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MIcrolocal Parametrlces for Hyperbolic
Mixed Problems in the Case Where

Boundary Waves Appear

By

Seiichiro WAKABAYASHI*

§ 1. Introduction

In this paper we shall construct microlocal parametrices for
hyperbolic mixed problems at non-glancing points in the case where
their Lopatinski's determinants have real zeros, and we shall inves-
tigate the reflection of singularities. It was proved for hyperbolic
mixed problems with constant coefficients in a quarter-space that
singularities corresponding to boundary waves generally appear
when Lopatinski's determinant has real zeros (see [2], [H]3 [12]).
We shall show that singularities corresponding to boundary waves
appear in variable coefficients cases.

Microlocal parametrices for hyperbolic mixed problems were
constructed in some cases by using the theory of Fourier integral
operators. Chazarain [1] constructed microlocal parametrices for
the Dirichlet problem for wave equations at non-glancing points.
Microlocal parametrices for the Dirichlet problem for second order
operators were constructed at diflfractive points by Melrose [6] and
Taylor [10]. But it seems very difficult to construct microlocal
parametrices at glancing points which are not diffractive. On the
other hand there is a problem of constructing microlocal parame-
trices when Lopatinski's determinant has real zeros. This problem
has no difficulty and we can investigate the reflection of singulari-
ties corresponding to boundary waves by constructing microlocal
parametrices. We can construct a microlocal parametrix as the
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composition of a microlocal parametrix for the Dirichlet problem

and a microlocal parametrix for the Cauchy problem for a system

of pseudo-differential operators on the boundary when Lopatinski's

determinant has real zeros (see §5). However, we shall construct

microlocal parametrices more directly in that case-

Now let us state our problem and assumptions. Let Rn+l denote

the (n+1) -dimensional Euclidean space and write x'=(x19~'9 xn}>

x" — fa,'-, •£«) for the coordinate x = (XQ, xl9-~9 xn) in Rn+l and

£/= (£»-, £.), f=(£,,-, £„) for the dual coordinate £=(£„-,

?„) in Rn+l. We shall also denote by Rn++l the half -space {x=(x0,

oOeB"1-1; o:0>0} and use the symbol D=i-l(d/dxQ9—9 d/dxn). Let

P(x, f) be a polynomial of order m of n+1 variables ? with C°°

coefficients and p(x9 f) its principal part. We assume that p(x, f)

is a strictly hyperbolic polynomial with respect to <?i and p(x9 1, 0,

••• , 0) = 1. Thus we can write

where the tf(x9 f) are continuous in fe f) and

Im l*(x, fO^O when Im f^O, reB-1.

We consider the mixed initial-boundary value problem for the

hyperbolic operator P(x9 D) in a quarter-space

(1.1) P(*, D)M (*)=/(*), ^eK«+
+1

? ^>03

(1.2) Z>r« 00 1^0 = 0, ^o>0, l^^^m,

(1.3) B/J:', JD)ti(o;)L0.0=ft(^), ^i>05 l^/^/.

Here the Bj(x'9 D) are boundary operators with C°° coefficients.

Now let (**', f0/) be a fixed point in T*Rn\Q and put x°= (0, ^0/).

We may assume that the A* (x9 f) are enumerated in the following

way :

Im %(a»9 n=0 for

Im ^(^°5 D>0 for

Then we put

L(x', S') = (bi(x', 3f(0, x', O,r),-, bs(x, t+, O,

1 f bj(x', g) ,g 1 f ^(j'.Ofi-"-1.^
2w Jc r/»(0, «', f) to'"'5 2« Jce, #(0, a;', f) Wni ..... "
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where bj(x'9 f) is the principal part of B}(x, f) and C^ is a simple

closed curve enclosing only roots ^+i(0, x, %'),-•, #(0, x, £') of

p(Q, x'y A, 0=03 and we define Lopatinski's determinant!" for

IP, b3] by

R(xf, f)=detL(*', f).

Remark. It is easy to see that

where p+(a:, £) =11}̂  (£.-#(*, O).

We state the assumptions that we impose on {p, b,} :

(A. 1) (x°, f°') is not a glancing point for p, i.e., tf(a», £°"), l^j

^/1} are simple real roots of />(•£", ^, f°')=0.

(A. 2) U(a:', f ) = (£-£(*', r))fr(«', f),

where ^(a;', f) and r(x', f) are C°° functions defined in a conic

neighborhood of (x°', f°') in T*R"\0, f,^', f) is real valued and

homogeneous of degree 1 in f, f,(a^, f0')=5!, r(x°', f°')^0 and «

is a positive integer.

