1+x2
= (et1x + · · · + etn0x)eε

√
1+x2

.

Now we put
F0(x) :=

1
(et1x + · · · + etn0x)eε

√
1+x2

,

F1(x) :=
1

et1x + · · · + etn0x ,

F2(x, t) :=
etx

et1x + · · · + etn0x , t ∈ K.

Then F0(x), F1(x), F2(x, t) ∈ C∞(Rn) and we have the following lemma:

Lemma 3.11. Let α ∈ Nn
0 . Then

DαF1(x) = Pα(F2(x, t1), . . . , F2(x, tn0))F1(x),(1)

where Pα(X1, . . . , Xn0) is a polynomial.

Proof of Lemma. We use mathematical induction.
(i) Case of |α| = 0. Then we obtain Pα = 1.

(ii) Assume that when |α| = k, (1) is true. Let |α| = k + 1. Then

DαF1(x) =
∂

∂xj
DβF1(x) (|β| = k)

=
∂

∂xj
Pβ(F2(x, t1), . . . , F2(x, tn0))F1(x)

+ Pβ(F2(x, t1), . . . , F2(x, tn0))
∂

∂xj
F1(x)

=

{
n0∑
i=1

∂

∂ui
Pβ(u1, . . . , un0) × (tijF2(x, ti) − t1jF2(x, ti)F2(x, t1)



�

�

�

�

�

�

�

�

572 Masanori Suwa

− · · · − tn0jF2(x, ti)F2(x, tn0))
}
F1(x)

− Pβ(u1, . . . ,un0){t1jF2(x, t1) + · · · + tn0jF2(x, tn0)}F1(x)

(u1 = F2(x, t1), . . . ,un0 = F2(x, tn0))

= Pα(F2(x, t1), . . . ,F2(x, tn0))F1(x).

Since 0 < F2(x, ti) ≤ 1, sup
x∈Rn

|Pα| < ∞. Therefore, for any ε > 0 there exists

α ∈ Nn
0 such that

|〈F0(x)T, ϕ(x)〉|
≤ sup

x∈Rn

|Dα(ϕ(x)F0(x))ehK(x)+ ε
2 |x||

≤ sup
x∈Rn

|α|∑
|m|=0

(
α

m

) ∣∣∣∣∣∣Dα−mϕ(x)
|m|∑
|l|=0

(
m

l

)
Dm−lF1(x)Dl(e−ε

√
1+x2

)ehK(x)+ ε
2 |x|

∣∣∣∣∣∣
≤ sup

x∈Rn

|α|∑
|m|=0

(
α

m

) |m|∑
|l|=0

(
m

l

)
|Dα−mϕ(x)||Pm−l||F1(x)||Ql|e−ε

√
1+x2

ehK(x)+ ε
2 |x|

(
sup

x∈Rn

|Ql(x)| < ∞
)

≤ sup
x∈Rn

|α|∑
|m|=0

(
α

m

) |m|∑
|l|=0

(
m

l

)
|Dα−mϕ(x)||Pm−l||Ql||F0(x)ehK(x)+ ε

2 |x||

≤C sup
x∈Rn

|α|∑
|m|=0

(
α

m

) |m|∑
|l|=0

(
m

l

)
|Dα−mϕ(x)|.

This means that for T ∈ H ′(Rn, K), F0(x)T ∈ S′ and if supp T ⊂ A, then
supp F0(x)T ⊂ A. For ϕ(x) ∈ H(Rn, K), we have

〈T, ϕ〉=
〈

F0(x)T × 1
F0(x)

, ϕ

〉
(2)

=
〈

S(x)
1

F0(x)
, ϕ

〉
.

So we obtain

T = S(x)eε
√

1+x2
∑

1≤j≤n0

etjx, S ∈ S′
A
.

For H ′
Γ
(Rn, K), we have the following corollary:



�

�

�

�

�

�

�

�

Distributions of Exponential Growth 573

Corollary 3.12. Let Γ be a proper open convex cone in Rn and let
T ∈ H ′

Γ
(Rn, K). Then for any ε > 0 there exist mε ∈ N and bounded continuous

functions Fε,α(x), |α| ≤ mε, supp(Fε,α(x)) ⊂ Γ such that

T =
∑

|α|≤mε

(
∂

∂x

)α

{ehK(x)+ε|x|Fε,α(x)}.

Proof. By Lemma 2.16 and (2), for ϕ(x) ∈ H(Rn, K),

〈T, ϕ〉=
〈

F0(x)T,
1

F0(x)
ϕ(x)

〉

=
〈

P (D)G(x)
1

F0(x)
, ϕ(x)

〉
.

Therefore, for any ε > 0 there exist a partial differential operator P (D) and a
polynomially bounded continuous functions G(x) with support in Γ such that

T = P (D)G(x) × F ∗(x), F ∗(x) =
1

F0(x)
= eε

√
1+x2

∑
1≤j≤n0

etjx.(3)

Let ε1 > 0. For ϕ(x) ∈ H(Rn, K),

〈T, ϕ〉
= 〈G(x), P (−D)(F ∗(x)ϕ(x))〉
= 〈G(x)ehK(x)+ε1|x|, e−hK(x)−ε1|x|P (−D)(F ∗(x)ϕ(x))〉

=

〈
ehK(x)+ε1|x|, G(x)e−hK(x)−ε1|x|

∑
|m1|≤m

|m1|∑
|α|=0

(
m1

α

)
Dm1−αF ∗(x)Dαϕ(x)

〉
.

Now we put

F3(ε,ε1,m1,α)(x) := G(x)e−hK(x)−ε1|x|Dm1−αF ∗(x)

= G(x)e−hK(x)−ε1|x|Am1,α(t1, . . . , tn0 , x, ε)F ∗(x).

Then F3(x) ∈ C(Rn), supp F3(x) ⊂ Γ and

|F3(x)| ≤C(1 + |x|)Me−hK(x)−ε1|x||Am1,α(t1, . . . , tn0 , x, ε)||F ∗(x)|,
sup

x∈Rn

|Am1,α,(t1, . . . , tn0 , x, ε)| < ∞.



�

�

�

�

�

�

�

�

574 Masanori Suwa

Now we choose ε in (3) such that 0 < ε < ε1. Then

sup
x∈Rn

(1 + |x|)Me−hK(x)−ε1|x||F ∗(x)|

≤ sup
x∈Rn

(1 + |x|)Me−hK(x)−ε1|x|(ehK(x) + · · · + ehK(x))eε(1+|x|)

≤ eε sup
x∈Rn

(1 + |x|)Me−(ε1−ε)|x|

<∞.

This means that sup
x∈Rn

|F3(x)| < ∞. Furthermore

〈T, ϕ〉

=
∑

|m1|≤m

|m1|∑
|α|=0

(
m1

α

)
〈ehK(x)+ε1|x|, F3(x)Dαϕ(x)〉

=

〈 ∑
|m1|≤m

|m1|∑
|α|=0

(
m1

α

)
(−1)|α|Dα(ehK(x)+ε1|x|F3(x)), ϕ(x)

〉

=

〈 ∑
|α|≤mε

(
∂

∂x

)α

(ehK(x)+ε1|x|Fε1,α(x)), ϕ(x)

〉
.

Since ε1 > 0 is arbitrary, the proof is complete.

By (3), we have the following corollary:

Corollary 3.13. Let Γ be a proper open convex cone in Rn and let T ∈
H ′

Γ
(Rn, K). Then for any ε > 0 there exist n0, a partial differential operator

with finite order Pε(D) and a polynomially bounded continuous function Gε(x),
supp(Gε(x)) ⊂ Γ such that

T = Pε(D)Gε(x) × F ∗(x), F ∗(x) = eε
√

1+x2
∑

1≤n≤n0

etnx,

where tn ∈ K, (n = 1, . . . , n0).

Using Proposition 2.17, we have the following corollary:

Corollary 3.14. Let T ∈ H ′
Γ+∪Γ−

(Rn, K). Then there exist T+ ∈
H ′

Γ+
(Rn, K) and T− ∈ H ′

Γ−
(Rn, K) such that

T = T+ + T−.
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Proof. By Theorem 3.10, we have

T =
∑

1≤j≤n0

S(x)etjx+ε
√

1+x2
, S ∈ S′

Γ+∪Γ−
.

By Proposition 2.17, we have

T =
∑

1≤j≤n0

S+(x)etjx+ε
√

1+x2
+

∑
1≤j≤n0

S−(x)etjx+ε
√

1+x2

≡ T+ + T−.

