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Outer Automorphism Group of the Ergodic Equivalence

Relation Generated by Translations of Dense Subgroup

of Compact Group on its Homogeneous Space

By

Sergey L. GEFTER*

Abstract

We study the outer automorphism group OutRr of the ergodic equivalence relation Rr generated

by the action of a lattice F in a semisimple Lie group on the homogeneos space of a compact group

K. It is shown that OutRr is locally compact. If K is a connected simple Lie group, we prove the

compactness of 0\itRr using the D. Witte's rigidity theorem. Moreover, an example of an equivalence

relation without outer automorphisms is constructed.

Introduction

An important problem in the theory of full factors [Sak], [Con 1] and in
the orbit theory for groups with the T-property [Kaz] is that of studying the
group of outer automorphisms of the corresponding object as a topological
group. Unlike the amenable case, the outer automorphism group is a Polish
space in the natural topology (see Section 1) and its topological properties are
algebraic invariants of the factor and orbital invariants of the dynamical sys-
tem. The first results in this sphere were obtained by A. Connes [Con 2] in
1980 who showed that the outer automorphism group of the Hi-factor of an
ICC-group with the T-property is discrete and at most countable. Various ex-
amples of factors and ergodic equivalence relations with locally compact groups
of outer automorphisms were constructed in [Cho 1] , [EW] , [GGN] , [Gol] ,
[GG 1] and [GG 2] . In [Gol] and [GG 2] the topological properties of the
outer automorphism group were used to construct orbitally nonequivalent
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ergodic actions of arithmetic groups with the T-property. The group of outer
automorphisms was first calculated in the explicit form in [GG 1] for the
equivalence relation given by translations of SO(n, Q) on SO(n, R), n> 5 (see
Section 4 [GG 2]).

The present paper deals with studying the group of outer automorphisms of
the ergodic equivalence relation generated by the translations of a lattice in a
semisimple Lie group on the homogeneous space of compact group. Section 1
presents a preliminary information on the groups of outer automorphisms of
equivalence relations. Section 2 contains the proof of the general theorem a-
bout the local compactness of outer automorphism group of the equivalence rela-
tion generated by the action of a group with the T-property on the homogeneous
space of an arbitrary compact group (Theorem 2.3). As it is shown in the ex-
ample of the action of SL(n, Z) on SL(n, Zp), the group of outer automorphisms
can be noncompact (Remark 2.8).

The most important case where the lattice acts on a homogeneous space of
a connected conpact simple Lie group is considered in Section 3. In this case the
D. Witte's results [Wit] play an important role. We use them to obtain the ex-
plicit description of all automorphisms of the equivalence relation (Theorem
3.3) . It is proved that the outer automorphisms group is compact, Moreover,
we find some conditions which ensure this group to be finite (Corollary 3.4)
and trivial (Corollary 3.5). Section 4 involves one of the principal results of
the present paper, namely the construction of equivalence relations of type Hi
and IIoo without outer automorphisms (Theorem 4.2 and Corollary 4.3) . It
shoud be noted that the problem of the existence of a type II factor and type III
equivalence relation without outer automorphisms remains unsolved.

The main results are reported in [Gef].
The author is grateful to V. Ya. Golodets and all the participants of Kharkov

Seminar on the ergodic theory and operator algebras for their kind attention
and helpful discusions of the problems considered in the paper.

§1. Preliminaries

Let F be a countable group, (X, v) a free ergodic /"-space with finite in-
variant measure. Denote the equivalence relation generated by F as Rr. Let
AutRr be the group of its automophisms, Int Rr the inner automorphism sub-
group [FM 1], M=M(Rr) the von Neumann algebra constructed by Rr [FM 2],
and A = L00(X, v). We endow AutMwith the topology of pointwise convergence
in norm on M* [Haa]. Then

Aut(M, A) = (6 e AutM: 6 (A) =A]
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and

Z (M, A) = {0 e AutM: 0(a) =a, a e A)

are closed (hence Polish) subgroups of AutM Since AutRr can be identified
with Aut(M, A) /Z(M, A) [FM 2] , it is a Polish group itself.

Remark 1.1. Consider the natural a- finite measure m using the set J?r[FM
1] and associate the unitary operator Ug in the space L2 (Rr, m) with the auto-
morphism 6 of Autftr, by

It can be shown that this topology on Autftr is induced by the weak operator
topology when Aut^r is embedded into the unitary group of L2 (Rr, m) .
Moreover, this topology coincides with the Polish topology on AutRp which was
considered by T. Hamachi and M. Osikawa [HO] (see [Dan, section 3]).