(A. 3) There exist Ixl matrix valued C°° functions U (x , f) and

V(x, f) denned in a conic neighborhood of O°', f°') in T*«"\0

such that

0 L.(x'9 OJ5

det [7(^:0/, D^O, detLcC^0/
3 f0 /)^03 the (i,j) -entry of C7 is homoge-

neous of degree l-^-m,- and the (/, j) -entry of F is homogeneous

of degree ps for l^i^ and of degree pj + m+^ — i for /i + l^f^/,

where ^' is a positive integer, I*/ is the identity matrix of order 0',

Le is an (1—6'} x (1—0') matrix and

Remark, (i) If the condition (A. 2) with 6=1 is satisfied then

the condition (A. 3) also holds. In fact, taking [7(X, £")=! and

t Lopatinski's determinant defined above is different from original one.
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V(x'9 n = r(x', O~ l fcof L(x', f), we have ULV=(£l-£l(x',

(ii) Suppose that #Cr°, f°')> l^/^4, are simple roots o

= 0. If rank (JBy(*°, tf(*°, £°'), <?'))MI ..... i = 4-0 the condition

(A. 3) follows from (A. 2) (see [4]).

Let T be a conic neighborhood of (x°', f°') in T*!2n\0 and U a
neighborhood of x°' in Rn« Let us define a microlocal parametrix for
the problem

(LI) '

(1.2)'

(1.3)'

where

Definition 1. 1. A right microlocal parametrix (Poisson operator) for
the problem (1. 1)'- (1. 3)' at (x\ f0/) is a triple [Ek) F3 [0, e) X C7}
satisfying the conditions

( i ) £, is a continuous linear map: S'(t7)->C°°([0, e) ;

(ii) P£,Gr)eC~([0, e ) x C 7 ) ,
(iii) 5y£4fe)|,o,o-«^e
(iv) £4fe) L1<c is smooth if

The remainder of this paper is organized as follows. In § 2 we
shall formally construct a microlocal parametrix. In § 3 the procedure
of § 2 will be justified and singularities of a microlocal parametrix will
be studied. In § 4 we shall construct microlocal parametrices for
the problem ( L I ) — (1.3), following Melrose [6], and study
reflection of singularities of solutions to the problem (1. 1) — (1.3).
A microlocal parametrix will be constructed as the composition of a
microlocal parametrix for the Dirichlet problem and a microlocal
parametrix for a system of pseudo differential operators on the
boundary in § 5.

The author wishes to thank Professor M. Matsumura for his
helpful discussions and his encouragement.

t It is easy to see that for any /eC°°([0, e) ; @'(U}} there is FeC°°((-£3 e) ;
such that/=/7|,0fc0.
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§ 2* Formal Construction

In this section we first determine the boundary values of the

phase functions and solve the eiconal equations to determine the

phase functions. Then we discuss the transport equation on the

boundary and the transport equations.

There exist a conic neighborhood FQ of Or0', £0/) in T*jR"\0 and

$(x, O^C^CTo) such that <p(x'9 ?') satisfies the equations

(2. i) 3^ (*', o - £ (*', vx4 (xf, o ) = £ - £ (*»', r ) ,

where dj = dx. = d/dxj and F«*/= (32/? • • • 9 3J). Moreover $(#', ?') is

homogeneous of degree 1 in ?'. Let %(x' '5 y ', $') be a C°° function

in R3n such that %=1 in An {|f ' |^l} and supp%cr i? where

ACcctTo) and T2 are conic neighborhood of (xQi \ f0/) in T*I2n\0

and

f ={(*', /, O ; (a:', f')er and (y', f

Since (cf/dxpZj}^', ?'")')= I, it follows that the operator A:

x x * ,
is a properly supported pseudo-dieffrential operator, if necessary,

shrinking F19 where d^' — (2n)~nd^'. A is elliptic in a conic neighbor-

hood of (XQ/, f 0 / ) - Thus there is a microlocal parametrix (pseudo-

differential operator) B of A at (x°'} f
0 /)5 i.e., there exists a conic

neighborhood T of (x°'} f0/) such that ABg - g ̂  C°° (Rn) if WFfe) cA

Let us formally construct a microlocal parametrix for the problem

(1. iy-d.3)7 with k=l at (x\ D in the form

(2. 2) E^) - s

means that the closure of /"j is included in the interior of .
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Then we have

(2. 3) PE,(g) = Z

; x, Z>)}«y O, y, f )