Since S+ ∈ S′
Γ+

and S− ∈ S′
Γ−

, T+ ∈ H ′
Γ+

(Rn, K) and T− ∈ H ′
Γ−

(Rn, K).

Remark 3.15. M. Morimoto obtained this result for the 1-dimensional
case in [15].

Example 3.16 (Example for Corollary 3.12). Let n = 2, K = B(0, 1)
and Γ := {x = (x1, x2) ∈ R

2; x2
1 − x2

2 > 0, x1 > 0}. We define T (x) by

T (x) =

{√
x2

1 − x2
2e

|x|, x2
1 − x2

2 > 0, x1 > 0,

0, otherwise.

Then hK(x) = |x|, T (x) ∈ H ′
Γ
(R2, K) and for ε > 0,

T (x) =
√

x2
1 − x2

2e
|x| =

√
x2

1 − x2
2e

−ε|x|e|x|eε|x| = Fε(x)ehK(x)+ε|x|,

where

Fε(x) =

{√
x2

1 − x2
2 e−ε|x|, x2

1 − x2
2 > 0, x1 > 0,

0, otherwise.

Then Fε(x) is a bounded continuous function and supp(Fε) ⊂ Γ.

§4. A Characterization for Distributions of Exponential Growth
by the Heat Kernel Method

In this section, we shall characterize H ′(Rn, K), the space of distributions
of exponential growth, by the heat kernel method introduced by T. Matsuzawa
in [12]. We notice that many authors make use of his idea ([2], [3], [9], [10],
[20]).

Definition 4.1. For ϕ(x) ∈ H(Rn, K), we put ϕt(x) by

ϕt(x) =
∫

Rn

E(x − y, t)ϕ(y)dy, t > 0.
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We show the following lemma:

Lemma 4.2.

(i) E(x, t) ∈ H(Rn, K),

(ii) ϕt(x) ∈ H(Rn, K),

(iii) ϕt(x) → ϕ(x) in H(Rn, K), as t → 0+.

Proof. (i) Let ε > 0 and K ⊂ [−R, R]n, R > 0. Then

sup
x∈Rn

|DαE(x, t)ehK(x)+ε|x|| ≤ sup
x∈Rn

|DαE(x, t)e(R+ε)|x||.

For the heat kernel we have the following estimate [14]:

|DαE(x, t)| ≤ α!
(4πt)

n
2

(
en

2t|α|

) |α|
2

e−
x2
8t .(4)

So we have

sup
x∈Rn

|DαE(x, t)ehK(x)+ε|x|| ≤C sup
x∈Rn

e−
x2
8t +(R+ε)|x|

<∞.

This means that E(x, t) ∈ H(Rn, K).

(ii) Let α ∈ N
n
0 . For ϕ(x) ∈ H(Rn, K), we have by (4),

|Dα
x E(x − y, t)ϕ(y)| ≤Ce−

(x−y)2

8t e−hK(y)−ε|y|(5)

≤Ce−
(x−y)2

8t ehK(x−y)−hK(x)+ε|x−y|−ε|x|

≤Ce−hK(x)−ε|x|e−
(x−y)2

8t +R|x−y|+ε|x−y|,

where K ⊂ [−R, R]n, R > 0. Since e−
(x−y)2

8t +R|x−y|+ε|x−y| ∈ L1(Rn
y ),

Dα
x

∫
Rn

E(x − y, t)ϕ(y)dy =
∫

Rn

Dα
x E(x − y, t)ϕ(y)dy.

Since E(x, t) ∈ C∞(Rn) and α ∈ N
n
0 is arbitrary, ϕt(x) ∈ C∞(Rn). Furthermore

by (5),

|Dαϕt(x)ehK(x)+ε|x|| ≤ ehK(x)+ε|x|
∫

Rn

|DαE(x − y, t)ϕ(y)|dy

≤CehK(x)+ε|x|
∫

Rn

e−hK(x)−ε|x|e−
(x−y)2

8t +R|x−y|+ε|x−y|dy

<∞.
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Therefore, ϕt(x) ∈ H(Rn, K).

(iii) We notice that for |y| ≤ 1,

|Dα
x ϕ(x − y) − Dα

x ϕ(x)|=
∣∣∣∣
∫ 1

0

DuDα
x ϕ(u(x − y) + (1 − u)x)du

∣∣∣∣(6)

=
∣∣∣∣
∫ 1

0

DuF (v)du

∣∣∣∣ ,

(v = u(x − y) + (1 − u)x, F (v) = Dαϕ(v))

=

∣∣∣∣∣∣
∫ 1

0

n∑
j=1

Dvj
F (v)

∂vj

∂u
du

∣∣∣∣∣∣
≤

∫ 1

0

n∑
j=1

|Dα+1ϕ(u(x − y) + (1 − u)x)||yj |du

≤C

∫ 1

0

n∑
j=1

e−hK(x−uy)−ε|x−uy||yj |du

≤C1e
−hK(x)−ε|x|

n∑
j=1

|yj |.

Let 0 < δ < 1. Then

Dα(ϕt(x) − ϕ(x))

= Dα

∫
Rn

E(w, t)ϕ(x− w)dw −
∫

Rn

E(w, t)Dαϕ(x)dw

=
∫

Rn

E(w, t)(Dαϕ(x − w) − Dαϕ(x))dw

=
∫
|w|≤δ

E(w, t)(Dαϕ(x − w) − Dαϕ(x))dw

+
∫
|w|≥δ

E(w, t)Dαϕ(x − w)dw −
∫
|w|≥δ

E(w, t)Dαϕ(x)dw

= I1 + I2 + I3.

By (6),

|I1|ehK(x)+ε|x| ≤
∫
|y|≤δ

E(y, t)|Dαϕ(x − y) − Dαϕ(x)|ehK(x)+ε|x|dy

≤C3δ

∫
|y|≤δ

E(y, t)dy

≤C3δ.
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|I3|ehK(x)+ε|x| ≤
∫
|y|≥δ

E(y, t)dy × |Dαϕ(x)|ehK(x)+ε|x|

≤C ′e−
δ2
8t

∫
|y|≥δ

1
(4πt)

n
2

e−
y2

8t dy

≤C ′′e−
δ2
8t → 0 as t → 0+.

|I2|ehK(x)+ε|x| ≤
∫
|y|≥δ

E(y, t)|Dαϕ(x − y)|dy × ehK(x)+ε|x|

≤C

∫
|y|≥δ

E(y, t)e−hK(x−y)−ε|x−y|dy × ehK(x)+ε|x|

≤C

∫
|y|≥δ

E(y, t)ehK(y)−hK(x)+ε|y|−ε|x|dy × ehK(x)+ε|x|

≤C

∫
|y|≥δ

E(y, t)eR|y|+ε|y|dy

≤Ce−
δ2
8t

∫
Rn

1
(4πt)

n
2

e−
∑n

j=1{ 1
8t y2

j−(R+ε)|yj |}dy

= C ′′e−
δ2
8t e2n(R+ε)2t → 0, as t → 0+.

Since 0 < δ < 1 is arbitrary, this means that ϕt(x) → ϕ(x) in H(Rn, K), as
t → 0+.

Lemma 4.3. Let f(x) be a measurable function satisfying the following
condition:

∀ε > 0 ∃C ≥ 0 such that |f(x)| ≤ CehK(x)+ε|x|.

Then f(x) belongs to H ′(Rn, K) in the following sense:

〈Tf , ϕ〉=
∫

Rn

f(x)ϕ(x)dx, ϕ(x) ∈ H(Rn, K).

Proof. We only prove the continuity. Let ε′ > 0, ϕ(x) ∈ Hb(Rn, Kε′)
and 0 < ε < ε′. Since there exists a constant C1 ≥ 0 such that |f(x)| ≤
C1e

hK(x)+ε|x|,

|〈Tf , ϕ〉| ≤
∫

Rn

|f(x)||ϕ(x)ehK(x)+ε′|x||e−hK(x)−ε′|x|dx

≤C1 sup
x∈Rn

|ϕ(x)ehK(x)+ε′|x||
∫

Rn

e(ε−ε′)|x|dx

≤C sup
x∈Rn

|ϕ(x)ehK(x)+ε′|x||.