If the group F is amenable then Rr is an approximately finite equivalence
relation [CFW] and the group lntRr of its inner automorphisms is dense in
AutRr [HO] . The T-property is diametrically opposite to the amenability
[Kaz, Zim 4] . If F contains an ergodic subgroup FQ with the T-property c.nd F
is an ICC-group with respect to FQ, i.e. the set

is infinite for all g^= e, then IntRr is a closed subgroup of Aut^r [GG 1, GG 2].
Thus, the group of outer automorphisms

of Rr is a Polish group. It shoud be noted that this result also follows from the
more general statement about the closeness of IntRr in Aut^r (see [JS, p. 113]),
since it can be shown that F with the above properties is not inner ameiable
[Cho2, Pr. 6(b)].

For an equivalence relation with the closed subgroup of inner auto-morphisms,
the problem of studying the outer automorphism group as a topological group
seems natural and important. In the general case the Polish group can be ex-
tremely "large".

Example 1.2. Let (S, //) be a Lebesgue apace with the probability mea-
sure and F an ICC-group with the T-property. Consider the Bernoulli action
of F on the space
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(X, y) = H (S,fi).
rer

Since any /^-preserving automorphism of the space 5 generates an outer auto-
morphism of the equivalence relation Rr the group OutRr is not locally compact.

In the following section we prove that if F acts by translations on a
homogeneous space of a compact group, then the outer automorphism group of
Rr is locally compact.

§28 The Action of a Countable Dense Subgroup
of a Compact Group on its Homogeneous Space

Let K be a compact group with the Haar measure fi, F its countable dense
subgroup, and L a closed subgroup of K. Consider the action of F via left trans-
lations on the homogeneous space X=K/L with the invariant meaure v:

r(kL)=rki, k e K, r ^ r.

Since F is dense in K, we have that (X, v) is an ergodic J^-space.

Lemma 2.1. Assume that K is a compact connected simple Lie group with the
trivial center. Then the action of' F on (X, v) is free.

Proof. Consider the following sets for 7 ^ F

SY=(X ^ X:?x=x} and
Tr={k e K:rkL=kL}.

Assume that u(S'f) > 0. Then (JL(TJ) > 0. Since K and L are real algebraic
groups, the set Tr is a real algebraic subvariety in K. Consequently, Tr = K.
Hence

L =

One can easily see that L is a normal subgroup in K. Consequently, L c: Z(K)
= {e}, i.e. f=e. D

Let NK(L) be the normalizer of L in K If t ^ N k ( L ) , then the right trans-
lation rt is well defined on (X, v), as follows:
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rt(x)=xr1, x e X.

It is obvious that rt — id if and only if t ^ L. Moreover, the automorphism rt

lies in the centralizer of the F- action.

Lemma 2.2. The centralizer of the F- action coincides with the group of right
translations, i.e. isomorphic to NK(L) /L.

Proof. Assume the Borel map /} : X—* X commutes with left translations of
F. Denote by p the projection from K onto X—K/L and consider the map

According to the conditions, /J(pr) = 7/?U) for all 7 e F at a.a. x ^ X. Conse-
quently, 0 (7^) = 0 (k) for all 7 ^ F and a.a. k ^ K. Since the T-action is
ergodic on (K, (JL) there are t ^ K and #o c K so that j« (.Kb) = 1 and 0 (&) —

p(t~1} for all k e #0. Therefore

P(p(k))=k$(k)=p(kr1}, k^K0. (2.1)

We show that £ e ATA (L) . Let /i e L. Since n(KQh~l H #0) =1, there is an
element k ^ K0 with fe/i- e K0. Then

P(p(k)}=$(p(kh))=khp(r1), i.e.

p(rl}=hp(rl) and tar1 e L.

Thus, tLr1. c: L. Using the compactness of K one can demonstrate that t~lLt c:
L, i.e. ^ e A^(L). Now, in view of (2.1), j8(*) =nU) for a.a. ^ e X. D

Consider the ergodic equivalence relation Rr generated by left trans-
lations of jT on (X, v) and denote by £ the projection from Aut^r outo Out]?r.
The following theorem about the topological structure of Outftr is a generaliza-
tion of the results of Section 3 in [GG 2] , where the case L= {e} is considered.

Theorem 2.3. Assume that F acts freely on (X, if) and contains a dense of
subgroup FQ in K with the T-property, and F is an ICC- group with respect to FQ, i.e.

the set (rg?'1 : J ^ To) is infinite for all g± e. Then s((rt:t e NK(L)}) is an
open subgroup in OutRr, which is topologically isomorphic to Nk (L) /L. Hence,
OutRr is a locally compact group.

To prove Theorem 2.3, we shall provide several considerations.
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Given 7 e P and t ^ Nk (L), we denote by / r and r f the automorphisms
of A = L°°(X, v) generated by f-left and bright translations:

I r(a) (x) = a ( y ~ l x ) , Tt(a) (x) =a(xi), a ^ A, x ^ X.

