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§ lo Imt

We study the C°° well-posedness of the following Cauchy problem.

„ t.
(1.1) J=

{Diu(Q,x)=Uj(x\ y=0,l,

where QXf, .r, Dx) and /?(f, z, Dx) are the differential operators of order / and 0

respectively with C°°-coefflclents defined In a neighborhood of the origin in Rd+1,

and

=(j^-, T^7/J Dt=~T~dt°

Denote by P2(t,x, r, f ) and Ps(t,x, r, <?) the principal and subprincipal

symbols of P. We formulate the assumptions and results In the global version. It

Is straightforward to give a mlcrolocallzed version of the assumptions and results.

This Is not carried out below.

Modifying Q2(t, x, £) near f = 0 and extending it to the outside of a small ball

{| x | > R}9 we assume that

(1.2)
Q2(t, x, £)= CPU, x, g)2pE(t, x, I), with real ®(t, x,

d

E(t,x, |)^co<l>2, with c0>0J <f> a = l+2&2
> E(t,x, f )eS?i0.
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We also suppose one of the following conditions.

(1.3) dt0(t, x, $)=B(t, x, £)Q(t, x, f ), with B(t, x, f )eSiV

This is a global version of the involutive double characteristic case.

(1.4) 0(t,x, & = (t-4(x, £)Mt,x, £),

where $(x, I), &(t, x, f )eSi°,o are real valued and \$(t, x, |)| ^c>0. This case

corresponds to the non-involutive double characteristic case.

Set AI=T- @PE112, A2= T+0PE112. Then we have

1.1. Assume (1.2) (1.3) or (1.2) (1.4). Then if

(1.5) P8\T-o=Ci{Ai,A2} + C2(Ai-A2), with Ct(t,x, f)e=Si°i0>

rAe Cauchy problem (1.1) £s- C°° we// posed /« a neighborhood of the origin. Here

{Ai, A2\ denotes the Poisson bracket of A\ and Az-

In the case (1.3), the condition (1.5) is reduced to

(i.6) psir=0= cu, x, ewt, x, m with c(t, x,
Under this condition (with (1.2) (1.3)), C°° well-posedness of the Cauchy problem

(1.1) was proved in [9], [15],

In the case (1.4), the condition (1.5) is reduced to

(1.7) Ps|r=o- CU, x, $)Q(t, x, SY'\ with C(t, x, $ )eS1
1
s0,

which is equivalent to

(1.7)' dU, x, $)=(t-4(x, $))p-l<l(t, x, $ X with q(t, x, f )eSio.

If P = 19 supposing (1.2) (1.4), the C°° well-posedness of (1.1) follows from [5] (note

that (1.7)' is satisfied for any Qi). When $(x, ̂ ) = const, p^l, the well-posedness

of (1.1) was proved in [14], [8], [9], assuming (1.2) (1.4) and (1.7)'. However, we do

not know how to reduce the general case to the case when <j>= const., preserving

support conditions of solutions.

Therefore, in this paper, we shall prove Theorem 1.1 under the conditions (1.2)

(1.4) and (1.7)' when p^2, establishing the energy inequalities, (Theorem 1.2 and
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1.3).

give some remarks on necessary conditions for the C°° well posedness of

(1.1). Assume that (1.2) and (1.3) are satisfied locally. Then for the C°° well posedness

of (1.1), it is necessary that jPs|r=o vanishes on {0=0} locally. Moreover, if

grad£>x CP^O on {0 = 0}, then (1.6) is necessary for the well posedness. ([4]).

If (1.2) and (1.4) are satisfied locally, for the well posedness of (1.1), it is

necessary (1.7)' holds locally ([4]).

Before stating the energy inequalities, we introduce some pseudodifferential

operators which will be used throughout this paper. Set

(1.8) /(*,*, £)={(*-#(*, £))8+<£>-8Ta, 0<<7=l / ( j> + l)£l/3.

We choose x(y)^C°°(R) so that x(y)=l for y ̂ -1/4, *(y)=0 for y ̂ -1/2 and
define

at(t, x, S)=x(±nin(t-t(x, £))<£>"), **(*, x, S)=at(t, x,
J±(t,x,$)=(2a±(t,x, £)-l){±U-<

= a±(t,x, £){±(t-
+ (l-a±(t, x,

Using these, we introduce the following semi-norm.

\\\u\\\2n,s,r=\\<D>2nffJ-(n-r)anU\\2s+\\J+(-n-r)aiu\\2s,

where J±(k) and an denote the pseudo-differential operator with symbols J±(t, x, f )*

and an(t, x, f ) respectively and || u\\s denotes the usual Sobolev norm in Hs(Rd).

1.2. Suppose (1.2), (1.4), (1.7)' and p^2. Then we have

c(n, N)fe~2te \\Puf-2N dt + c(n, N)fe-2te\\\Pu\\\2,,0,0dt

2+3'4 [e-2i6\\Dtu\\2-Ndt,
o/

for n^c(Q2)C, 0^00(n, N), N^l, u^Co((-T, T)xRd), where C =
, and
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c(Q2) depends only on Q2(t, x, f ).