Since ε′ > 0 is arbitrary, the continuity is proved.
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Theorem 4.4. Let T ∈ H ′(Rn, K) and U(x, t) = 〈Ty, E(x − y, t)〉.
Then U(x, t) ∈ C∞(Rn × (0,∞)) satisfying the following conditions:(

∂

∂t
−�

)
U(x, t) = 0,(7)

U(x, t)→ T, (t → 0+), in H ′(Rn, K),(8)

∀ε > 0 ∃Nε ≥ 0 ∃Cε ≥ 0(9)

s.t. |U(x, t)| ≤ Cεt
−NεehK(x)+ε|x|, 0 < t < 1, x ∈ R

n.

Conversely, for a function U(x, t) ∈ C∞(Rn × (0,∞)) satisfying (7) and (9),
there exists a unique T ∈ H ′(Rn, K) such that 〈Ty, E(x − y, t)〉 = U(x, t).

Proof. By Proposition 3.8, we have

〈Ty, E(x − y, t)〉= 〈ehK(y)+ε|y|F (y), P (−D)E(x− y, t)〉(10)

=
m∑

|α|=0

∫
Rn

ehK(y)+ε|y|F (y)DαE(x − y, t)dy.

By sup
y∈Rn

|F (y)| < ∞ and (4), for �,

|ehK(y)+ε|y|F (y)�{DαE(x − y, t)}| ≤Ce−
(x−y)2

8t ehK(y)+ε|y|

≤Ce−
(x−y)2

8t e−hK(x)−ε|x|+hK(x−y)+ε|x−y|

≤Ce−hK(x)−ε|x|e−
(x−y)2

8t eR|x−y|+ε|x−y|

= C1e
2n(R+ε)2te−

∑n
j=1

{|xj−yj |−4(R+ε)t}2

8t ,

where K ⊂ [−R, R]n, R > 0. Since e−
∑n

j=1
{|xj−yj |−4(R+ε)t}2

8t ∈ L1(Rn
y ),

�〈Ty, E(x − y, t)〉=�
m∑

|α|=0

∫
Rn

ehK(y)+ε|y|F (y)DαE(x − y, t)dy

=
m∑

|α|=0

∫
Rn

ehK(y)+ε|y|F (y)Dα{�E(x − y, t)}dy.

Let 0 < a0 < t < a1. Since

∣∣∣∣ ∂

∂t
E(x − y, t)

∣∣∣∣≤ (4πa1)
n
2

(x−y)2

4a0
2 + 2πn(4πa1)

n
2 −1

(4πa0)n
e−

(x−y)2

4a1 ,
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∂t
E(x − y, t)

∣∣∣∣
≤

(4πa1)
n
2

(x−y)2

4a0
2 + 2πn(4πa1)

n
2 −1

(4πa0)n
e−

(x−y)2

4a1 e−hK(x)−ε|x|+hK(x−y)+ε|x−y|

≤Ce−
(x−y)2

8t eR|x−y|+ε|x−y|

= C1e
2n(R+ε)2te−

∑n
j=1

{|xj−yj |−4(R+ε)t}2

8t ,

where K ⊂ [−R, R]n, R > 0. Since e−
∑n

j=1
{|xj−yj |−4(R+ε)t}2

8t ∈ L1(Rn
y ) and

a0 > 0, a1 > 0 are arbitrary, for t > 0

∂

∂t
〈Ty, E(x − y, t)〉=

∂

∂t

m∑
|α|=0

∫
Rn

ehK(y)+ε|y|DαE(x − y, t)dy

=
m∑

|α|=0

∫
Rn

ehK(y)+ε|y|Dα

{
∂

∂t
E(x − y, t)

}
dy.

Since
(

∂

∂t
−�

)
E(x, t) = 0, we have

(
∂

∂t
−�

)
〈Ty, E(x − y, t)〉

=
m∑

|α|=0

∫
Rn

ehK(y)+ε|y|Dα

{(
∂

∂t
−�

)
E(x − y, t)

}
dy = 0.

Let ϕ(x) ∈ H(Rn, K), ϕ(x) ∈ Hb(Rn, Kε1) and 0 < ε < ε1. By Proposition 3.8,
(4) and (10),

∫
Rn

|U(x, t)ϕ(x)|dx

≤
m∑

|α|=0

∫
Rn

∫
Rn

|ehK(y)+ε|y|F (y)DαE(x − y, t)ϕ(x)|dydx

≤C

∫
Rn

∫
Rn

ehK(y)+ε|y|e−
(x−y)2

8t e−hK(x)−ε1|x|dydx

≤C

∫
Rn

∫
Rn

ehK(y−x)+hK(x)+ε|y−x|+ε|x|e−
(y−x)2

8t e−hK(x)−ε1|x|dydx

≤Ce2n(R+ε)2t

∫
Rn

∫
Rn

e−
∑n

j=1
1
8t{(yj−xj)−4(R+ε)t}2

e(ε−ε1)|x|dydx

<∞.
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By Fubini’s theorem,

〈U(x, t), ϕ(x)〉 =
∫

Rn

〈Ty, E(x − y, t)〉ϕ(x)dx

=
∫

Rn

ehK(y)+ε|y|F (y)P (−D)
∫

Rn

E(x − y, t)ϕ(x)dxdy

= 〈Ty, ϕt(y)〉.

By Lemma 4.2 (iii),

〈U(x, t), ϕ(x)〉 = 〈Ty, ϕt(y)〉
→ 〈Ty, ϕ(y)〉, as t → 0+.

This means that U(x, t) → T in H ′(Rn, K).

Let 0 < t < 1. By Proposition 3.8, (4) and (10),

|〈Ty, E(x − y, t)〉|

≤C1

m∑
|α|=0

∫
Rn

ehK(y)+ε|y| α!
(4πt)

n
2

(
en

2t|α|

) |α|
2

e−
(x−y)2

8t dy

≤C2t
−NehK(x)+ε|x|

∫
Rn

e−
∑n

j=1
1
8t (yj−xj)

2+(R+ε)|yj−xj |dy

≤C2t
−Ne2n(R+ε)2tehK(x)+ε|x|

∫
Rn

e−
∑n

j=1
1
8t{|yj−xj |−4(R+ε)t}2

dy

≤Ct−NehK(x)+ε|x|, 0 < t < 1, x ∈ R
n.

Now we shall prove the converse. For positive integer m, we put

fm(t) =




1
(m − 1)!

tm−1 (t ≥ 0)

0 (t < 0).

Let u(t) be a C∞ function such that

u(t) =




1
(

t ≤ t1
4

)

0
(

t ≥ t1
2

)
, t1 > 0,
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and we set vm(t) = fm(t)u(t). Then

vm(t) =




fm(t)
(

t ≤ t1
4

)

0
(

t ≥ t1
2

)

and (
d

dt

)m

vm(t) = δ(t) + w(t),(11)

where w(t) ∈ C∞(Rn) and δ(t) is Dirac’s delta function, supp w ⊂
[

t1
4 , t1

2

]
.

Now we put m = N + 2, vN+2(t) = v(t) and

Ũ(x, t) =
∫ ∞

0

U(x, t + s)v(s)ds.

By supp v(s) ⊂
[
0,

t1
2

]
,

|Ũ(x, t)| ≤
∫ t1

2

0

|U(x, t + s)||v(s)|ds(12)

≤C1e
hK(x)+ε|x|

∫ t1
2

0

sN+1

(N + 1)!(t + s)N
ds

≤CehK(x)+ε|x|.

Since

U(x, t + s)v(s) =




U(x, t + s)v(s), (s > 0)

0, (s = 0),

lim
t→0+

U(x, t + s)v(s) =: U(x, s)v(s) exists in s ≥ 0. Therefore, by Lebesgue’s

dominated convergence theorem,

lim
t→0+

Ũ(x, t) =
∫ ∞

0

lim
t→0+

U(x, t + s)v(s)ds

=
∫ ∞

0

U(x, s)v(s)ds.

This means that Ũ(x, t) is a continuous function in t ≥ 0. Now we put g(x) =
Ũ(x, 0). By (12),

|g(x)| ≤CehK(x)+ε|x|, x ∈ R
n.(13)
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Furthermore since U(x, t) ∈ C∞(Rn × (0,∞)), for any compact sets K1 ⊂ Rn

and K2 ⊂ (0,∞), there exist constants M1, M2 ≥ 0 such that

|�U(x, t + s)v(s)| ≤ M1|s|,∣∣∣∣ ∂

∂t
U(x, t + s)v(s)

∣∣∣∣ ≤ M2|s|.