X [EW-o {pfe F^o) + S,.,.̂ " («,
/7TZ Jc f/

+?(^0; *, D)}cy(*, /, f)frexp[^0?o]

where /.'(*, f)=P(«, ?)-#(*, f), ^wfe 0=9tf(*. 0, #,(x, f)

; x,

X

Thus <j>j(x, y, f')3 l^y^Aj are determined by the eiconal equations

(2.4) dQh(x, O =

where ^-(^ y, f )=^fe O-#/(0, y, O- We easily see that
<f>j(x9 y, f) eC°°([03 e) X/V) for some £>0, if necessary, shrinking FQO

If aX^j y, O> l^j^^is can be written as asymptotic sums

(2.5) a, or, y, o~s.--,«;(*) y, r)
in a certain sense, we obtain the transport equations

(2. 6) {Zi.i-^U) fe F.#y)Z)-+5(#y ; *)}«;(*, y,

(2.6) is an ordinary differential equation for a] along rays
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corresponding to (2.4). Thus we can solve the transport equations

(2. 6) when the boundary values of a] are given. Put

(2. 7) «J(0, x, y, f ) = a}(x', y, f )

Then we can assume without loss of generality that the solutions

a"j(x, y, £') belong to C~([0, e) xA). Moreover from (2.6) we

have

(2.8) Aaj(0, x', y', f) = SL^VCCO, a', P.,0)Aa; (*', y, f)

+5,.(*, f )*;(*', y, f )+<?,(*', f, ^xm *', y, n,
where A*/(OX) = A'/O) U0-.,a# /% (OX, F,^) =3;;/aC,(0, x', CO |e-r.v,

/.W(a;, Q=3/>/9C,(^, 0,

s,(x', r) = -^(0)(0, a:', 2t(0, a;', F.^),F,^)-ls(^; 0, a:'),

gy(*', f, £>) = -£to)(0, a:', ^F,^)-1?^; 0, x', D).

We represent Cj-(a:, y', f) as asymptotic sums

(2. 9) cj (x, y, i) ~ 2:,=oC»" (a:, y, f ) .
From (2.3) we put

(2. 10) d?(x, y, ^=F,(x't y, £>&,)/>(*, ^o)-1,
(2. 1 1) c7+1 (a:, y, f ) = - [ tS,.i-^U) (^, F^0)D-+i(s&0 ; a:)} c}" (a:, y, f)

+ g(^.0; x, D)c'-l"(x, y, f)]/»(a;, F,^)-1,

c->"=0, l^/^/-t, v, ̂ =0,1, 2, -,

where jo(^0) sC^)([0, e))T, ,o(a;0) = l in a neighborhood of ^0 = 0 and

the £*j(x', y, f) eC"^) will be determined by the transport equations

on the boundary. Then we have P-E1(g)~0 in some sense.

Next let us determine the a] (x , y, f ') and the c] (x, y, f ') . We

obtain formally

(2. 12) B&W |.Q..= Ztf-iexpP^Oc', r) -$(y't f))]

X [bt (x', % (0, a;', F,,0 (a;', f ) ) , F.,̂ !)

+ 21.1-1^ ( '̂, ^, P^ir + htW, ; x')

+ f.(&; a:', D)}a,(0, a:', y, ?} (Bg)(y')dy'd!;'

t CS, ([0, e) ) = {/( *0) e C°° ( [0, e)) ; supp / is compact}.
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^; *')+*.(&; x', D)}

xc,(0, x', y', £)«-'#,](£*) GO <W,

where b\(x', $)=Bk(x, &-bt(x', f),

M-,-

X (tfJVCO, a')),

X/(0, -^)+Zj |a |^3 }~Bk (X 5 ^

Thus we have the transport equations on the boundary

(2.13) Ey'-AC*', #(0, a:7, 7,4(x'9 O), F^)a}(^ y, f)

^-C^', y, O + S}-'.1 S:-i

+ELA;(^, r)a;(^'. ^', f ) + z u = { ( ^ , )ci(^, ,
=8jHx(x, y, O+/K^', y,o, i^*^/, ^=0,1,2,-,

where

5iy(^', O=A»(^; j;')+&i0)(a:', tf, F,,<S)sy(*', O,

( 2. 14) /J (^', y, f) -- S^i {&?' («', ̂  (0, x, V „$) , V x,$) q, (x , f ,

(o, ̂  y, o
z W
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(2.15) fl(x, y, O=0.