Consider the crossed product M= W* (A, I r, P). The algebra M is generated
by operators it (a) and Xr (a ^ A, j e j") of the space L2C^, ^) ® 12(F) given
by

(;r(a)f) (^, g)=a(gx)^(x, g),

Then

^(7 r(a))=^(a)^, a e A, 7 e r.

Since (^ v) is a free F~space, the algebra M= W* (A, /, F) is isomorphic to the
algebra M(Rr) constructed by Rp. Set up

Cro={6 e AutM: 6>Ur) =^ r> 7

Lemma 2040 If 6 & Cr , £/wn tlw automorphism 6 maps the algebra A into
itself, i.e.

CFQ c Aut(Mf A).

Proo/. Let AT be the dual space of the group K. Denote by KL the set of
irreducible representations o ^ K which admit a nontrivial L-invariant vector
in the space of representations Ha. For each o ^ K we select an orthonormal

basis {^?:i=l, °- , dim o} of Ha in such a way that the first qa its elements
form a basis of the space of L-invariant vectors. Determine the matrix elements
of the representation o as

<rv(ti = ( < r ( k ) & \ t f ) , i ; = !,-, dim a. (2.2)

Then Gij(kti) =ffij(k) ii h ^ L, k ^ K and / ^ qa. Consequently, for ; < qa the
matrix elements (Jf/ can be considered as functions on the homogeneous space X
= K/L. The system

{Oij-.a ^ KL, i = 1, • • - , dim o, j=l,°°',qa}
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is an orthogonal basis in L2(X, v) with atj ^A = L°°(X, ii) .
For 7 ^ F we have

dimd _

2 o>f (7) aw. (2.3)
P=I

Let (9 e Cro and

dimp <?(7

6> (it (a,/) ) = Z Z Z Z c (# ; m, n, p] n (pmn) ^. (2.4)
= l n=l

Since the algebra A is generated by the matrix elements ay, it suffices to prove
that

i = 1, ° o > , dim a, j — 1, • • • , ^.

By (2.3) , the equality

the ICC-property, and convergence of series (2.4), we can obtain c(g\m, n, p)
= 0 for gi=e and hence, 6(71(0^) e n(A) . G

For t e A^(L) denote by ^ the automorphism of the factor M given by

^ ( 7 r ( a ) ) = 7 r ( 7 f ( a ) ) f £,U7)=^7f a e A, ^7 e r.

Besides, given a cocycle c e Z^jT, C/(A)) we define an automorphism 6C of M
by setting

ft(7r(a))=7r(a)I 6c(Xr} =n(c7) Xr

(see [FM 2] ) .

Lemma 2.5. Let 6 e Cro. T^en f/wrg gjcis^ t e Ai (L) and c e Z1 (r,
such that 6=6C Rt. The cocycle c here is defined uniquely while t is defined up to
an element of L.

Proof. In view of Lemma 2.4, 6 determines the automorphism /3 of the
algebra A : TT ° /J = 6 ° n. By the assumption, 0U7) =/ir and so /3 Xr= Xr$ , 7

e r. According to 2.2, P = 7t for a some t e Mr(L) . Set up ft = flflr1.
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Then 61(71(0)} =x(a), a e A. Therefore there is c e Z1(F,U(A)), such that
0i = 6C (see [FM 2] ) . Hence, 6 = 6cRt. D

Lemma 2e68 Let F be an ICC- group, (X, ft) a free ergodic F~space with fi-
nite invariant measure and 6 : X— * X an automorphism such that 6 (fx) = yd (x) .
If 6i= id, then 6 is an outer automorphism of the equivalence relation Rp.

Proof. Suppose that 6 ^ IntRr. Set up

Ea=(x e X:0(x)=ax}.

Then fEa
=Erar-i and, hence,

Since by our assumption 6 ^ Intftr, there is 7*0 e F with fj. (Ero) > 0. Howev-

er, the set {YYoY~lm-Y e F} is infinite if Yo^e- Therefore Yo = e- Consequent-
ly, YEe = Ee for all j e T, i.e., 0(E«) =0(*) and (9= id. D

Proof of Theorem 2. 3.

Denote by Cf0 the subgroup of AutM which is algebraically generated by

Cr0 and IntM. According to 2.3 [GG 2] , C^0 is an open subgroup of AutM

Therefore Cf0 D Aut(M, A) is an open subgroup of Aut(M, A). Furthermore,

in view of Lemma 2.4, Cro c: Aut (M, A) and, hence, the subgroup C^0 fl Aut
(M, ^4) is generated by Cr0 and Int(M, A) =Aut(Mf ^4) H IntM Using Lemma
2.5 we deduce that the subgroup generated algebraically by Int(M, A) , Z(M, A)
~ Z1(F,U(A)}, and {Rt:t^ NK (L)} is open in Aut(M, A). Consequently, in
view of Lemma 2.1 [GG 2], the subgroup generated by Int#r and (rt\
is open in AutRr. Now it should be noted that