Since K1, K2 are arbitrary,

�Ũ(x, t) =
∫ t1

2

0

�U(x, t + s)v(s)ds,

∂

∂t
Ũ(x, t) =

∫ t1
2

0

∂

∂t
U(x, t + s)v(s)ds,

in Rn × (0,∞). Since

(
∂

∂t
−�

)
U(x, t) = 0

in Rn × (0,∞), we have

(
∂

∂t
−�

)
Ũ(x, t) =

∫ ∞

0

(
∂

∂t
−�

)
U(x, t + s)v(s)ds = 0(14)

in R
n × (0,∞).
By (11) and (14), for t > 0

(−�)N+2Ũ(x, t) =
(
− ∂

∂t

)N+2

Ũ(x, t)

=
∫ ∞

0

(
− ∂

∂t

)N+2

U(x, t + s)v(s)ds

=

〈
U(x, t + s),

(
∂

∂s

)N+2

v(s)

〉

= 〈U(x, t + s), δ(s) + w(s)〉

= U(x, t) +
∫ ∞

0

U(x, t + s)w(s)ds.

Therefore, we have

U(x, t) = (−�)N+2Ũ(x, t) −
∫ ∞

0

U(x, t + s)w(s)ds.(15)
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We put H(x, t) = −
∫ ∞

0

U(x, t + s)w(s)ds. Then by supp w(s) ⊂
[
t1
4

,
t1
2

]
,

H(x, t) is C∞-function in t ≥ 0. Now we put h(x) = H(x, 0). Then

|h(x)| ≤CehK(x)+ε|x|.(16)

We put Tx = (−�)N+2g(x) + h(x). By Lemma 4.3, (13) and (16), we have
T ∈ H ′(Rn, K). Then

〈Ty, E(x − y, t)〉(17)

= 〈(−�y)N+2g(y) + h(y), E(x − y, t)〉

=
∫

Rn

g(y) × (�y)N+2E(x − y, t)dy +
∫

Rn

h(y)E(x − y, t)dy

= (−�x)N+2

∫
Rn

E(x − y, t)g(y)dy +
∫

Rn

E(x − y, t)h(y)dy

= (−�)N+2G0(x, t) + H0(x, t).

For G0(x, t), we have (
∂

∂t
−�

)
G0(x, t) = 0(18)

and

|G0(x, t)| ≤C

∫
Rn

1
(4πt)

n
2

e−
(x−y)2

4t +hK(y)+ε|y|dy(19)

≤ C

(4πt)
n
2

ehK(x)+ε|x|
∫

Rn

e−
(y−x)2

4t +hK(y−x)+ε|y−x|dy

≤ C

(4πt)
n
2

ehK(x)+ε|x|en(R+ε)2t

∫
Rn

e−
1
4t

∑n
j=1{|yj−xj |−2(R+ε)t}2

dy

≤C1e
hK(x)+ε|x|, 0 < t < T,

where K ⊂ [−R, R]n, R > 0.
Similarly, for H0(x, t) we have(

∂

∂t
−�

)
H0(x, t) = 0(20)

and

|H0(x, t)| ≤C1e
hK(x)+ε|x|, 0 < t < T.(21)

Furthermore

G0(x, t) − g(x) =
∫

Rn

E(u, t){g(x − u) − g(x)}du

=
1

π
n
2

∫
Rn

e−s2{g(x −
√

4ts) − g(x)}ds.
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Since

|e−s2{g(x −
√

4ts) − g(x)}|
≤Ce−s2

(e−hK(x−
√

4ts)−ε|x−
√

4ts| + e−hK(x)−ε|x|)

≤Ce−s2
(e−hK(x)−ε|x|+hK(

√
4ts)+

√
4tε|s| + e−hK(x)−ε|x|)

≤Ce−s2−hK(x)−ε|x|(e
√

4t(R+ε)|s| + 1)

and e−s2
(e

√
4t(R+ε)|s| + 1) ∈ L1(Rn

s ), by Lebesgue’s dominated convergence
theorem,

lim
t→0+

G0(x, t) − g(x) =
1

π
n
2

∫
Rn

e−s2

{
lim

t→0+
g(x −

√
4ts) − g(x)

}
ds = 0,

because g(x) is a continuous function. Therefore,

lim
t→0+

G0(x, t) = g(x).(22)

Similarly,

lim
t→0+

H0(x, t) = h(x).(23)

By (12), (14), (18), (19), (22) and uniqueness theorem of the heat equation [8],
we have

G0(x, t) = Ũ(x, t).(24)

Similarly,

H0(x, t) = H(x, t).(25)

By (15), (17), (24) and (25), we have

〈Ty, E(x − y, t)〉= (−�)N+2G0(x, t) + H0(x, t)

= (−�)N+2Ũ(x, t) + H(x, t)

= U(x, t).

Remark 4.5. C. Dong and T. Matsuzawa characterized Gel’fand-Shilov
space Ss

r by the heat kernel method in [4]. But our result for the growth of t

is better than their result. That is, they showed that the convolution of the
heat kernel and a generalized function was C∞-function with some exponential
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growth for t and conversely such a smooth solution could be represented by
the convolution of the heat kernel and a generalized function u given by the
following formula:

u = P (−�)g0(x) − h0(x),

where P (−�) was the infinite order differential operator. In Theorem 4.4 we
showed that the convolution was C∞-function with some polynomial growth for
t and conversely such a smooth solution could be represented by the convolution
of the heat kernel and a generalized function T given by the following formula:

T = (−�)N+2g(x) + h(x),

of course, (−�)N+2 is a finite order differential operator. So we obtained the
sharper result than them for the case of H ′(Rn, K). For the details we refer
the reader to [4].

§5. Distributions of Exponential Growth Supported by
a Proper Convex Cone

In this section, we shall characterize H ′
Γ
(Rn, K), the space of distributions

of exponential growth supported by a proper open convex cone Γ ⊂ Rn.

Theorem 5.1. Let Γ ⊂ Rn be a proper open convex cone, T ∈ H ′
Γ
(Rn,

K) and U(x, t) = 〈Ty, E(x− y, t)〉. Then U(x, t) ∈ C∞(Rn × (0,∞)) satisfying
the following conditions:

(
∂

∂t
−�

)
U(x, t) = 0,(26)

U(x, t) → T, (t → 0+), in H ′(Rn, K),(27)

∀ε > 0 ∃Nε ≥ 0 ∃Cε ≥ 0(28)

s.t. |U(x, t)| ≤ Cεt
−Nεe−

dis(x,Γ)2

16t ehK(x)+ε|x|, 0 < t < 1, x ∈ R
n.

Conversely, for a function U(x, t) ∈ C∞(Rn × (0,∞)) satisfying (26) and (28),
there exists a unique T ∈ H ′

Γ
(Rn, K) such that 〈Ty, E(x − y, t)〉 = U(x, t).

Proof. By Theorem 4.4, (26) and (27) are obvious.
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Let 0 < t < 1. By Corollary 3.12 and (4),

|U(x, t)|

≤
m∑

|α|=0

∫
Γ

ehK(y)+ε|y||Fε,α(y)||DαE(x − y, t)|dy

≤C1t
−N1

∫
Γ

ehK(y−x)+hK(x)+ε|y−x|+ε|x|e−
|y−x|2

16t e−
|y−x|2

16t dy

≤C1t
−N1e−

dis(x,Γ)2

16t ehK(x)+ε|x|
∫

Γ

ehK(y−x)+ε|y−x|e−
|y−x|2

16t dy

≤Ct−Ne−
dis(x,Γ)2

16t ehK(x)+ε|x|.

Therefore, we have (28).

Now we shall prove the converse. By (28),

|U(x, t)| ≤Ct−Ne−
dis(x,Γ)2

16t ehK(x)+ε|x|

≤Ct−NehK(x)+ε|x|, 0 < t < 1.

By Theorem 4.4, there exists T ∈ H ′(Rn, K) such that 〈Ty, E(x − y, t)〉 =
U(x, t). Let ϕ(x) ∈ D, supp(ϕ) ⊂ Rn\Γ, K ′ = supp(ϕ), δ = dis(K ′, Γ) > 0.
Then by Theorem 4.4,

〈T, ϕ〉= lim
t→0+

∫
K′

U(x, t)ϕ(x)dx.

Therefore,

|〈T, ϕ〉| ≤C lim
t→0+

t−N

∫
K′

e−
dis(x,Γ)2

16t ehK(x)+ε|x||ϕ(x)|dx

≤C lim
t→0+

t−Ne−
δ2
16t

∫
K′

ehK(x)+ε|x||ϕ(x)|dx

≤C2 lim
t→0+

t−Ne−
δ2
16t = 0.