Theorem 1.3. Assume the same hypothesis as above. Then the following

inequality holds,

c( n, s )fe-2te II Pu \\22n«+s+idt ^ d1+1'4fe-2te \\Dtu \\ldt + d2+mfe~2te \\ u \\ Idt,

Z((- T, T)xRd).

Remark 1.1. We note that

is equivalent to 1 when t — $(x, £ )^c, to <f>n t f when \t-([>(x, $ )| ^c<f>~ t f to

<^>2W(r when t—(f)(x, <f)^ — c with arbitrary positive c. Then, since this Cauchy

problem (1.1) may cause a great loss of differentiability of solution, the use of this

semi-norm ||| ft||U,s,r seems to be natural.

§ 28 Sume Properties on Symbols In JrSm

We shall say that a(t,x,%)^C~(lXR2d)J = (-T,T) belongs to Sf,8
(Hormander's class) if

O \\ l&srWft V £}\<.r* / £\m-6\a\+8(\fi\+j)l^-lj \Ota(fl)\t,X, $)\^*lsj,a,fi\S/ ,

for any multi-index a,@^Nd. We denote by JrSm the set of all a(t,x, f )e

C°°(/Xlg2d) such that

(2.2) IS/flSK^, J:, £)I^CWU,*, f )^-'«^'<f>-w

for all multi-indexes or, ff^Nd. This class is a variant one treated in [2], also see

[1]. But in this paper we always treat the variable t as a parameter.

The pseudodifferential operator with symbol a(t, x, f ) belonging to one of the

above classes is realized by

a(t, x, Dx}u = eix*a(t, x, £)

For the pseudodifferential operator a(t,x,Dx), we denote by 0(d)(t,x, f) the

symbol of a(t, x, Dx\ But sometimes we do not distinguish the operator and its

symbol.
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Proposition 2010

/°Sm, /^S*CSKST where r~=max(0f -r).

, x, g)^c2J(t, .r, I ) w&A c«>0. //

, x, |)e/rSm then SfogJU, z, £ je/--'-'"'̂ "-1"1.

Proof. We shall show the first inequalities for J+(t,x, f). When (t-<j>(x,

^Q or ( ^ -# ( j r , f ) )< f> f f ^ - l / 2 , we have /+(f, JT, f )= U-^U.f )|
from the definition, and the inequalities are immediate. When —1/2^

-$(x, £))<$>« ^Q, it follows that

Mt, x, $ )^
Then we obtain the desired inequalities.

Proposition 23o If at(t,x, £)^JriSmt(i = l,2), then a\(t, x, £)a2(t, x, £)
•ri+r2gmi+m2^ jf ^^ ^ g^jri^m an^ ^^ ^ <f )= C<<?>m/( ̂ ? X, |)r wf//l C>

Os /ACT fl(ff JT, $)n<^JrnSmn, for

Corollary 2oL /(/, x, $)n
f J ± ( t , x, $)n^JnS°,

2A, Let ai(t,x,Dx)ejrtSnt(i = l,2\ then ai(t,x, Dx)a2(t,
x, Dx)^Jr^rzSmi+mz. If a(t, x, Dx){EjrSm, then a(t, x, DXY belongs to JrSm

f

where a(t,x, D*)* denotes the adjoint of a(t,x, Dx) with respect to the scalar
product in L2(Rd}.

Proof, (See [2], [1].) For the proof, we introduce the following weight function

d(y, $, ^)=l+<!>l:y|2+<<!f>~1M2 '

First we note the following Inequalities.

(2.3) J(t,x+y, $)s^CsJ(t, x, $)sd(y, f, V) |3|/2,

(2.5)

(2.6) kl«f>J,):'«l>-1^)V(3', f, yrKWK,ij.r<e>-™d(y, t, r,YK.

Now we set C e ( t , J C , y , g,y)=ai(t,x, £ + 6ri)a2(t,x+y, f) and consider tho
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following oscillatory integral

where Ii(Ce) and I2(Ce) denote the integrals on |f |^2(1+M) and |f |^

| rj | ) respectively. First we I\(Ce X

Using the estimates (2.3), (2.4) and (2.6), the Integrand is estimated by

. J(t,X, fy^^\a+r\<S>ml+mt-\r\d(y9 £ ^-x+Clnl+lr.l+l^rl)* ( | £ | J>

Since

with suitable K = K(ri, rz, a, 7), we have the desired (that iss in
/n+r iS» l+^) for/ i(Ctf)B

We proceed to the next,

N(l-Ay)N<yr2M(l- xs ys £ v)*^ V-

Remarking the Inequalities (2.3) and (2.5), the above Integrand is estimated by

J(t, X, f )^+^-l«

Here we have taken N, M so that -

X ( | n| + | ra| + k + rl )+ I Wil + I rl ^ -rf-1- Therefore it follows that

Hence, taking 6 = 0, we have the first assertion. The second assertion will be proved

by the similar arguments.