{rt: t e NK(l)} H InU?r

(see Lemma 2.6). Thus, e ( { r t : t ^ Nk(L)}) is an open subgroup of Outftr iso-
morphic algebraically to NK (L) /L. Since OutRr is a Polish group and e is con-
tinuous, the groups £ ({rt: t ^ Nk (L)}) and Nk (L) IL are topologicaly isomor-
phic. D

Remark 2.7. Note the two significant cases where the group F is an
ICC-group with respect to the subgroup jT0 [GG 2, 1.6 and 3.7] :

(a) F is isomorphic to the subgroup in the connected semisimple Lie
group with trivial center and without compact factors, F0 being a lattice in this



OUTER AUTOMORPHISM GROUP 525

Lie group;
(b) K is a connected group with trivial center.

Remark 2.8. The group OutRr can be noncompact For example, let

K=SL(n, Zp),F=SL(n, Z). n=2j + 1>3, L=(e]

(Zp is the ring of p-adic integers) . It can be shown that OutRr contains an open
subgroup which is topologically isomorphic to the group H= SL (n, Q/>) . Let A

= SL(n, Z[jr]) . Then A is a dense subgroup in H and Kr\A = F. Consider the
ergodic equivalence relation RA of the type Eoo generated by left translations of
A on the space (H, Jl) where fi is the Haar mesure on H. Since K is an open
subgroup in H, RA ~ Rr x loo where loo is the transitive equivalence relation
on H/ K. Besides, the map (f) '. K X H/K-+ H which is responsible for iso-
morphism of #rx loo and RA can be chosen so that

1=n for t e K.

For h ^ H, denote the right translation on the space (H, Jl) by YH : TH (s) = shT1,
s ^ H. We claim that if h^ e, Th is an outer automorphism of RA. In fact,
assume that rh ^ Intfo. Then there exists a ^ A for which the set Ea= is ^

H: sh~l = as] has the positive measure. Consider the closed subgroup Fa gener-

ated by the set (s2lsi : si, s2
 e Ea} . If si, s2 ^ Ea, then s\h~l = asi, hsz1 =

S2la~l, and hence hs2lsih~l = sj^i, i. e. h lies in the subgroup Fa centralizer.
Since Fa is a closed subgoup of positive measure, Fa is open in H. However, in

this case Fa contains an open compact subgroup of the form K (m) — F(m) ,
where

Here F(m) is the lattice in SL(n, R) . Consequently, groups F(m) and Fa^>
F(m) are Zariski dense in H= SL(n, Q/,) [Wan] . Hence, we obtain that h ^

Z(fl) , and it means that h = a~1 e A, i.e. h e zOl) = {«}. Thus, H is embed-
ded into OutRA ~ Out(Rr x I J « OutJ?r (see [GG 2, Corollary B.3] ).

It should be noted that if A" is a connected group and L = {e} , Out^r is a
compact group [GG 2, Theorem 4.9] . Using the D. Witte's results [Wit] the fol-
lowing section will give a proof of the compactness of OutJ^r for the action of F
on a homogeneous space of a connected Lie group.
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§30 Automorphisms of the Equivalence Relation Generated
by Lattice Translations in the Lie Group on a
Homogeneous Space of a Compact Lie Group

This Section is concerned with automorphisms of the equivalence relation
constructed by the /^action on the space X= K/L in the most important case
where F is a lattice in a simple Lie group and K a compact simple Lie group.
We obtain the explicit description of automorphisms (Theorem 3.3) using the D.
Witte's argument [Wit, 9.4] .

We need the following general statement which can be deduced from R.
Zimmer's rigidity theorem [Zim 2, 4.3 and 4.5] .

Proposition 3.1. Let G be a connected noncompact simple Lie group with tri-
vial center and R.~rank (G) > 2, F a lattice in G and (X, v) a free ergodic
F- space with the finite invariant measure. Let 6 ^ AutRr and a : X X F— » r be
the cocycle corresponding to d, i.e. 6(jx] = a(x, 7) 6 (x) for all f ^ F and a. a. x
^ X. Then there exist Borel function 0 : X~ » G and o\ ^ AutG such that a(x, 7)

Proof. Using the action of F, let us construct that of G (the induced action
[Zim 1]) and an automorphism 6 ^ AutRc corresponding to 6 ^ AutRr- Let
it: G— > F\ G be the natural projection, TC (g) = Fg, and (t):F\ G— » G its Borel
section, i.e., it ° o) = id. Determine Borel maps s: G— * G and /: G— ̂ Fas follows

s ( g ) = a ) ( n ( g ) ) , f ( g ) = g s ( g ) - 1 , g^ G.

Set up S = O)(F\ G) = s(G) . Then S1 is a Borel set, and each element g of
G is uniquely represented in the form

g = f ( g ) s ( g ) , f(g) e T, s(g) e S. (3.1)

Now consider the diagonal action of F on the space X x G, i.e.