This means that supp T ⊂ Γ.

For (28) in Theorem 5.1, we have the following lemma:

Lemma 5.2. Let U(x, t) ∈ C∞(Rn × (0,∞)) and satisfies ( ∂
∂t − �)

U(x, t) = 0. Then (28) in Theorem 5.1 is equivalent to the following conditions:

∀ε > 0 ∃N ∃C ≥ 0 s.t. |U(x, t)| ≤ Ct−NehK(x)+ε|x|, 0 < t < 1, x ∈ R
n,(29)

and U(x, t) → 0, (t → 0+), uniformly for all compact sets in R
n\Γ.
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Proof. (28) ⇒ (29) is obvious. Now we suppose (29). By the estimate
in (29) and Theorem 4.4, there exists T ∈ H ′(Rn, K) such that U(x, t) =
〈Ty, E(x−y, t)〉. Let ϕ(x) ∈ D(Rn), supp(ϕ) ⊂ Rn\Γ. Then by (8) in Theorem
4.4 and the assumption in (29), we have

〈T, ϕ〉 = lim
t→0+

∫
Rn

U(x, t)ϕ(x)dx = 0.

It means that T ∈ H ′
Γ
(Rn, K). By Theorem 5.1, we have (28).

By Lemma 5.2, we have the following corollary:

Corollary 5.3. Let T ∈ H ′
Γ
(Rn, K) and U(x, t) = 〈Ty, E(x − y, t)〉.

Then U(x, t) ∈ C∞(Rn × (0,∞)) satisfies the following conditions:(
∂

∂t
−�

)
U(x, t) = 0,(30)

U(x, t) −→ T, (t → 0+), in H ′(Rn, K),(31)

∀ε > 0 ∃N ∃C ≥ 0 s.t. |U(x, t)| ≤ Ct−NehK(x)+ε|x|,(32)

0 < t < 1, x ∈ R
nand U(x, t) → 0, (t → 0+),

uniformly for all compact sets in R
n\Γ.

Conversely, for a function U(x, t) ∈ C∞(Rn × (0,∞)) satisfying (30) and (32),
there exists a unique T ∈ H ′

Γ
(Rn, K) such that 〈Ty, E(x − y, t)〉 = U(x, t).

§6. Paley-Wiener Theorem for Distributions of Exponential
Growth Supported by a Proper Convex Cone

In this section, we shall give the Paley-Wiener theorem for H ′
Γ
(Rn, K),

the space of distributions of exponential growth supported by a proper open
convex cone Γ ⊂ R

n. For the 1-dimensional case, it is given in [15].

Definition 6.1. Let Γ be a proper open convex cone, K be a compact
set and ε′ > 0. Then we denote L and L−ε′ by

L =

{ ⋂
u∈K

({u} + (Γ
′
)◦)

}◦

L−ε′ = R
n\ (Rn\L)ε′ .



�

�

�

�

�

�

�

�

Distributions of Exponential Growth 589

Proposition 6.2. For L and L−ε′ , we have the following properties:

(i) L 
= ∅.

(ii) L−ε′ ⊂⊂ L.

Proof. (i) : Let u1, u2 ∈ K ⊂ B(0, 1
2R), R > 0, y ∈ (Γ

′
)◦, |y| = 1. By

Proposition 2.12, there exists δ > 0 such that B(y, δ) ⊂ (Γ
′
)◦, and B(u1+y, δ) ⊂

{u1} + (Γ
′
)◦, B(u2 + y, δ) ⊂ {u2} + (Γ

′
)◦. Let x ∈ B(R

δ y, R). Since∣∣∣∣Rδ y − x

∣∣∣∣ < R ⇔
∣∣∣∣y − δ

R
x

∣∣∣∣ < δ,

we have δ
Rx ∈ (Γ

′
)◦. Therefore, x ∈ (Γ

′
)◦. This means that B(R

δ y, R) ⊂ (Γ
′
)◦.

Since

B

(
ui +

R

δ
y, R

)
⊂ {ui} + (Γ

′
)◦, i = 1, 2,∣∣∣∣

(
{u1} +

R

δ
y

)
−

(
{u2} +

R

δ
y

)∣∣∣∣ = |u1 − u2| < R

and u1, u2 ∈ K are arbitrary, we have
⋂

u∈K

({u} + (Γ
′
)◦) 
= ∅. Let a ∈

⋂
u∈K

({u} + (Γ
′
)◦). By Proposition 2.13,

x ∈ a + (Γ
′
)◦ ⇒ x ∈

⋂
u∈K

({u} + (Γ
′
)◦) + (Γ

′
)◦

⇔ x ∈ u + (Γ
′
)◦ + (Γ

′
)◦, for any u ∈ K

⇔ x ∈ u + (Γ
′
)◦

⇔ x ∈
⋂

u∈K

({u} + (Γ
′
)◦).

Therefore, a + (Γ
′
)◦ ⊂

⋂
u∈K

({u} + (Γ
′
)◦). By Proposition 2.12, a + (Γ

′
)◦ is an

open set and not empty. Therefore, we have the condition (i). (ii) is obvious.

Definition 6.3 ([15], [22]). For T ∈ H ′
Γ
(Rn, K), we define the Fourier-

Laplace transform LF(T ) of T by

LF(T )(ξ + ıη) :=F(e−ηxT )(ξ)

=
1

(2π)
n
2
〈e−ηxTx, eıξx〉

=
1

(2π)
n
2
〈Tx, eıζx〉.
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The last part means

〈Tx, eıζx〉= 〈Tx, χ(x)eıζx〉,

where χ(x) ∈ C∞(Rn) which satisfies

χ(x) =

{
1, x ∈ Γε

0, x /∈ Γ2ε, ε > 0.

Definition 6.4. Let Γ be a proper open convex cone and K be a com-
pact set. For ε > 0 and uj ∈ K, j = 1, . . . , j0, we set the following notations:

[Γ]
j
= ({uj} + Γ)◦,

[Γ]
j

−ε = R
n\(Rn\({uj} + Γ)◦)ε.

Lemma 6.5. Let Γ, ΓC be proper open convex cones such that ΓC �
(Γ

′
)◦ and η ∈ [ΓC ]

j

−2ε. Then for every s ∈ B(uj , ε), η − s ∈ (ΓC)◦ and
|η − s| ≥ 1

2ε.

Proof. Let η ∈ [ΓC ]
j

−2ε, namely η ∈ Rn\(Rn\({uj} + ΓC)◦)2ε. By η /∈
(Rn\({uj} + ΓC)◦)2ε,

η + B

(
0,

3
2
ε

)
⊂ ({uj} + ΓC)◦ ⇔ η − uj + B

(
0,

3
2
ε

)
⊂ (ΓC)◦

⇔ η − uj + B(0, ε) + B

(
0,

1
2
ε

)
⊂ (ΓC)◦

⇔ η − B(uj , ε) + B

(
0,

1
2
ε

)
⊂ (ΓC)◦.

For every s ∈ B(uj , ε), since η− s + B(0, 1
2ε) ⊂ (ΓC)◦ and {0} ∈ ∂ΓC , we have

η − s ∈ (ΓC)◦ and |η − s| ≥ 1
2ε.

Proposition 6.6. Let Γ be a proper open convex cone, K be a convex
compact set, T ∈ H ′

Γ
(Rn, K) and f(ζ) = LF(T )(ξ + ıη). Then for every ε > 0

there exist j0 ∈ N, lε ≥ 0 and the families {uj}j0
j=1 ⊂ K, {fj(ζ)}j0

j=1 satisfying
the conditions (33), (34), (35):

fj(ζ) ∈ H(Rn + ı[Γ
′
]
j
).(33)

∀ΓC � (Γ
′
)◦ ∃Mε,ΓC

≥ 0 such that

|fj(ζ)| ≤M(1 + |ζ|)l, ζ ∈ R
n + ı[ΓC ]

j

−2ε.(34)

f(ζ) =
∑

1≤j≤j0

fj(ζ).(35)
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In particular, f(ζ) ∈ H(Rn + ıL).