This proof also shows that

2.S. Let ai(t,x,Dx}^JTiSmi (f = l, 2), then a(ai(t,x,
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DMt.x.D*))- 2 (a\Yla(f\t,x,$)azUt,x,^Jr^-2NSm^m*-N. If
|a|^JV-l

a(t,x,Dx)^JrSm, then a(a(t,x,DxY)- 2 (a\Yl(-l}w <z|S{U, *, £) e
|#|^./v—i

jr-2./Vcim-W

The standard method of constructing a symbol from its asymptotic expansion

gives that

2o60 Let a At, x, %)^Jr-jSm-jl\ / = 0,1, 2, —. Then there is

symbol a(t, x, $)^JrSm such that

// supp[dj(t, x, $)]c£, ;=0,1, 2, —, we cara te/ce a(f, x, I) so
supp[fl(/ , j? f

sitioE 2.7. SM/»/J05e fAaf ^,-(^, x, f )e/r«'SIB' (i = 1, 2), B^JrSm and

>m{J(t,x,SYi, on supp[B(t,x,£)], with Ci>® for large |f|.

existe C(f, x, g)Gjr~(r^Sm-(mi+m* suck that AiCA2=B, mod S'00

and supp[C(/, x, g)]Csupp[B(t, x, f)].

with c2>0/or large \g\. Then if A(t,x, f)e/°S° and \A(t,x, f ) |^c , w^ ^ave

\\Ahuf <c\\JlUf+C(N)\\j2U\\2+C(N)\\u\\z-N for any N.

Proof. First it is clear from Proposition 2.5 that

The proof of the sharp Garding inequality (see [7]) shows that

2

where </>feSi,o, </>a,/i^Si'.o1^1"2 and A(?, X, |)F denotes the Friedrichs syrnmetriza-
tion of A(t, X, f). Remarking
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and applying Proposition 2.6, we can write

op(c2- \A(t, x, £ )|2)=(c2- \A(t, x, $)\2)F+B2, mod S'00, with

This gives that

c2-A*A = (c2- \A(t, x, £)|2)F+B3, mod S— , with B^r2S~\

and hence

(2.7) c2||t;||2+|(S3^t;)| + C(JV)||i;||^-Mi^Mt;|^

Whereas, from Proposition 2.7, one can write

(2.8) J?B*Ji=J}BJ* mod S'00, with B^J^S'1.

Here we note that

(2.9) -1 + 3(7^0,

and this implies that 54e/0S0CSf-<ritf. Taking into account that (2.8) and /i<E

/^S°CSi°l*J-,<y, we get this lemma by replacing v by JiU in (2.7).

Next let us consider

(2.10) QM(t, x, Dx)= Q2(t, x, Dz)+M(J(p-l)*<D>J(p-l)+<D>-2L\

where Q2(t, x, I) is the symbol mentioned in Section 1.

Lemma 2020 Suppose that Co>0 is given. Then there exists positive c(Q29 Co)

such that for any positive integer L, we have

c(Q2, Co)\\<D>J±(p)u\\2,

with some positive M.

Proof. Let us set

L±(t, x, S)=J±(t, x, £Y2p(Q2(t, x, ^+c»J±2(t, x, £)),

and first show that

(2.11) L±(t,
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Propositions 2.1 and 2.3 imply that Q2(t, x, f )e/2*S2 and hence

J±(t, x, £)-2pQ2(t, x, |)e/°S2. The other hand, the equality

(2.12) 2(p + l)a=2,

shows J±(t, x, f )-2/>-2e/-2p-2S°C/°S2, then we get (2.11).

Next we observe Qt+CoJ±(-l)*J±(-l)-J±(p)*L±J±(p). Taking (2.11) into
account, Proposition 2.7 shows that

(2.13) Q2+c«J±(-l)*J±(-l)-J±(pYL±J±(p)

=J(P-IYM±J(P-1\ mod S-,

with M±e/°S1, here we have used the fact /-4S~1C/2p-2Sl(fbllows from (2. 12)).

Therefore to prove this lemma, it suffices to consider L±. Since

L±(t, x, €)=J±(t, x, $)-2t"2<$>2(Q2(t, x, $)<$>-2J±(t, x, £

), ci>0,

in view of the identity <$>-2 = <$>~2(p+l)a, we have

(2.14) L±(t,x, t)^c(Qz, co)<|>2, with c(Q2, c0)>0.

Let us put

Q±(t, x, £)=Lf(t, x, £)-c(Q,, co)<f>2 (e/°S2),

and </>fi, <pa,p be the same as in the proof of Lemma 2.1. Then we see that

From the same reasoning in Lemma 2.1, one has

Q±(t, x, $)F= Q±(t, x, $)+Kf, mod S'00, with KfeJ~2S\

and then it follows that

(2.15) Re(L±*;, v)+ C(L)\\vf-L+ \(Kfv, v)\^c(Q2, c0)\\<D>v\\2.

Take v = J±(p)u in (2.15) and remark that

J±(p)*KtJ±(p)=J(p-l)*K?J(p-l\ mod S— , with K2
±^J°S1,

then it follows immediately that
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(2.16) C(L)\\u\V-L+^(J±(pYL±J±(p}u,

Thus (2.13) and (2.16) prove this Lemma.

§ 3. Energy Inequality

Set In(m)=<D>2naJ-(m), Et = { ( t , x, I) ;
Ec=E$r\Ec- We start with the following identity,

(3.1) -2lmf(In(n-l/2)(Dt-i8)2w,In(n-l/2)(Dt-id)w)dt

= 2ef\\In(n-\/2)(Dt-ie}wfdt

-ZRef(dJn(n-l/2)(Dt-M)w, In(n-l/2)(Dt-i6)w)dt,

where w = ctnU.