T(X, h) = (TX, 7/0 , 7 ^ r, x e x, h e G.

The orbit partition of X x G of this action is measurable, and the orbit space Y
= (X X G) IT can be identified with the space X x (F\ G) via the Borel iso-
morphism

®:X* (F\G) -> (X x G) IT

given by
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TrOi))) - UsU)] , (3.2)

where [x, ti\ is the image of (x, h) e X x G in the space 7= U x G) /r. It
should be noted that

[7*. 7fc] = [*, fc] = [/OO"1*, sOOL * e *, /i e G, r e r. (3.3)

Using the isomorphism 0, we introduce the measure p=0*(i> X /() on 7, where
X is the finite G~invariant measure on F\G. Now determine the induced action
of group G on (7, p) [Ziml]:

g[x, h] = [x, kg'1], x e X, h e G. (3.4)

It can be easily verified that $ transforms this action to the following action on
the space X x (r\G) ([Zim 1, 2.2]):

g(x, Tr (J i ) ) - (cU TrOOK TrOi)*-1),

where c(g, 7i(h}} = s (hg'1) gs (h) -1 e T, /i e G, x e Z Thus, the action of G
on (7, p) is free, properly ergodic, and preserves the finite measure p [Zim
1,2.7] . Denote by RG the equivalence relation generated by the action of G on
(7, p) . Let /be the transitive equivalence relation generated by translations of
G on F\G. It can be readily seen that 0 (see (3.2)) carries out isomorphism
of Rr X / and RG. Using the automorphism 0 e Aut#r, one can construct an

automorphism 0 ^ RG: 0 — 0(0 x id) (P"1. The direct calculation shows that

(3.5)

(see (3.1) -(3.3)).
Consider the cocycle a : 7 X G— * G associated to 9:

0(gy) = a(y, g) 0 (y) , g €E G, y €= 7.

In view of the Zimmer's rigidity theorem, a is cohomologous to the restriction
of an automorphism of G [Zim 2] . Thus, there exist a Borel function 0 : (X X G) /-T
— *G and o\ ^ AutG are such that

for any g e G at a.a. j; e 7. Set up



528 SERGEY L. GEFTER

6i(y) = (p(y) 0 ( y ) , y e Y.

According to [Zim 2, Prop. 2.4] and [Zim 3, Lemma 3.5] , 6 1 is an automor-
phism of ( Y, p) and

6i(gy) = ffi(g)6i(y) (3.6)

for each g e G at a.a. y e. Y. Herewith, 61 e Aut#G and 0 0 f1 e InLRG.
For g e G and 3; = k /i] e y we have (see (3.4) and (3.5)):

hg^}) 0 ([*, hg'1})

On the other hand,

Oi(g) e,(g)

Now we obtain from (3.6)

^CU ^r1])-1)]
^])-1(Ti^)-1] (3.7)

for all g e G and a.a. [*, /i] e y.
Since ^(T'«) = crU, •f)d(x), we rewrite (3.7) as follows

[a (*, / (hg-1) -1) 0 U) , s(hg-i) (f, ( U fcr J] ) "'I

= [a (x. / U) -1) (? (*) , s (A) 0 ( k A] ) -1 a !

or

[6 U) , a U / (Iw-1) -1) -1 s (Ar1) 0 ( k fcr xl ) -1]

= [6 (x) , a (x, / (h) -1) -1 5 (h) <p ( k fc] ) -1 ^ (^) -1] .

Hence, we obtain

or
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a(x, / (hg->) -1) -'sUr1) <P ( [*. hg~l] ) -1 a i Ur1) -1

fcD-^iU)-1 (3.8)

for all g e G and a.a. [*, ft] e 7. Then for a.a. * e A" (3.8) is satisfied at
a.a. g, h ^ G. Consequently, for a.a. x £ X we have

a(*./(fc)-1)~1s(fc)0([*. ^])-13 r i(^-1=cU)ata. a. ft e G. (3.9)

Since the set S c G has positive Haar measure (see (3.1) ) , it follows that for a.
a. x e X

for all 7 G -T and a. a. s(/i) ^ 5 (we have substituted h\ — j~l s(h) and hz — s
(h) into (3.9)). Now it should be noted that

= r1, s(7'
1s(h)) = s(h),

Hence,

or

aUr) =5U)0([7^5U)])-1a1(5(/i)-1r5(/i))0(U5(^)]5(/i)-1 (3.10)

for all 7 e /" and a. a. jc e X and h ^ G.