Proof. By Corollary 3.13,

(36)
f(ζ) = 〈Tx, eıζx〉

=
a∑

|α|=0

|α|∑
|β|=0

(
α

β

)
(ıζ)β

∫
Γ

G(x)Dα−βF ∗(x)eıζxdx

=
a∑

|α|=0

|α|∑
|β|=0

(
α

β

)
(ıζ)β

∑
1≤j≤j0

∫
Γ

G(x)Aα,β(u1, . . . , uj0 , x, ε)eujx+ ε
2

√
1+x2

eıζxdx,

where sup
x∈Rn

|Aα,β(u1, . . . , uj0 , x, ε)| < ∞. Now we put

gj,α,β(ζ) =
∫

Γ

G(x)Aα,β(u1, . . . , uj0 , x, ε)eujx+ ε
2

√
1+x2+ıζxdx.(37)

Then

|gj,α,β(ζ)| ≤C0

∫
Γ

(1 + |x|)Meujx+ ε
2

√
1+x2

e−ηxdx(38)

≤C1

∫
Γ

eujx+ε|x|e−ηxdx.

Let η ∈ [ΓC ]
j

−2ε. By Lemma 6.5 and Proposition 2.12, there exists σ = σ(ΓC) >

0 such that

(η − s)x≥ σ|η − s||x|

≥ 1
2
σε|x|, η ∈ [ΓC ]

j

−2ε, x ∈ Γ, s ∈ B(uj , ε).

Therefore

|gj,α,β(ζ)| ≤C1

∫
Γ

e
h

B(uj,ε)(x)−ηx
dx(39)

≤C1

∫
Γ

esx−ηxdx, s(x) ∈ B(uj , ε),

≤C1

∫
Γ

e−σ|η−s||x|dx

≤C1

∫
Γ

e−
1
2 εσ|x|dx

<∞.
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If η ∈ [ΓC ]
j

−2ε, then by the calculation from (38) to (39), we have

|gj,α,β(ζ)| ≤
∫

Γ

e−
1
2 σε|x|dx,

and e−
1
2 σε′|x| ∈ L1(Rn

x). For ζ0 ∈ Rn + ı[ΓC ]
j

−2ε by (36) and Lebesgue’s domi-
nated convergence theorem, we have

lim
ζ→ζ0

η∈[ΓC ]j−2ε

gj,α,β(ζ) = lim
ζ→ζ0

η∈[ΓC ]j−2ε

∫
Γ

G(x)Aα,β(u1, . . . , uj0 , x, ε)eujx+ ε
2

√
1+x2

eıζxdx,

=
∫

Γ

G(x)Aα,β(u1, . . . , uj0 , x, ε)eujx+ ε
2

√
1+x2

eıζ0xdx,

= gj,α,β(ζ0).

Since ε > 0 and ΓC � (Γ
′
)◦ are arbitrary, gj,α,β(ζ) is a continuous function in

R
n + ı[Γ]

j
.

Let η ∈ [ΓC ]
j

−2ε and γ be a Jordan curve in {Rn + ı[ΓC ]
j

−2ε}m which is

mth component of Rn + ı[ΓC ]
j

−2ε. By (39),∫
γ

|gj,α,β(ζ)||dζm|<∞.

By Fubini’s theorem,∫
γ

gj,α,β(ζ)dζm =
∫

Γ

G(x)Aα,β(t1, . . . , tj0 , x, ε)eujx+ ε
2

√
1+x2

∫
γ

eıζxdζmdx

= 0.

By Morera’s theorem, gj,α,β(ζ) is a holomorphic function of ζm. By Hartogs’
theorem, gj,α,β(ζ) ∈ H(Rn + ı[ΓC ]

j

−2ε). Since ε > 0 and ΓC � (Γ
′
)◦ are

arbitrary, we have gj,α,β(ζ) ∈ H(Rn + ı[Γ
′
]
j
). Now we put

fj(ζ) =
a∑

|α|=0

|α|∑
|β|=0

(
α

β

)
(ıζ)βgj,α,β(ζ).

Then we have f(ζ) =
∑

1≤j≤j0

fj(ζ),

fj(ζ)∈H(Rn + ı[Γ
′
]
j
), j = 1, . . . , j0,
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∃lε ≥ 0 ∀ΓC � (Γ
′
)◦ ∃Mε,ΓC

≥ 0 such that

|fj(ζ)| ≤M(1 + |ζ|)l, ζ ∈ R
n + ı[ΓC ]

j

−2ε, j = 1, . . . , j0.

Proposition 6.7. Assume that f(ζ) ∈ H(Rn + ıL) and satisfies the
conditions (33), (34) and (35). Then there exists a unique T ∈ H ′

Γ
(Rn, K)

such that f(ζ) = 1

(2π)
n
2
〈Tx, eıζx〉.

Proof. Let ε > 0, 0 < t < 1 and ζ = ξ + ıη, η ∈ ΓC , ΓC � (Γ
′
)◦ and

|η| = ε. Now we put

U(x, t) =
1

(2π)
n
2

∑
1≤j≤j0

∫
Rn

fj(ζ + ıuj)e−t(ζ+ıuj)
2
e−ı(ζ+ıuj)xdξ,

Uj(x, t) =
1

(2π)
n
2

∫
Rn

fj(ζ + ıuj)e−t(ζ+ıuj)
2
e−ı(ζ+ıuj)xdξ.

We notice that Uj(x, t) is independent of η ∈ ΓC by Cauchy’s integral theorem
and satisfies (

∂

∂t
−�

)
Uj(x, t) = 0.

Furthermore

|Uj(x, t)| ≤
∫

Rn

|fj(ζ + ıuj)|e−tξ2+t(η+uj)
2
e(η+uj)xdξ

≤M{(1 + |η1 + uj1|) · · · (1 + |ηn + ujn|)}
let(η+uj)2+(η+uj)x

×
∫

Rn

{(1 + |ξ1|) · · · (1 + |ξn|)}le−tξ2
dξ, (uj = (uj1, . . . , ujn)),

≤M1t
−N{(1 + |η1 + uj1|) · · · (1 + |ηn + ujn|)}

let(η+uj)
2+(η+uj)x.

Then since |η| = ε,

|Uj(x, t)| ≤M2t
−N (1 + ε + |uj |)lne2tηuj+tu2

j+ηx+ujx

≤M3t
−Ne2ε|uj |+|uj |2+ε|x|+ujx

≤M ′t−Neujx+ε|x|, 0 < t < 1, x ∈ R
n.

By Theorem 4.4, there exists Tj ∈ H ′(Rn, {uj}) such that 〈Tjy, E(x − y, t)〉 =
Uj(x, t).
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Let x0 /∈ Γ. Then there exists η0 ∈ (Γ
′
)◦, |η0| = 1 such that η0x0 = −2δ

< 0. Then we have

sup
x∈B(x0,δ)

η0x = η0x0 + δ sup
y∈B(0,1)

η0y

<−2δ + δ

=−δ.

Let η′ = η0√
t
, ϕ(x) ∈ D, supp(ϕ)⊂ B(x0, δ). Then we have

|〈Uj(x, t), ϕ(x)〉|

=

∣∣∣∣∣
∫

B(x0,δ)

∫
Rn

fj(ζ + ıuj)e−t(ζ+ıuj)
2
e−ı(ζ+ıuj)xdξϕ(x)dx

∣∣∣∣∣
≤ M{(1 + |η′

1 + uj1|) · · · (1 + |η′
n + ujn|)}let(η′+uj)

2

×
∫

B(x0,δ)

|ϕ(x)|e(η′+uj)xdx

∫
Rn

{(1 + |ξ1|) · · · (1 + |ξn|)}le−tξ2
dξ

≤ M1t
−Ne

t(uj+
η0√

t
)2

∫
B(x0,δ)

|ϕ(x)|e
1√
t
η0x+ujx

dx

≤ M3t
−Netu2

j+2
√

tη0uj+|η0|2
∫

B(x0,δ)

|ϕ(x)|eujxe
− δ√

t dx

≤ M4t
−Ne

− δ√
t

→ 0, t → 0+.

Therefore, by Theorem 4.4, we have

〈Tj , ϕ〉= lim
t→0+

〈Uj(x, t), ϕ(x)〉

= 0.

Since x0 /∈ Γ is arbitrary, this means that supp Tj ⊂ Γ.

Now for every ϕ ∈ D(Rn), let

Vη(x, t) = e−tη2−ηx(E(x, t) ∗ ϕ(−x))

= e−tη2−ηx

∫
Rn

E(x − y, t)ϕ(−y)dy, 0 < t < 1.

Then we have the following lemma:

Lemma 6.8 ([20]). Vη(x, t) → ϕ(−x)e−ηx in S(Rn), as t → 0+.
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For the details of the proof, we refer the reader to [20]. Now we resume
the proof of Proposition 6.7.