Since a~(t, x, f ) = 1 on ETu, we have

(3.2) dj-(t,x, %Y-ll2+(n-ll2)J-(t,x, |)"-3/2=0, on supp[^]c£:r/2^.

This means that dJ»(»-l/2)ff» = -(»-l/2)/»(«-3/2)fl£, mod S"", and then it

follows that

J(dtIn(n-\/2)(Dt-i8)w,In(n-ll2)(Dt-ie)w)dt

= -(n-l/2)f(In(n-3/2)(Dt-id)w,In(n-l/2)(Dt-id)w)dt,

Here we remark that the positive integer N can be taken arbitrarily large, and
everywhere below we fix such one N.

Using this, the second term of the right-hand side of (3.1) is equivalent to

(3.3) (2n-l)Ref(In(n-3/2)(Dt-i8)w, In(n-ll2}(Dt-id)w}dt,

mod c(n)[u]-N-
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On the other hand, from Proposition 2.7, one can find B^J~3S~1 so that

mod S"00.

In virtue of (2.9), B belongs to S°-a,a and then (3.3) is estimated from below by

(2n-l)f\\In(n-l)(Dt-i8)w\\2dt

-c(n)f\\In(n-I/2)(Dt-i8)w\\2dt, mod c(»)[«]V

Combining these inequalities, we get for d^9o(n ),

(3.4) -2lmf(In(n-l/2)(Dt-id)2w, In(n-l/2)(Dt-i0)w)dt

^c<>ef\\In(n-Il2)(Dt-id)wfdt

+ (2n-l)f\\In(n-l)(Dt-i6)wfdt,

mod C(H)[U]-N.
Next consider

(3.5) -2lmf(J-(-l)In(n-l/2)(Bt-i6)w,J-(-l)In(n-l/2)w)dt

= 20f\\J-(-I)In(n-I/2)w\\2dt

-2Ref(dJ-(-l)In(n-l/2)w,J-(-l)In(n-l/2)w)dt

-2Ref(J-(-l)dtIn(n-l/2)w,J-(-l)In(n-l/2)w)dt.

From the same reasoning as above, we can replace 3*7- ( — 1), dtJ-(n — \/2) by

-7-(-2), -(«-l/2)/-(w-3/2) in (3.5) within modulo c(»)[a]V Therefore,
applying Proposition 2.7, the same arguments imply that the right-hand side of
(3.5) is estimated from below by

(3.6) Codf\\J-(-l)In(n-l/2)w\\2dt

+ (2n-3)\\J-(-I)In(n-l)w\\2dt, mod [u]2-»,

for d^do(n). Now we consider the left-hand side of (3.5). From Proposition
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2.7, we get

+/»(n-l/2)*/-(-D*BZ»(»-l/2), with B<EEJ-3S~\ mod S'00,

and then the left side of (3.5) is estimated by

f\\In(n-l)(Dt-ie}w\2dt+J\\J-(-l)In(n-l)wfdt

+ c(n)6-l/2f\\In(n-l/2)(Dt-id)w\\2dt

+ c(nW2f\\J-(-l)In(n-ll2)wfdt,

Therefore it follows from (3.6) that

(3.7) f\\In(n-l)(Dt-i8)w\\2dt^c0df\\J-(-l)I»(n-l/2)w\\2dt

+ (2n-l)J\\J-(-l)In(n-l)wfdt

-c(n)e-wf\\In(n-H2)(Dt-i9)wfdt,

for d^do(n), mod c(n)[u]-N,e-
Combining (3.4) with (3.7), we get,

Proposition 3.1.

-2lmf(In(n-l/2)(Dt-id)2w,In(n-l/2)(Dt-id)w)dt

+ 2-1n2f\\J-(-l)In(n-l)wl2dt, mod c(n)8[u]2-N,,, for 6^60(n), n^

§ 4. Energy Inequality (Continued)

We proceed to the next step of obtaining the energy inequality. Consider the
identity,
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(4.1) 23mf(In(n-l/2)Quuf,In(n-l/2)(Dt-i8)w)dt

= 28Ref(QMIn(n-l/2)w,In(n-l/2)w)dt

-/{(QMdiIn(n-l/2)w,In(n-l/2)w)+(QMIn(n-l/2)w,dtIn(n-l/2)w)}dt

-f((dtQM)In(n-l/2)w,I»(n-l/2)w)dt

+ if(In(n-l/2)(pt-id)w,(QM-Qh)In(n-l/2)w)dt

+2lmf([In(n-ll2),QM}w,In(n-ll2)(Dt-id)w)dt

-ef(In(n-l/2)w,(QM-Q&)In(n-l/2)w)dt,

where QM is defined by (2.10).
From the same reasoning as in Section 3, the second term of the right-hand of

(4.1) is equivalent to

(4.2) (n-l/2)f{(QMIn(n-3/2)w,In(n-l/2)w)

+ (QMIn(n-l/2)w,In(n-3/2)w)}dt, mod c(n)[u}2-N.