In fact (2. 13) follows from (2.8) and (2. 10) - (2. 12). Putting

S(x', O = GS.i(*', ?),-, S.w-SU*', O.-.SX,-,,),^ .»

(2. is) a-(*', y, ?)='(«(*', y, o,-, a;,, e;(^', y, n,
" " " ? W - / J / 3

(2. i?) F*(*', y, o=' («•.*(*', y,
we can rewrite (2. 13) in the form

(2. 18) L(x, 7t,$(x', f))a"0r', y, £} + I>"j^L/d^iDja>(x , y',

, ?)<f(x', y, ?)=F"(X', y, r), v=o, i, 2,-,
where dL/flC, = 9L/9C, (*', C) U'=r^. Put

(2. 19) «"(*', y, r) = (V(*',F,,i5) +

Multiplying (2.18) by t7(^',F^) + El-i3C7/%A and using (A. 3)

and (2. 1) we have

(2. 20) (£-&(*"', r))f;(^,y, f ) + (A- S?.,3f1/ac,(j:', F^)^}
x *;(*', y, f)=G;(a:', y, f), 1^*^',

(2.21) L.^', F^CJ:', O)r:(o:',y, ?) + Ql.(x', r, A) 7;,(a:',y, f)

+ QK^', f, -D')^^', >', f)=G:(a:/
J y', f),

where »" = '(»;,•••, fl), v",, = '(V"1,---, v",,), v". = '(v",,+l,---, V",),

(2. 22) T(x, r) (= (T,,^', f ))) = Zl-.pET/aCX*', M^'» O)
x{Di(L(x, F

r,

(2.23) G'(x', y, n='(G:(^', y, f'),-, G;(a:', y,
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1 e = (•*• jk) Jl8' + l ..... 1) * e~ \* jk) j. k = 0' + l ..... I)

Qi(x, r,*3)=Ti(*', o+^x*', f, IT),
QK*', r, /y) = sj.i3A/a:/^, F,^)Z>,+T:+W;.

Representing uwGr', y, £') as asymptotic sums

(2. 24) D-C*', y, o~s;-o D-'C*', y, o, »=o, 1, 2,-,
we have

(2. 25) (ft - ft (*»', f ') ) rV (x, y', f ) + (A - L«=2Sft/3CA)

xtrc*', y, o+sjii^c*', ?)*?•(*', y, o
=«,oC?!(^, y, n-zu+i^tr"1^ y, r)

where vv'~l(x', y'9 f) =0. We can solve (2.25) and (2.26) with

the initial conditions

(2.27) vvf(x'9 y, ?') |, |_oc = 0 (vvft \x <xo-e =0 for some SQ)S

v, fi=0, 1, 2,-.

In fact, since (2.25) is a system of ordinary differential equations

for iff along rays corresponding to (2. 1), we can determine

iV(x', y, £'), l^k<Ll, by (2. 25) if Gv and v^'1 are determined. Then

v:'(x', y, £') can be determined by (2.26). Thus vv(x, y, £') is

obtained from (2.24) which is justified in § 3. (2. 19) gives

<t(x', y, f) and, therefore, (2.6), (2.7), (2.10) and (2.11) give

a"j(x, y, £')> 1^/rg/i, and cf(^, y, f) (Irg/fg/—/1 5 /^=0, !,-••) if

aj'^a;, y, O* l^/=^i? and Cy""lAt(^:, y', f) (1^/^Z—/13 ju=Q, 1 5 - - - ) are

determined. From (2.14), (2.15), (2. 17) and (2.23) we obtain

Gv+1. Therefore the above arguments give the a^x, y, £') and the

*,(*,/,£) if (2-5), (2.9) and (2.14) are justified and if the

av(x', y, f) defined by (2.19) are shown to satisfy (2.18).

§3. Main Theorem

A ray corresponding to (2. 1) is a solution of the equations
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(3. 1) dX'/ds(s • x', f ) = (1, -7^(X'(s ; x', f ), V*$(.X, f ))),

X'(0;x', f)=*'.