Let ϕ(x) ∈ D. Then

〈Uj(x, t), ϕ(x)〉

=
〈∫

Rn

fj(ζ + ıuj)e−t(ζ+ıuj)
2
e−ı(ζ+ıuj)xdξ, ϕ(x)

〉

=
〈

fj(ζ + ıuj)e−t(ζ+ıuj)
2
,

∫
Rn

ϕ(x)e−ı(ζ+ıuj)xdx

〉

= 〈fj(ζ + ıuj), e−t(ζ+ıuj)
2LF(ϕ(−x)e−ujx)(ζ)〉

= 〈fj(ζ + ıuj),LF(E(x, t)e−ujx)(ζ) × LF(ϕ(−x)e−ujx)(ζ)〉
= 〈fj(ζ + ıuj),LF(e−ujx(E(x, t) ∗ ϕ(−x)))(ζ)〉
= 〈F(fj(ζ + ıuj)), e−ujx−ηx(E(x, t) ∗ ϕ(−x))〉.

By Theorem 4.4 and Lemma 6.8, we have

〈Tj , ϕ〉
= lim

t→0+
et(uj+η)2〈F(fj(ζ + ıuj)), e−t(uj+η)2e−ujx−ηx(E(x, t) ∗ ϕ(−x))〉

= 〈F(fj(ζ + ıuj)), ϕ(−x)e−ujx−ηx〉
= 〈fj(ζ + ıuj),F−1(ϕ(x)eujx+ηx)〉

⇔ 〈Tj , ϕ(x)e−ujx−ηx〉 = 〈fj(ζ + ıuj),F−1(ϕ(x))〉
⇔ 〈e−ujx−ηxTj , ϕ(x)〉 = 〈fj(ζ + ıuj),F−1(ϕ(x))〉

⇔ 〈F(e−ujx−ηxTj), ϕ(x)〉 = 〈fj(ζ + ıuj), ϕ(x)〉.

Therefore,

F(e−ujx−ηxTj)(ξ) = fj(ζ + ıuj)

⇔ 1
(2π)

n
2
〈Tjx, eı(ζ+ıuj)x〉= fj(ζ + ıuj)

⇔ 1
(2π)

n
2
〈Tjx, eıζx〉= fj(ζ).

Now we put

T =
∑

1≤j≤j0

Tj .
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Since Tj ∈ H ′
Γ
(Rn, {uj}), uj ∈ K, we have T ∈ H ′

Γ
(Rn, K) and

1
(2π)

n
2
〈Tx, eıζx〉=

1
(2π)

n
2

∑
1≤j≤j0

〈Tjx, eıζx〉

=
∑

1≤j≤j0

fj(ζ)

= f(ζ).

Now we shall prove injective. Let T1, T2 ∈ H ′
Γ
(Rn, K) and assume that

1
(2π)

n
2
〈T1x, eıζx〉=

1
(2π)

n
2
〈T2x, eıζx〉

= f(ζ).

For fixed η0 ∈ L−ε, we have

1
(2π)

n
2
〈e−η0xT1x, eıξx〉=

1
(2π)

n
2
〈e−η0xT2x, eıξx〉

= f(ξ + ıη0).

By (34) and Fourier transform in S′ yields

e−η0xT1 = e−η0xT2, in S′.

Let ϕ(x) ∈ D. Then ϕ(x)eη0x ∈ D. Therefore,

〈T1x, ϕ(x)〉= 〈e−η0xT1x, ϕ(x)eη0x〉
= 〈e−η0xT2x, ϕ(x)eη0x〉
= 〈T2x, ϕ(x)〉.

By Theorem 3.5, T1x = T2x in H ′(Rn, K).

By Proposition 6.6 and Proposition 6.7, we have the following theorem:

Theorem 6.9. Let Γ be a proper open convex cone, K be a convex
compact set, T ∈ H ′

Γ
(Rn, K) and f(ζ) = LF(T )(ξ + ıη). Then for every ε > 0

there exist j0 ∈ N, lε ≥ 0 and the families {uj}j0
j=1 ⊂ K, {fj(ζ)}j0

j=1 satisfying
the conditions (40), (41), (42):

fj(ζ) ∈ H(Rn + ı[Γ
′
]
j
).(40)

∀ ΓC � (Γ
′
)◦ ∃Mε,ΓC

≥ 0 such that

|fj(ζ)| ≤ M(1 + |ζ|)l, ζ ∈ R
n + ı[ΓC ]

j

−2ε.(41)
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f(ζ) =
∑

1≤j≤j0

fj(ζ).(42)

In particular, f(ζ) ∈ H(Rn + ıL).

Conversely if f(ζ) ∈ H(Rn+ıL) satisfies the conditions (40), (41) and (42),
then there exists a unique T ∈ H ′

Γ
(Rn, K) such that f(ζ) = 1

(2π)
n
2
〈Tx, eıζx〉.

Furthermore T is given by the following formula:

T =
∑

1≤j≤j0

Tj , Tj ∈ H ′
Γ
(Rn, {uj}),(43)

fj(ζ) =
1

(2π)
n
2
〈Tjx, eıζx〉.(44)

Corollary 6.10. Let Γ be a proper open convex cone, T ∈ H ′
Γ
(Rn, {0})

and f(ζ) = LF(T )(ξ + ıη). Then for ε > 0 there exists lε ≥ 0 satisfying the
conditions (45), (46):

f(ζ) ∈ H(Rn + ıL).(45)

∀ΓC � (Γ
′
)◦ ∃Mε,ΓC

≥ 0 such that

|f(ζ)| ≤M(1 + |ζ|)l, ζ ∈ R
n + ı[ΓC ]−2ε.(46)

Conversely if f(ζ) ∈ H(Rn + ıL) satisfies the conditions (45) and (46), then
there exists a unique T ∈ H ′

Γ
(Rn, {0}) such that f(ζ) = 1

(2π)
n
2
〈Tx, eıζx〉.

Remark 6.11 (Remark for Corollary 6.10). Now we consider more
general Fourier-Laplace transforms. That is, if T ∈ D′ and e−ηxT ∈ S′, then
we can define the Fourier-Laplace transform LF(T )(ζ) of T . Furthermore it is
known that we can obtain the Paley-Wiener theorem for T ∈ D′ if Γ◦

T is not
empty where ΓT := {η ∈ Rn; e−〈·,η〉T ∈ S′} (see Theorem 7.4.2 in [6]).

So we can assert that for the Paley-Wiener theorem for T ∈ D′ (that is,
for Theorem 7.4.2 in [6]) we can take the element of the space H ′

Γ
(Rn, {0}) as

T ∈ D′ if and only if the conditions of Corollary 6.10 are satisfied.

Example 6.12 (Example for Theorem 6.9). Let n = 2, K = {0} ×
[−1, 1] and Γ := {x = (x1, x2) ∈ R2; x2

1 − x2
2 > 0, x1 > 0}(= (Γ

′
)◦). We

define T (x) by

T (x) =

{
e|x2|, x2

1 − x2
2 > 0, x1 > 0,

0, otherwise.



�

�

�

�

�

�

�

�

598 Masanori Suwa

We can see T ∈ H ′
Γ
(R2, K) and we have

〈Tx, eıζx〉=
∫

Γ

e|x2|eıζxdx1dx2

=
∫ π

4

0

∫ ∞

0

er(ıζ1 cos θ+(ıζ2+1) sin θ)rdrdθ

+
∫ 0

−π
4

∫ ∞

0

er(ıζ1 cos θ+(ıζ2−1) sin θ)rdrdθ.

If η ∈ L := {η = (η1, η2); {(1, 0)}+ (Γ
′
)◦}, then

〈Tx, eıζx〉

=
∫ π

4

0

dθ

(ıζ1 cos θ + (ıζ2 + 1) sin θ)2
+

∫ 0

−π
4

dθ

(ıζ1 cos θ + (ıζ2 − 1) sin θ)2

=
1

ıζ1(ıζ1 + ıζ2 + 1)
− 1

ıζ1(ıζ1 − ıζ2 + 1)
= f1(ζ) + f2(ζ).