First we observe /M(w-l/2)*Q2/n(n-3/2)+/n(w-3/2)*Q2/«(w-l/2).

Since Q2(t, x, £)<^J2PS2, from Proposition 2.7, it follows that

(4.3) In(n

= 2In(n-I)*QJn(n-l)
+In(n-ll2}*J-(p)*AJ-(-l)In(n-ll2\

with A^Jp-2S\ mod S"00.

Here the inequality p^2 implies that ̂ e/°Sl. Remarkingthat/_(/)-l)*<Z)>/-(^-l)
e/2i>"2S1, from the similar arguments as above we have

(4.4) In(n-ll2YJ-(p-l)*<D>J-(p-l)In(n-Zl2)

+In(n-3/2)*J-(p-l)*<D>J-(p-l)In(n-l/2)

= 2In(n-l)*J-(p-l)*<D>J-(p-l)In(n-l)

+In(n-ll2YJ-(p}*AJ-(-l)In(n\

with Ae/^-2-1'^0, mod S~°°. Using (4.3) and (4.4), one can estimate (4.2) from
below by
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(4.5) (2n-l)f(QMIn(n-l)w, In(n-l)w)dt

-c(n,M)f\\<D>J-(p)In(n-l/2)w\\2dt

-c(n,M)f\\J-(-l)In(n-l/2)w\\2dt

-c(n,M)f\\J-(-l)In(n)wfdt,
of

mod c(n, M)[U]-N.

Next consider In(n-\l 2)*($&- QM)In(n-ll 2) = In(n-l/ 2)*( QS
-Q2)In(n-l/2). Writing Q2* - Qz = Q, + Q0 with Q^J2p-2Sl+*na,
Proposition 2.7 gives that

=In(n-ll2YJ-(p)*AJ-(-l)In(n)+In(nYJ-(-lYBJ-(-l)In(n')
=In(n-l/2YJ-(pYAIn(n-ll2)+In(nYJ-(-lYBIn(n-ll2\

with A^Jp-2+ll2S\ A^Jp-2S\ BGJS°, BeJll2S°, mod S'05.
From these, noting that A, AeSi-a.a, B, B^Si-a.a, it follows that

(4.6) 8\(In(n-l/2)w,(QM-Q*M)In(n-l/2)w)\
^c(nW2\\<D>J-(p)In(n-ll2)wf
+ cMd3'2\\J-(-l)In(n)w\\2, mod c(n)ell2\u\2-N,e,

(4.7) \(In(n-ll2)(Dt-ie)w,(QM-Q^In(n-ll2)w)\

<c(n)\\In(n-H2)(Dt-ie)wf
+ c(n)\\<D>J-(p)In(n-l/2)w\\2

+ c(n)\\J-(-l}In(n)w\\2, mod c(n)\u\2-N.

Where \u\2-N= \\ ul2-N

Now estimate

From Propositions 2.5 and 2.7, taking into account that p^2, Q2e/2/>S2 and J-(p

-l)*<D>J-(p-l)e/2t>-2Sl, it is easy to see that
[L(n-l/2\ QM]=AJ-(p)In(n-l/2)+BJ-(-l)In(n), with
/1/2S°, mod S'00. Hence we have
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(4.8) \\[In(n-l/2\ QM]w\\2^c(n,M)\\<D>J-(p)In(n-l/2)w\\2

+ c(n, M)\\J-(-l)In(n)w\\2,modc(n, M)\ U\Z-N.

Finally we consider In(n-l/2)*(dtQM)In(n-l/2). We set

A(t, x, $)=9tQ2(t, x, $)J-(t, x, $ )-2*+1e/°S2.

Remark that A does not depend on n. Since dtQz^J2p~lS2, Propositions 2.5 and

2.7 imply that

(4.9) In(n-ll2Y(dtQ2)In(n-ll2')=In(n-lYJ-(pYAJ-(p}In(n-l}
+In(n-H2YJ-(pYBJ-(P)In(n-ll2\ JBe/-3S1c/°S2

> modS"™

Whereas taking into account that dt{J-(p-l Y<D>J-(p -DJe/^-'S1, we have

(4.10) In(n-I/2)*dt{J-(p-l)*<D>J-(p-l)}In(n-I/2)
=In(n-ll2Yj-(pYBJ-(-l)In(n-ll2\

with 5e/i>~2S1C/°S1, modS"00. Thus the following inequality follows

immediately from (4.9), (4.10) and Lemma 2.1,

(4.11) \((dtQM)In(n-ll2)w,In(n-l/2)w)\^Cn<D>J-(p)In(n-l}w\\2

+ c(n,M)\\<D>J-(p)In(n-l/2)w\\2

+ c(n,M)\\J-(-l)In(n-l/2)w\\2,

mod c(n, M)\u\2-N, where Ci = sup\A(t, x,
Combining the inequalities (4.6), (4.7), (4.8) and (4.11), we get

Proprosntlom 4=1.

2lmf(In(n-l/2)QMW,In(n-l/2)(Di-i6)w)dt

-af\\<D>J-(p)In(n-l)tvfdt-c(n)f\In(n-H2)(Dt-i8)w

-c(n, M)f\\J-(-l)In(n-l/2)w\\2dt

-c(n,MWl2f\\<D>J-(p)In(n-l/2)wfdt
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-c(n, M)03l2f\\ /-(-!)/„( n)w\\2dt, mod c(n,M}6m[u}2-N,e.