Then X' (s ; x', f) is a C°° function, homogeneous of degree 0 in <?'

and defined when x belongs to a small neighborhood of xQf and

(X'(s-, x'9 £')> ?') G/V Now we can assume without loss of generality

that

and 7-0 is a conic neighborhood of <f0/ in J2"\{0}9 Thus we can

assume that X' (s ; x', £') is defined and (X'(si x, f')? f) ^^o when

(x', O^A and ^; — s0 — ̂  ^s ^xl + ̂  — x^ if necessary, shrinking T1B

Ti^x') f) defined by (2.22) is homogeneous of degree pj — pi

and, therefore, T^^x, f) belongs to a symbol class S''~"CT0), i.e.,

', f) î c.,,,(i+ ir |)^'-M/I

when (^, OeA and |f|

In order to determine v*f we consider the equations

(3.2) (A-si-.sfi/acx*', F^)A-)^(^ y, n + (fi
x^cx', y, n + zr-i^c^, ovx^, y, o
=GO*(^, y, O+GI.(^, y, o, i^*^^,

(3.3) ^(^, y, o i,^«-.=o,

Lemma 3.1. Assume that Gok(x', y', £') <=Sl-"*-mi-v(f0) and

Glk(x', y, O=\° expCfCft-f!^, O)^ii(^, /, f, 0&,
J-°o

g»(x', y, f, 5)e5l-'»-i-(Ax(-oo, 0]),

i.e., when (x, y, f, s) erox (-00, 0] awJ |<f |^1

i^jsj^iiC^, y, r, 5) ̂ c^^d+iri)1-^— ^9
and that supp Gok(x', y', f) cA,

ft*(^, y, f, 0=0 (/" (y5 f)£A or ̂ ^-£o-^,

where l^k^d'. Then the solutions of the equations (3.2) and (3.3)

e written in the form
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vk(x, y, f )=(°
J-o

where dk(x , y, f, $) eS1-'*-wi-|'(/'0X (-00, 0])

€*,(*', /, f, s)=0 if (y', O^A or S^x°l-e0-xl.

Proof. Along the ray defined by (3. 1) (3. 2) becomes the

system of ordinary differential equations

*G..(^', y, o
+ iGlk(X', y', O, 1^*^^.

Since vk(X"(s; x, f), y', f) |.s.j_.o_,i = 0, we have

(3.4) r.,(r(5; a:', f),y, f)

s,(X'(?; *', O, r)}^]{Gos,(X'(/; ^', f), y, f)
„,(*'(*'; '̂, I'), y,

where o9/ = '(f1,---, ffl,), Gi,, = '(GJ1,--, G,,,), j = 0,'l, and T,,=

(^"oO.-.j-i. . . .« '• Thus putting 5 = 0 in (3.4) we have

X'fo; a:', f), O

T9,(X'(?; a;', f), ?)dq\g,,,(X' (s • x',?), y',

r, 5-5')},
where ffio'^'tgu,--, gw)- On the other hand it is easily seen that

if the (z*? j) -entries of M(x', f, 5) are homogeneous of degree PJ

— pi in f the (z, j) -entries of exp[M(^/, f, 5)] are homogeneous of

degree Pj~pi in fx. So the lemma easily follows. Q. E. D.

Lemma 3. 2. (0 Le£ ttf'Oc', /, f) ^ solutions of (2. 25) - (2. 27) .

e;e have for l^k^O'



MICROLOCAL PARAMETRICES FOR MIXED PROBLEMS 295

(3. 5) Tff(x', y, f ) = T exp [t (&- ftC*0', O W(*', y , f , 5)*,
J-oo

(3.6) di'fcc'.y'.f.^eS1-"-'— '(Ax(-oo, 0]), v, 0 = 0, 1, 2,-.

For ^'+1^^^/ u>e /za^e

(3. ?) tr (*', y, f) =f,j(*', y, o
xdy(x, y , , 5 ,

(3.8) vii(x, y, f)e5-"-i— '(A),

(3.9) *(a:',y,r,j)e5-'»->— '(Ax(-oo, 0]), v, /i=0, 1, 2,-.

Moreover we have

. supp ^^, ,
(3.11) dj'(Ji:')y,f,*)=0 i/ (y',r)«A or i^-

We can define d\(x , y, f, s) eJS
r"*-'»-"'-(Ax (-°o, 0]) anrf ^(a:',

(3. 12) di(xr, y, r, «)~z;r-o*'
(3. is) t»s,(j:', y, f )~2r-.»a(*'
respectively, and put

*:(*', y, 0=^(0:', y, f)+r
J-o

^(^? /, f O ^ O /or 1^^^^' and ak=l if l^k^Q1, =0 if

(w) L^ 5* (a:7, y, f)* ^J(^ y> fO be defined by (2.16)
(2.19). For l^k^l, we have

(3.14) aK^y,f)=^fey,O

(3. 15) a;,(a:, y, f) eS'-i-CCO, e) X A),

(3. 16) a;, (a:, y', f, 5) e^-i-'CCO, s) X AX (-«>, 0]),

where the a\(x^ y\ f) are the solutions of (2.5) and (2.6).
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Moreover