Then we can see f1(ζ) ∈ H(R2 + ıL1) and f2(ζ) ∈ H(R2 + ıL2), where

L1 := {η = (η1, η2); {(0, 1)}+ (Γ
′
)◦}, L2 := {η = (η1, η2); {(0,−1)} + (Γ

′
)◦},

and L = L1 ∩ L2. Now we define

T1 =

{
ex2 , x1 > x2, x2 > 0,

0, otherwise,

T2 =

{
e−x2 , x1 > −x2, x2 < 0,

0, otherwise.

Then we have T1 ∈ H ′
Γ
(R2, {(0, 1)}), T2 ∈ H ′

Γ
(R2, {(0,−1)}) and

〈T1x
, eıζx〉 = f1(ζ),

〈T2x
, eıζx〉 = f2(ζ),

T = T1 + T2.

§7. Edge-of-the-Wedge Theorem

In this section we give Edge-of-the-Wedge theorem for the space of the
image by the Fourier-Laplace transform of T ∈ H ′

Γ
(Rn, K). First we introduce

some spaces of holomorphic functions. For details we refer the reader to [15],
[16].
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Definition 7.1. For a subset A of Rn, we define a set T (A) by T (A) =
Rn × ıA.

Definition 7.2. For a convex compact set K of Rn and ε > 0,

Qb(T (Kε))

:= {ϕ(ζ) ∈ H(T (K◦
ε )) ∩ C(T (Kε)); sup

ζ∈T (Kε)

|ζαϕ(ζ)| < ∞ for ∀α ∈ N
n
0},

Q(T (K)) := lim−→
ε>0

Qb(T (Kε)).

Definition 7.3. The dual space Q′(T (K)) of Q(T (K)) is called tem-
pered ultrahyperfunctions.

Remark 7.4.

(i) A. U. Schmidt apply Q(T (K)) to study asymptotic expansions [18].

(ii) Q′(T (K)) is called tempered ultradistributions by S. e. Silva [19] and
M. Hasumi [5], and called tempered ultrahyperfunctions by M. Morimoto
[15], [16].

We have the following theorem for the spaces H(Rn, K) and Q(T (K)):

Theorem 7.5 ([15]). Let ϕ(x) ∈ H(Rn, K). The Fourier inverse trans-
form

F−1(ϕ)(ζ) :=
1

(2π)
n
2

∫
Rn

ϕ(x)e−ıζxdx

establishes a topological isomorphism of H(Rn, K) onto Q(T (K)). The inverse
mapping F is given by

F(ψ)(x) :=
1

(2π)
n
2

∫
Rn

ψ(ξ + ıη)eı(ξ+ıη)xdξ,(47)

η ∈ K◦
ε , ψ ∈ Qb(T (Kε)).

Remark 7.6. In (47), we notice that F(ψ)(x) is independent of η ∈ K◦
ε

by Cauchy’s integral theorem.

Definition 7.7 ([15]). For T ∈ H ′(Rn, K), we define the dual Fourier
transform F(T ) as a continuous linear functional on Q(T (K)) by the formula

〈F(T ), ψ〉 = 〈T,F(ψ)〉, for ψ ∈ Q(T (K)).(48)
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As a consequence of Theorem 7.5, we have the following theorem:

Theorem 7.8 ([15]). The dual Fourier transform (48) gives topological
isomorphisms

F : H ′(Rn, K) → Q′(T (K)).

Definition 7.9. Let K = {u}, ψ ∈ Qb(T (Kε1)) and assume that f(ζ) ∈
H(Rn + ıL) satisfies

∀ε > 0 ∃lε ≥ 0 ∀ΓC � (Γ
′
)◦ ∃Mε,ΓC

≥ 0 s.t.

|f(ζ)| ≤ M(1 + |ζ|)l, ζ ∈ Rn + ı[ΓC ]−ε.

Then we define 〈f(ζ), ψ(ζ)〉 by

〈f(ζ), ψ(ζ)〉 := 〈f(ξ + ıη0), ψ(ξ + ıη0)〉

=
∫

Rn

f(ξ + ıη0)ψ(ξ + ıη0)dξ,

where η0 ∈ ({u} + (Γ
′
)◦) ∩ (Kε1

◦).

Definition 7.10. Let K = {u}, T ∈ H ′
Γ
(Rn, K) and ψ ∈ Q(T (K)),

ψ ∈ Qb(T (Kε1)). By Theorem 6.9 and Definition 7.9, we define 〈LF(T )(ζ),
ψ(ζ)〉 by

〈LF(T )(ζ), ψ(ζ)〉 := 〈LF(T )(ξ + ıη0), ψ(ξ + ıη0)〉,(49)

where η0 ∈ ({u} + (Γ
′
)◦) ∩ (Kε1

◦).

Now we can show Edge-of-the-Wedge theorem. For the direct product
case, it is given in [16].

Theorem 7.11 (Edge-of-the-Wedge Theorem). Let Γ1, Γ2 be proper
open convex cones in Rn,

Lm = {um} + (Γ
′
m)◦, m = 1, 2.

Assume that F1(ζ) ∈ H(Rn + ıL1) and F2(ζ) ∈ H(Rn + ıL2) satisfy

∀ε > 0 ∃lmε
≥ 0 ∀ΓCm

� (Γ
′
m)◦ ∃Mε,ΓCm

≥ 0 s.t.(50)

|Fm(ζ)| ≤ Mε,ΓCm
(1 + |ζ|)lmε , ζ ∈ Rn + ı[ΓCm

]−2ε, m = 1, 2,

where [ΓCm
]−ε = Rn\(Rn\({um} + ΓCm

)◦)ε.
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Let K be a convex compact set which contains the segment with {u1} and
{u2} as extremal point. Assume that

〈F1(ζ), ψ(ζ)〉= 〈F2(ζ), ψ(ζ)〉 ∀ψ(ζ) ∈ Q(T (K)).(51)

Then there exists F (ζ) ∈ H(Rn + ı(L′
1 ∪ L′

2)) such that

F (ζ)|(Rn+ıL1) = F1(ζ),

F (ζ)|(Rn+ıL2) = F2(ζ),

where L′
1 = {u1} + (Γ

′
1 ∪ Γ

′
2)◦ and L′

2 = {u2} + (Γ
′
1 ∪ Γ

′
2)◦. Furthermore

(i) if Γ1 ∩ Γ2 = {0}, then F (ζ) is polynomial,

(ii) if {u1} = {u2}(=: {u}), then we have

F (ζ) ∈ H(Rn + ı({u} + (Γ
′
1 ∪ Γ

′
2)◦))(52)

and

∀ε > 0 ∃lε ≥ 0 ∀ΓC � (Γ
′
1 ∪ Γ

′
2)◦ ∃Mε,ΓC

≥ 0(53)

|F (ζ)| ≤ M(1 + |ζ|)l, ζ ∈ Rn + ı[ΓC ]−ε,

where [ΓC ]−ε = Rn\(Rn\({u} + ΓC)◦)ε.

Proof. By (50) and Theorem 6.9, there exist T1 ∈ H ′
Γ1

(Rn, {u1}) and
T2 ∈ H ′

Γ2
(Rn, {u2}) such that

1
(2π)

n
2
〈T1x, eıζx〉= F1(ζ)

1
(2π)

n
2
〈T2x, eıζx〉= F2(ζ).

Let ϕ(x) ∈ H(Rn, K). By Theorem 7.5, F−1(ϕ)(ζ) ∈ Q(T (K)). By Definition
7.9, 7.10 and assumption (51), we have

〈T1x, ϕ(x)〉= 〈LF(T1)(ζ),F−1(ϕ)(ζ)〉
= 〈F1(ζ),F−1(ϕ)(ζ)〉
= 〈F2(ζ),F−1(ϕ)(ζ)〉
= 〈LF(T2)(ζ),F−1(ϕ)(ζ)〉
= 〈T2x, ϕ(x)〉.
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Therefore, T1 = T2 =: T in H ′(Rn, K) and supp T ⊂ (Γ1 ∩ Γ2). Now we put
F (ζ) = 1

(2π)
n
2
〈Tx, eıζx〉. Then by the definition of T , F (ζ)|(Rn+ıL1) = F1(ζ),

F (ζ)|(Rn+ıL2) = F2(ζ) and by Proposition 6.2 we have F (ζ) ∈ H(Rn + ı(L′
1 ∪

L′
2)).

If we have the assumption (i), then T is a distribution supported by {0}. By the
structure theorem for distributions, T =

∑
|α|≤m

cαDαδ. So F (ζ) = LF(T )(ζ) is

polynomial.
If we have the assumption (ii), then by Proposition 2.13 and Theorem 6.9, we
have (52) and (53).
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