Now take L^2na+N and fix M so that Lemma 2.2 holds. Then Lemma 2.2
implies that

(2n-l)Re(QMIn(n-l)w,In(n-l)w)+2-1n2\\J-(-l)In(n-l)w\\2

^Cln\\<D>J-(p)In(n-l)w\\2, ci>0,

||2, ci>0.

Hence using these inequalities, Propositions 3.1 and 4.1 show that

Lemma 4.1.

+ c,n2f\\J-(-l)In(n-l)anufdt+c2ef\\In(n-l/2)(Dt-id}anU\2dt

+ c2e
2f\\J-(-l}In(n)anufdt, mod c(n, N)01'2[u]2-N,i,

for d^6»(n,N), n^n(Q2).

From the analogous arguments for /+, we have,

Lemma 4.2.

2Imf(J+(-n-l/2)[(Dt-id)2-QM]atu,J+(-n-I/2)(Dt-i6)atu)dt

mod c(n,NW2[u]2-N,e, for e^00(n, N), n^
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If we note that

In(n-ll2Yln(n-ll2}J(p-lY<D>J(p-l}

=In(n-l/2)*J-(p)*A-In(n-l/2),

J+(-n-l/2)*J+(-n-l/2)J(p-l)*<D>J(p-l)

with A±^JQS\ mod S"", we can replace QM by Q2 in Lemmas 4.1 and 4.2

changing the constants C2, c(n, N) and $o(

Proposition 4o2, J/ter having replaced QM by Q2, Lemmas 4.1 and 4.2 are

valid,

§ 5* Estimates off the Commutators with an

In this Section, we shall show that one can replace [(Dt~ id)2— Q2\<Zn by

at[(Dt-id)2-Q2} in Lemmas 4.1 and 4.2. Since a^(Dt-ie)2 = (Dt-id)2a^

— 2Dtan(Dt — i6)—D2tan, to do so we investigate D2an and DtOtn-

From Proposition 2.5, we see that

with B<E:J2n-5S4nff-\

then we define A(^, j;, f ) by

that is

Since we have J+(t,x, f )/-(/, JT, f ) = <f>-2<y(l-U-^Or, |))2<f>2<y) on E1/4, it

follows that

(5.1)

<(!-

with Cf>0 independent of n.
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Propositioa 5.1. Let a(t, x, $ )e/rS"! and supp[a(t, x, £)]c£c with some

c>0. Then for any n&R, we have

Thus, using this proposition and (5.1), we have

(5.2) A(t,x,t)eJ°S0,

\A(t, x, f )| ̂ c (independent of n), suppLA]Csupp[.D?ffn].

From Propositions 2.5 and 5.1, it follows that

o(In(n-l/2)*In(n-l/2)D2
ta;-nIn(n-l)*AJ+(-l)J+(-n-l)at)~b,

Noting that a%(t, x, f )=1 on supp[D?ofn], Proposition 2.7 shows that

with 5e/°S-1+S(rCSi-tf,<r, mod S~"°, and hence

\(In(n-ll2)D\anU,In(n-l/2)(Dt-id}w)\
<n3l2\\AJ+(-l)J+(-n-l)atu\\2

+ nm\\In(n-l)(Dt-ie)wf+c(n)\\In(n-H2)(Dt-ie}wf
+ c(n)\\J+(-I)J+(-n-l/2)aSu\\2,

mod c(n)\ U\-N- Applying Lemma 2.1 to A, we get

(5.3) \(In(n-ll2)D2
tanU,In(n-l/2}(Dt-id)anu)\

<C2n3l2\\J+(-l)J+(-n-l)atu\\2

+ nll2\\In(n-l}(Dt-id)anuf
+ c(n)\\In(n-l/2)(Dt-ie)anuf
+ c(n)\\J+(-l)J+(-n-l/2)aSu\\2,modc(n)\u\2-N,

with C independent of n.

From the same procedure, we can write

In(n-l/2)*In(n-l/2)Dtan
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with JB2e/°S-1+8tfcS?-fttf, mod S'" where

Since supp[At]r\supp[Dtan] = ̂ , it is clear that

In(n-l)*Aif+(-n-l)a]l(Dt-i8)
=In(n-l)*A2J+(-n-l)(Dt-i8)at,modS-~,

and then we obtain

(5.4) \(In(n-l/2)Dtan(Dt-i0)u,In(n-l/2)(Dt-i0)anu)\

+ CSn\\J+(-n-l)(Dt-ie)a?luf

+ c(n)\\In(n-l/2)(Dt-ie)anuf

+ c(n)\\J+(-n-l/2)(Dt-i0)atu\\2,modc(n)\u\2-N,

where C does not depend on n.
Finally, we observe [an, Qz]. It is easily seen from Proposition 2.5 that

a([ctn, Q»])~a

Using Propositions 2.7 and 5.1, we have

with AGJ"-*S1, 5e/1/2S°, mod S'00. This shows that

(5.5) |(/»(»