(3. 17) supp£"a0%(0, x', y, f) CA /or a»y a,

(3. 18) a\k(x9 y, r, 5)=0 i/ (y, O^A or

(m) Jbr l^k^l—li

(% IQ^ c^fo v' £}=cvt(jr v' £} 4- \ pvnfzY^ —-^ fr°' ^"^9!\*j* L*JJ ^k V'*', ^y , s j — t'OA \**'3 y 3 S/ i^ \ CAjp|_* v^si 'si Vs*
>t' , s / /*J

J—00

xc;s(*, y, f, s)ds,

(3. 20) cK (a:, y', f) = Ignite sum^ (x, fo, Fx,0 (^', f') ) -jcykj (x, y, f),

(3. 21) cil^x, y, f) eS1-"—i-*—'([0, e) xroxC)
(with obvious definition),

(3.23) clf/a:, y, f, 5) e5l+y"-*i-*-»-'l([0, e) xT 0 xCx (-00, 0]),

where the cv£(x, y, f) are defined by (2. 10) and (2. 11). Moreover

(3. 24) supp £>*«(0, *', f) CA X C /or any or,

(3.25) c;j(;c, y, f, 5)=0 i/ (y, f)eA or 5^^-So-^.

Proof. By induction the lemma can be proved. From Lemma
3.1, (2.15), (2.17), (2.23) and (2.25) it follows that (3.5), (3.6)
and (3.11) are valid when v, ̂ =0, l ^ k ^ f f ' . Then by (2.26) we
have (3. 7) - (3. 11), when v,f£=Q, 6'+l^k<.L Let us assume that
(3. 5)-(3. 11) hold for V=VQ and /i=0 and that (3. 14) - (3. 25) hold
for v=vQ— 1 and //= 0, 13 2 3 - - - . By the induction assumptions. Lemma
3.1, (2.25) and (2.26) we can inductively obtain (3. 5)-(3. 11) for
y=i>0 and //=!, 2,--*. Thus (3. 12) and (3. 13) can be interpreted as
the asymptotic sums of symbols. Thus &if(xr&9 £') and Sf(x9 y', <?')
can be denned by (2.16) and (2.19). Then the transport equations
(2.6) with the boundary conditions (2. 7) give (3. 14) - (3. 18) for
V = PQ. From (2.10) and (2.11) (3. 19) - (3.25) also follow. From
Lemma 3. 1, (2. 14), (2. 17), (2.23), (2.25) and (2.26) it follows that
(3. 5) — (3. 11) are valid when V=VQ+\ and /* = 0. Here we have used
the fact that /I0+1Gr', y,f) can be determined by (2.14) as the
sums of the asymptotic sums of symbols and the integrals of the
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asymptotic sums of symbols. So the induction argument is complete.

Q. E. D.

We can define aQk(x, y, £') etf— 1([0, e) xf0) and *„(*,?',£',*)

-'ttO, e)xrox(-oo, 0]) by a0»(*,y, f)~Sr=o^Gr5 y, O and

/3 ?', ^) — Sv°°=o«ufe y, £', -0, respectively. Put

Then, all(x, y, f) eS!r">— '([0, s) xT0), i.e.,

i^^sca;, y, n i^c.,v(i+ ifDi-,—^.,-!,'!
when (*, y, f)e[0, e) xA and [ f ' l ^ l ,

and a\l(x} y', f, s) e5}f-i— "([0, e) xT0x (-00, 0]),

atfOc, y, f, *)=0 if (y, O^A or s^-s,,-^.

Therefore we can define a (x, y', £ ') by

Xe^x, y', f, 5)^5,

^fe y, fO-E^^zr^o^fe y, o,
e^x, y, r, o-si^s-voflsc^ y, f, ̂ ).

Then ^Ofe y, f)eSJr"'([0, e)xro), ^ife y, r55)e5Jri([05 e )x f 0

X(-oo 3 0]),

^ife y, ?', 5)=o if (y, f x )^A or 5^^;-£0-^1B

Moreover ^Ofe y^ O and ^(o:, y, f, s) belong to 5"°° when
So we can define the distribution

(3. 26) Afe) = SjL.cexpC^Cx, y, r)]«0,(^, y', f) (%) (y')dy'de'

.fey, f',5) (Bg) Cy')] + exp[*«5(a:', f) -
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X«,(*, y', f ) (Bg) (y'}dy'd^' + dy'd_ds eXp[*fr5(*', f

-$&, o + (f^ o°', O)*n«i(*, y, r,

as an oscillatory integral, where U is a small neighborhood of x°'.