Take an element 5 (/i) ^ S1 such that (3.10) is satisfied for all 7 ^ F and a.
a. x ^ X and put

Then a (xj) = <f>(rx) ~l<Ji(r)<t>(x) for all 7 e T and a. a. A; e Z D

While studying the group Out^A we need an interesting analogue of Lemma



530 SERGEY L. GEFTER

Lemma 3026 Let F be an irreducible lattice in a connected semisimple Lie
group G with trivial center, without compact factors, and R-rank(G) ^> 2, (X, //) a
free ergodic F~ space with finite invariant measure and 6 : X—> X an automorphism
such that 6 (yx) = a (7) 6 (x) for some a ^ AutT. If 6 is an inner automorphism
of the equivalence relation Rr, there is an element 70 e F such that 6 (x) — JQX and

0(7} =

Proof. We for a e F set up Ea = {x e X: 6 (x) = ax} . Then jEa =
Ea(T)ar-i and, thus,

0(£r(r>«r-0 = 0(£*), r e r.

Since 0 ^ Int^/% there is 70 e -T with /^ (£ro) > 0. Consequently, the set

(a (if) Tor'1 : T e r} is finite. Let

r0 = (7 e r: a(r) = rorro"1} = (r e r: ^(r) ror"1 = ro).

Then FQ is a finite index subgroup in F. Therefore F0 and cr(F0) are
irreducible lattices in F. According to the Mostow-Margulis rigility theorem
[Zim 4, 5.1.1] , a is uniquely extended up to an automorphism of G, i. e. a(g) =

TogTo1, g e G. In particular, a (r) = rorro'1, T ^ F. Consequently, jETQ =
E7o for all r e T, i. e. A*(£ro) = ^(A) and 6(x) = j,x. D

Now turn again to the equivalence relation Rr generated by left translations
of the group F on the homogeneous space X = K/L. Let

C F) = {a
Q= {(a, t] \a ^ AutdiT, D, ta(L)t~1 = L}-

For (cr, t) ^ Q the automorphism r((T,n of the space

r(ff,»(kL) =a(k)T1L

is well defined. Since ff(F) — F, r(ff,t)
The next theorem gives the explicit description of the automorphisms of Rr,

which is similar to [GG 2, Theorem 4.4] . We use the argument of D. Witte
[Wit, 9.4] in its proof.

Theorem 3e30 Let K be a connected compact simple Lie group with trivial
center, L its closed subgroup, and F the lattice in a connected simple Lie group G
with trivial center, and R~rank(G) > 2. Suppose that F is densely embedded into
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K, and consider the equivalence relation Rr generated by left translations of F on the
homogeneous space X= K/L Let 6 ^ AutRr. Then there exist t ^ K, a e Aut
(K, F) and w ^ IntRr such that (a, t) ^ Q and 6 — wr(a,t).

Proof, According to Lemma 2.1, F acts on (X, i>) freely. Consider the
G-action induced by that of F. Let A : F— » K X G be the diagonal embedding.
Then the space of the induced action (X X G) IT can be identified with the
double coset space A (F) \(K x G) IL (we also denote the subgroup L x {e} c
K X G by L) . The identification is given by the map

id : (X x G) /r-> A (F) \ (K x G) /L,
id(U h]) = A (F) (k h)L,x = kL (3.11)

Now the induced action coincides with that of G by right translations on A (F)

\ (K x G)/L (see (3.4)), i. e. gy= A (F) (k, hy~l}L, where y= A (F) (k,Ji)L.
Let 6 e Autftr, # : X X F — > ^f be the cocycle corresponding to 6 and 6 1 e
AutftG the automorphism constructed while proving Proposition 3.1 (see (3.5)
and (3.4)):

Oi([x, /*]) = 0(k h]) d ( [ x , h]) = W(f(h}-lx), s(h)<p([x, fc])-1], (3.12)
[^ h] e y.

Then,

ffi(g) Oi(y) (3.13)

for all g e G and a. a. 3; ̂  7. Since (7, p) is an ergodic G~space, 61 pre-
serves the measure. Similarly to the proof of Corollary 9.4 [Wit] , consider the
following G~equivalent projections:

p: A ( F ) \(K x G)/L->r\G,
p(A (D (k, h)L) = Fh and

TTL : A (D \ (K x G) -> 4 (D \ (tf x G) /L,
7 r L : ( 4 ( r ) ( f e f h)) = A ( F ) ( k , h ) L .

Taking into consideration identification (3.11) , define the map F: A (F) \
(K X G) -+F\ G, F- p° 0i ° TTI. In view of (3.13) F is an affine map for

(e} X G [Wit, Del 2.2] , i. e.

F ( A ( F ) ( k , h ) g ) = F ( A ( F ) ( k , h ) ) a l ( g )

at each g ^ G for a. a. (k, h) €E # x G. Moreover, F preserves the measure.
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Since A (F] is a lattice in KX G and A (F) is densely projected in K, in view
of the reasoning given in the proof of Corollary 9.1 [Wit] , F is an affine map
for the entire group KX G, i.e.