+ c(n)\\<D>J+(p)J+(-n-l/2)atu\\2

+ c(n)\\J+(-l)J+(-n)atu\\2, mod c

After making the same procedure for /+, we get

-2Imf{(In(n-l/2)an[(Dt-ie)2-Q2]u,In(n-l/2)(Dt-id)a^u)

+ (J+(-n-I/2)at[(Dt-i6)2-Q2]u,J+(-n-l/2)(Dt-id)atu)}dt

^cnf{\\In(n-l)(Dt-id}anuf+\\J+(-n-l)(Dt-iQ)a^uf}dt
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+ C3n
2f{\\J-(-l)In(n-l)anU\\2+\\J+(-l)J+(-n-l)a^u\\2}dt

+ c,ef{\\<D>J-(p)In(n-l/2)anU\\2+\\<D>J+(p)J+(-n-l/2)aiu\\z}dt

+ c<ef{\\In(n-l/2)(Dt-i6)a;uf+\\J+(-n-l/2)(Dt-id)atu\\2}dt

+ c<ndf{\\J-(-l)In(n-l/2)a;u\\2+\\J+(-l)J+(-n-l/2)atu\\2}dt

+ c<e2f{\\J-(-l)In(n)a;u\\z+\\J+(-l)J+(-n)aJ;u\\2}dt

), modc(n, N)dll2[u]2-N,i.

§ 6. Estimates of Lower Order Terms

Let us consider Q,(t, x, £)=(t-<t>(x, £))p-lqi(t, x, % ), qi(t, x, £ )eSiV
Noting Qi^Jp-lS\ we get

=In(n-l}*AJ-(P)In(n-l)+In(n-ll2YBJ-(p)In(n-ll2),

with A(t, x, %)=J-(t, x, £)-p+lQi(t, x, $)eJ°S\ BeJ-3S°^J°S3a, mod S~".
Here, we note that A(t, x, $) does not depend on n. From the same reasoning
which we have used in Section 4, it follows that

(6.1) \(In(n-l/2)QiW,In(n-l/2)(Dt-ie)w)\

+4c-1n-lC2\\<D>J-(p)In(n-l)w\\2

+ c(n)\\In(n-ll2)(Dt-ie)wf

+ c(n)\\<D>J-(p)In(n-l/2)w\\2, mod c(n}\ u\2-N,

with C=sup|/-U, x, $)~f+lQ!(t, x, ^)<$>'l\. On the other hand, Propositions
2.5, 2.7 and 5.1 show that

In(n-l/2)*In(n-l/2)[an, Qi]
= In(n-l/2)*BJ+(-l)J+(-n-l/2)at, B^J^S0, mod S~" .

Combining these, we get
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(6.2) \(In(n-l/2)anQiU,In(n-l/2)(Dt-ie)anu)\

+ c(n)\\In(n-H2}(Dt-i6)anuf
+ c(n)\\<D>J-(p)In(n-l/2)anU\\2

+ c(n)\\J+(-l)J+(-n-l/2)atu\\2,modc(n)\u\2-N.

It is easy to see that for R,

(6.3) \(In(n-l/2)anQtU,In(n-l/2)(Dt-ie)anu)\

+ c(n)\\J-(-l)In(n)anuf
+ c(n)\\J+(-l)J+(-n)atu\\2,modc(n)\u\2-N,

(6.4) \(In(n-l/2)anR(Dt-ie)u,In(n-l/2)(Dt-ie)anu)\
^c(n)\\In(n-l/2)(Dt-id)anU\2

+ c(n)\\In(n-l/2)an(Dt-ie)u\\2

+ c(n)\\J+(-n-l/2)at(Dt-i6)u\\2, modc(n)\u\2-N.

Here, we estimate (Dt-id)anU in terms of an(Dt — id)u. Writing

In(n-l/2)Dta;=SnAJ+(-l)J+(-n-I/2)aS+BJ+(-l)J+(-n)at, mod

with A(t, x, f) = (/+

the same arguments as in Section 5 give that

\\In(n-ll2}DtanU\2

^C2n\\J+(-l)J+(-n-l/2)atu\\2+c(n)\\J+(-VJ+(-n)aJlu\\2,

with C = sup|ylU, x, f) | . Hence

M||2, mod c(»)| U\-N,

with C independent of n. Using this inequality, one obtains

(6.5) nll2\\In(n-l)(Dt-id)anU\\2^2-1nll2\\In(n-].)an(Dt-i8)u\\2

-Cn3l2\\J+(-l)J+(-n-l)atu\\2

-c(n)\\J+(-l)J+(-n-l/2)atu\\2,
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0ll2\\In(n-l/2)(Dt-i0)a;u\\2>2-10il2\\I*(n-l/2)a;(Dt-i0)u\\2

-Cn0ll2\\J+(-l)J+(-n-l/2)atu\\2

-c(nW2\\J+(-l)J+(-n)atuf,

mod c(n)\ U\-N,B- On the other hand, the following inequalities are easily verified.