Definition 3.3. Let x'=x'(t; y, ij} and C=C'0; y, 5?') be the
solutions of a system of the equations

(3.27) dx'/dt=(l, -F^Gr', CU

(3.28) d£/dt=V^x', C'O,

(3.29) *'=y, C' = ?' and %-ftCy7 , ?')=0 when * = 0.

Then the curves {(*'(*; /> ^)> C(^; /, ^'))^A; ^^12} are said to
be boundary null-bicharacteristic strips. Let x-=xs(t\ y', rj} and

C=Cy(^; y? 3?')3 l^y^^i? be the solutions of a system of the equations

dx/dt=(l, -V,^(x, O),

j:o = 03 x'=y', ^ — ff and C0 = ^y"(0, y, ^') when ^ = 0.

Then the curves {(^-(^; y, ?')> C/(*; ys ^)) ; ^^0}5 l^/^/1? are
said to be outgoing null-bicharacteristic strips. Further we define

0 ; , - ? o r
and there exists a boundary null-bicharacteristic strip which

contains both Or7, CO and (y\ rf)},

Cj (ro) - { (x, C3 y, 7) e (T* ( (0, s) X (7) \0) X T0 ; there exists an
outgoing null-bicharacteristic strip which contains both

(x, C) and (0, y, #(0, y, 70, ?0h 1^7 ^

Let us define wave front sets for u^C°°([05 e) ; @'(LT)). Since

we can regard MeC°°([0,, e) ; S '(£/)) as an element of ^'((03 e) x C7)

we can define WF(u) for weC°°([03 e) ; ®\U)} by regarding w
as an element of Sx((03 e) x C7).

Definition 3- 4. For weC°°([03 e) ; @'(U)) we say that a point
(^^O in T*Z7\0 is not in the set WF0(u) if there exist ^
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a conic neighborhood ft of f1' and a positive constant e1 such that

and

when f 'Gft , .ro^CO, ej and &3 ./ = 0, 1, 2, • • • .

The following lemma is an immediate consequence of the defini-

tion.

Lemma 3-5. Let weC°°([03 e) ;

(i) (xl/, f L/) £ WF0 («) if and only if there exist a properly

supported pseudo-differential operator in x variables elliptic at (x1',

f1') and a positive constant ex such that Au(x^ x) eC°°([0, ej X C7).

(ii) WF0 (Aw) C WF0 (M) jfor g^gry properly supported pseudo-

differential operator in x variables.

(iii) x(WF0(u)) = U\{x' t^U; there exist a neighborhood U^ of x

and a positive constant s1 such that w^C^d^O, ej X L^)}, where n:

T*C7\0->C7 is the natural projection, i.e., K(X ', f') =x.

Now we can state our main theorem.

Theorem 3. 6. Assume that the conditions (A.I) — (A3) are

satisfied. Then [Ely F, [0, e) X U] is a right microlocal parametrix

for the problem (1.1)'— (1.3)' with k=l at (x°, f0 /)3 where the operator

El is defined by (3.26) and e(>0) and U are suitably chosen. More-

over we have

(3. 30) WF(Ei fe)) c U ?_£, (ro) oC0 (ro) o WF(g)l ,

(3. 31) WF.C^Cg)) cC0(ro)o WF(g) for

Remark. ( i ) It is obvious that we can construct microlocal

parametrices for the problems (1. 1)'- (1. 3)', 2^k^l, at (x\ f0 /)

and that we have the estimates (3.30) and (3.31) where E^(g) is

replaced by Ek(g), 2^k^l. (ii) C0(rG) is related to a boundary

t Let A and B be sets, C a subset of AXB and D a subset of B. Then we write C°D
= {a^A\ there exists b in D such that (a, b) in C}.
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wave.

Proof. Let *,(*', y, £')> l^/^ be symbols in S^mj(FQ) and
bj (X, y, £', 5), l^y^/, symbols in Sv*~mi(FQX (-°°, 0]) such that £,(#',
y, £'js)=0 when s^s0 for some 50<^03 and put o(z', y, £') ='(au'">
<z f), & = '(&„ •••, £,)- Then it follows that

«(*', y, o+T exppfc-fcc*0', o>]6(*', y, f, o*j-oo
eS-CAxC-oo, 0])

if

c,. A) {«(*', y', O
=0 (mod 5-).