F(A (D (to, hg)) = F(A(F) U h))d(t, g),

where d is an homomorphism from K X G to G with <5 (e, g) = 0 i ( g ) , g ^ G.
Hence, d ( t , g) = ffi(g) and

F( A (F) (kt, hg) ) =F(A (F) (k, h) a, (g) (3.14)

at all U g) e K x G for a. a. U, h) ^ K x G. Consider the map 5: # x G

-» T\ G, F( A (F) (k, h) ) a i (h) -1. Using (3.14) we obtain

B(kt, hg) = F(A(F) (kt, hg)) a
= F(A(F) (IU)) Vi(g) o,(h}-1 = B(k, h)

for all (t, g) ^ K * G and a. a. (k, h) ^ K X G. Consequently, there exists
an element of ho e G such that B(fc, fc) = /7io for a. a. (ife, h) ^ K x G. Thus,
F(4 (D (fe h)) =Fh0a1(h) for a. a. (k, h) ^ K x G. Furthermore, using
(3. 11), (3. 12) and definitions of the projections p and 7tL we obtain

F ( A ( F ] U /i)) - (p • ffO (21 (D (k, h)L)

where x = kL ^ X. Consequently,

for a. a. h ^ G and * ^ ^C Hence, we obtain for a. a. h = s(h)

5(/i)])5(/i)'1. Then

5U) (3.15)

and 0i (U, /i]) ^ /" for a. a. # ^ X and h ^ G. Now substitute (3.15) into
(3.10) for the cocycle a (see the Proof of Proposition 3.1) :
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for all 7 G and a. a. # ^ Z and h ^ G.
Fix the element s(/i) ^ S such that (3.15) is satisfied for a. a. x

set up

Then for all 7 ^ F and a. a. * ^ X we obtain

ot(x, 7) = r] (fx) #0(7) 7](x),7] (x) e T and a0 e Autr

since a0 (7) = >7 (r^) « U r) ̂  (^ -1 e ^T-

Now let l?i (x) = Y] (x) 6(x) . Then dl e Aut^r and

W- (3-16)

Let us show that Ob e Autr can be extended up to an automorphism o e Aut
(K, F) . Consider the representation [/of A" in the space L2(X, y):

([/*?) U) = f (r1^), A? e ^ A: e X= K/L

Define also the unitary operator F:

= f ( f t (* ) ) . ^e x.

Then from (3.16) we obtain that

UjV= VUffoW or Ua0w = V*U7V, 7 e T.

Set up [/ff(A) = V*[/kVf fe G K Since U is a strongly continuous representation
and F is a dence subgroup in K, LW) e {[/*:£ e X) . Thus, a is an auto-
morphism of K and a (7) = a0 (7) for 7 e T, i.e. a e Aut (if, D . Further-
more, consider the Borel map

= a(k)-1di(kL).

In view of (3.16)
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for all 7 ^ jT and a. a. k ^ /£ Consequently, there exists an element t ^ K

such that j8(A?) = r1!,, i.e. 0i(fcL) = a(k) r1 L for a. a. fc e K We show that

ta(L) r1 = L. Let / e L. Then there is fc e # with <9i (fcL) = a(fe) r1! and

ft ((kl) L) = a(ki) r1 L. Therefore a (A?) r1! = a ( k l ) rlL, i.e. fcj( /) r1 e L.

Consequently, £cr(L) r1 c L. In view of the compactness of L we obtain fcj(L)

r1 = L. Thus, 0i = r( f f,f), where (a, t) ^ Q. Now for w= 66rl we obtain w
^ IntJ?r and 6 =

Corollary 304. L^/^ a// ^/i^ conditions of Theorem 3.3 ar# satisfied. Then the
group Outftr is compact. Moreover, if L is a finite index in NK (L) , OutRr is finite.

Proof. Set up Hi = NK (L) /L, H2 = NK (D IT. Using the explicit form of
the automorphism from AutJ?/- obtained in Theorem 3.3 and Lemma 2.6, it can be
readily verified that Hi and H2 are embedded into OutRr as normal subgroups.
Besides, in view of Lemma 3.2 Hi H H2 — (e} in Outftr. Let us show that the
group ((OutRr) /ft) /H2 is finite. If (01, ft), (az, fe) e Q, the automorphisms

r(alitl) and r ( f fz ff2) differ by the right translation n0, where t0 = ftfi"1 e A/i (L) .
Further, Out/f is a finite, therefore N^ (F) is a finite index subgroup in Aut (K,
r) (remind that Z(K) = {e}} . Now the finiteness of ((OuU?r) /ft) /ft follows
from the fact that each element of Out^r is the image of r(ff,n where (<J, t) ^ Q
(Theorem 3.3) . To complete the proof, it suffices to show that the H2 is finite.
Since Z(K) = Z(F) = {e} , we have that H2 is embedded into OutT. However,
it follows from the finiteness of OutG ([Bou, Ch. Ill, Section 9, Prop. 30 (ii)]
and [Mos, p. 254]) , NG(D //"([Rag, 5.17]) and the Mostow-Margulis rigidity
theorem ([Zim 4, 5.1.1]) that OutTis finite. D

Corollary 3.5e Assume that AuUT=Int#, JVlt(L) =L and Nk(F) = T.
Then AutRr = IntRr, i. e. Out£r is trivial.