(6.6)

-c(n)\\<D>J-(p)In(n-l/2)anU\\2,

0\\<D>J-(p)In(n-l/2)a^u\\2^c00
l/2\\<D>2nff+lJ-(n+p-l/2)anU\\2,

nz\\J-(-l)In(n-l)anuf^2-lnz\\<D>2neJ-(n-2)anuf
-c(n)\\J-(-l)In(n-l/2)anU\\2,

n0\\J-(-l)In(n-l/2)anU\\2^2-1n0\\<D>2nffJ-(n-3/2)anul2

-c(n)d\\J-(-l)Ln(n)anU\\
02\\J-(-l)In(n)anU\\2

\\2, mod c(n)0\ u\2-N,e,

for 0^0o(n). The following is also immediate.

(6.7) In(n-l/2Yln(n-ll2)=In(n-lYBIn(n\ BeJaS°, modS'".

Using the inequalities (6.2) through (6.7) and the corresponding inequalities for
/+, we can rewrite Lemma 5.1 as follows,

Lemma 6.1. Let P<, = (Dt-i0)2-JlQj+R(Dt-i0), then
j=0

c(n, N)J\\Peuf-ZNdt + c(n, N)flPeuWn.™dt

^cln
1/2f\\\(Dt-i0)u\\\2

n,0,1dt+C2nf\\\u\\\2n.1,1-fdt

+ c30
wf\\\ (Dt-id)uWn,*,mdt+S3e

ll2fl uWn.i.m-.dt

+ £3n
2f\\\ u\\\2

n,o,2dt+ S3n0f\\\ u\fn,«,wdt+ c30
3/2f\\\ u\\\2

nMdt,

modc(n, N)0[u]-N,e, n^c(Q2)C, 0^00(n, N), where C=sup\J(t,x,
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§ 7. Estimates off Error Terms Proofs off Theorems

Our aim in this section is to prove the following proposition, and complete the

proof of theorems.

a 7.1. We have

for 8>00(n,N), N^l, with c(n,N)>0.

Proof. First we note that

-2Imf((Dt-id)2u,(Dt-id)u)dt^8/\\(Dt-ie)u\\2dt + G3

On the other hand, it is easily seen that

2lmf(Q2u, (Dt-i9)u)dt = 20Ref(Q2u, u)dt-f((dtQ»)u, u)dt

^-cf\\(Dt-ie)u\\2dt-cf\\<D>u\\2dt-cdf\\<D>ll2u\\2dt.

Remarking that

<D>-2NPe = Pe<D>-2N+g<D>-2N+r(Dt-id)<D>-2lf, with

we have

(7.1) f\\Peu\\2-2Ndt^c0d
2 f\\(Dt-ie)u\\2-2{fdt + c<>64 f\\ uf-2Ndt

J <J J

-cdf\\ u\\2-2N+1dt-c82f\\ u\\2-2N+ll2dt, for 0>

Next, we observe ||j uWn,o,\ and |||(D«— id)u\\\i,oM2- From Proposition 2.6, one

can find A^Jn^S° so that

i-n-Dat, rnodS'00.
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Since ai(t, x, £) = ! on supp[a}n(t, x, f )], taking into account that supp[l — a}n]c:

{t — (f>(x, | )^0}9 Proposition 2.6 also gives that

l-a:n=B<D>2nffJ-(n-l)an
with B<E:J-n+1S~2n(fc:JS-nff, modS-m(n^Ql

Preceding two equalities imply that

(7.2) l = AJ+(-n-l)a^+B<D>2nffJ-(n-l)an, modS'00,

and hence

Whereas, the inequalities

2dlll4\\u\\2-N<d*nul2+e*\\u\\2-2N,20*^^^

show that

(7.3) c(», JV)^11/4|| w||^^^3/2||| ^|||2«,o,i + ^4ll ^ll2-2^,

^JMll^^

for d^6Q(n, N\ In view of -N^- 2N + I (N^l), (7.1) and (7.3) prove this

proposition.

Now, by virtue of Proposition 7.1, the following lemma follows immediately

from Lemma 6.1.

Lemma 7.1. For n^c(Q2)C, N^l, d^0Q(n, N), we have

\^

where C = sv®\J(t, x, S)'p+l<$>~lQi(t9x, ?)|, C4 = c4(n, N) and c(Q2) depends
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only on Q2.

We shall deduce Theorems 1.2 and 1.3 from Lemma 7.1. To show Theorem

1.2, it suffices to note that (Dt — id}e~etu = e~etDtU-

Next we shall prove Theorem 1.3. We operate <D>S+1 to P, then

where Qi = [<D>s+\ Q2]<D>'8"l^J2p'2Sl. Thus the term & is the only one which

must be considered. From Proposition 2.7, we get

and then

\(In(n-l/2)QiwJn(n-l/2)(Dt-W)w)\£c(n)^
+ c(n)\\<D>J-(p)In(n-I/2)w\\2, modc(»)| U\±N.

Therefore in Lemma 7.1, we can replace Pe by Pe without any change. On the other

hand, since <D>2nffJ-(n)^JnS2n<f^S2^^ /+(-^)e/-*S0cSi%,<r, it follows

that |||<D>s+1z;|||2w>o,o^c(^)lkl|i^+s+i, and hence

^U f-2N = \\PoU \\2-2N s+i.

Then, replacing Pe, u by Pe, <D>S+1^ and taking N = l in Lemma 7.1, we have

Theorem 1.3.
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