Proof. Let 6 ^ AutRr. According to Theorem 3.3, 6 = mr(a,t), where w ^

IntRr and r(a,t} = a(k) t~lL with o e Aut(^, F) and ftj(L) r1 = L. Since Aut^

= IntK, we have trU) =k0kko\ k0 e K Hence, k0 e ^(7^) =r, tfe e J\T#(L) =

L, and r(fftt)(kL) =kQkkQ1t~1L=kQk(tk0)~
1L:=kQkL, i.e. r^) ^ IntRr. Consequently,

D
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§4. An Example of Ergodic Equivalence Relation
without Outer Automorphisms

Let us proceed to the construction of an example of an equivalence relation
without outer automorphisms.

Consider the quadratic form

/(*) =*? + *! +•••+ 4-2 - ^24-1 - n*l

where n=2l+ 1 > 5. Let G be a connected component of the identity in SO

(/, R) and FQ = S 0 ( f , Z[/2l) D G. Then G is a connected simple Lie group
with trivial center, R-rank(G) = 2, and FQ is a lattice in G (see [Zim 4, 5.2.12

and 6.1.5] and[Sul]). Denote the nontrivial automorphism of the field Q (</?)

by r : r (a+ bj2) = a~ b^2.
Consider now the quadratic form

/r U) = A + A + - + 4-2 + /24-i + J2xl

and let K= SO(fT, R) . Then K is a connected compact group which is isomor-

phic to S0M(R) and the group S 0 ( f , Z[</2]) is embedded into K via r as a de-

nse subgroup [Sul] . Since FQ is a finite index subgroup in S 0 ( f , ZL/2]) it is
also densely embedded into K. We will identity FQ with its image in K.

Lemma 4.L
(1) Nk(F0)
(2) NG(F0)

Proo/. We prove (l) . Set up H =• S O ( f T , C) . Then H is a simple alge-

braic group defined over the field Q (-/?) - Let k ^ Nk (Fo) . Since F0 is dense
in K, and K is Zariski dense in H, FQ is also Zariski dense in H. Therefore the

inner automorphism h—* khk'1 of H is defined over QC/2") [Zim 4, 3.1.10]. Con-
sequently, Ad£ e (Ad(//))o(V2"), where Ad (H) is the adjoint group. Since the

center of H is trivial, Ad : H~~* Ad (H) is an isomorphism defined over Q
Consequently,

Similarly proposition (2) is proved, d

Set up FI = NG (Fo) . Then /\ is a discrete subgroup and, hence, a lattice

in G [Rag, 5.17]. Besides, 7\ c S0(/f Q(/2)). In view of Lemma 4.1 we can
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identify /i with NK(FQ) via r. For F\ there are also embeddings

d S0(/r, Q(^2)) and

c S0(/Q(v^)).

Continuing this construction, we obtain the sequence of lattices {Fm} in G with
Fm+i = NG (Fm). Moreover, all the groups {Fm} are embedded into K via r as
dense subgroups, and we have Fm+i = NK (Fm). According to [Rag, 9.8], there
is mo with Fm = FmQ for all m > mo. Put F = jTmo. Then NK (F) — F. Further
more, identifying K with S0n (R), we denote by L the subgroup in S0n (R) con-
sisting of matrices of the form

0

0 .. 0 ± 1

Consider the /^-action on the homogeneous space X— K/L.

Theorem 4.20 All the automorphisms of the equivalence relation Rr, are inner.

Proof. According to [Die, ch. IV], AutK = IntK. Let us show that Nk (L)
= L. Indeed, consider the projection p =

^ 0. 0 1

Then

L= (k e K:kpk~l = p}.

If k e NK(L), then for / e L we have klk~1p = pklk~\ i. e. /(r1^) = (r1^) /.

Hence, k~lpk = p, i. e. & ^ L. Thus, all the conditions of Statement 3.5 are
satisfied. D

Corollary 43,, Let loo be the transitive equivalence relation on (Z, 5) where
5({n}} = 1. Then all the automorphisms of the IL,-equivalence relation Rr = Rr
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X loo are inner.

Proof. According to [GG 2, Corollary B.3] all the automorphisms of Aut
Rr preserve the measure. Therefore, the embedding of AutRr into AutRr, 0~*
6 X id generate an isomorphism of OutRr and AutRr- D
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