Thus the arguments in § 2 and Lemma 3. 2 show that [Eu F, [05

e) X [/} is a microlocal parametrix at (x\ f°'). Applying the method

of stationary phase for (3. 26) we obtain

c u ;.'=14

where

(A) = { (*, C, y, 7') S (T* ( (0, e) X C7) \0) X T0 ; C= F^, (a:, /, f) ,

3?'=-F,,^ if Fe,0, = 0 for some (y', f) ero or if f1 =

^(a;1", O and P,,0,(*» V> O+^Cft-ftC^', f))=0 for

some Cv', $")^ra and

0; = y, 7 or =
^C^', O, 1' = ?,$&, f) if £, = £,(*«', O and F,,^^', f)

i'(fi-f,(«°', O)=0 for some (/, f) ero and

It suffices to show that there exists a boundary null-bicharacteristic
strip which contains both (x, C) and (y, rj') if Z = yx,$(x', $'),
y' = r,J(y', O, f^f.C^', O and F{,(^(^', f ) -0(y', f)) +5Fe,(f1-
ft(^:0', f)) =0 for some (y', ?') ejT0 and 5<0. For the same argument
as in a proof of the above assertion yields characterizations of
A's(r°} and, therefore, one can prove the theorem. The uniqueness
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theorem for a system of ordinary differential equations and (2. 1)

imply that C(*; /, if} = Vx,$(x'(t; y , i f ) , f) where x'(t;y, if)

and C (t ; y, if) are the solutions of (3. 27) - (3. 29) . Thus we have

(3.32) -JL Jf;(*'(*; y, ?'), 0=-^ (&-&(*", O), i^

(3. 32) yields

(3.33) ?,,{$& (t; y, ?'), ?)-<],&, f)} =*?,,(& -£,(*"',

Thus by (3.33) with £=— $ we have

pf,0(*', O=r.*#(*'(-*;y, 9), O-
Since we may assume that det (3*$/dXjdgt (x 9 O)y.*=i ..... «^0 for (x 9

I^e-To we obtain x' = x'( — s; y, T/) and C("~55 y* ?l}—Vxi<p(x<> O

= C. Q- E. D.

§ 4. Mierolocal Parametrices and Uniqueness Theorem

It follows from Duistermaat and Hormander [3] that there

exists an operator F: @'(( — e, e) X IT)-*® '(( — £> £) x U) such that (i)

PF(f) -/eC°°((-£, e) X [/) if WF(/) cT* ((-£13 e1) X C7J \0, (ii)

WF(F(f))c.{xl^c] if T7F(/)c{^^c}3 where e^e and U^dU)

is a neighborhood of #0/ in 12". We write

^7([0, e) X C7) = {/e^'((-e, e) x C7) ; supp /C[0, e) X U] .

C°°[(0, e) ; @'(U)) can be mapped injectively into ^ /([0,s)xD r) in

a natural manner :

C~([03 e) ; ^'(CT)) 3/^/e^'CCO, e) x C7).

From partial hypoellipticity we can regard ^(/) |^0^° as an element

of C°°([05 e) ; 2' (IT)) if /eC°°([0, e) ; ^'(CT)). Thus we can define

maps T^J: C°°([03 e) ; S/(?7))->S/(t/) by

Put

for/eC"([0, e);
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Then we have the following

Theorem 4. 1. Under the conditions (A. 1) — (A. 3) the above

operator E> : C"([0, e) ; 3>'(U}} X {S'(IT)Y -* C"([0, e) ; #'(

satisfies the following properties :

( i ) PE°(/, ft,-, ft) -/6=C-([0, e) X £7)

f/ W7(/) cT*((-£l, Sl) x C/JXO.
(ii) BjE'(f, gl,--, ft) |,,-.-fteC-(E7)

C (0,

(iii) WF(E<(f, gu-., g,» C K^c} »/ WFOO C {^^c} and

WF, (/)

!«£) z*5 a small positive constant and L^x^ (C^T) /5 a small

conic neighborhood of (x°'5 f0 /)8 Moreover we have

WF(E° (f, &,..., ^)) cCo WFO; U [ U JL.C, (ro)

(UUT^fe) U (C8°WF(/)) U W

WF0(E°(f, gl,..., *,)) cC0(ro)o[uUW^fe) U (C,°WF(f»

C= {(or, f, y, j?) e (T* ((0, e) X C^\0)2 ; (a:, f) = (y, 7) or

an^ ^A^rg exists a null bicharacteristic strip for p which

contains both (x, f ) and (y, 7]} } ,

Cs= {(x', f', y, 7) e (T*I7\0) X (T* ((0, s) X C7)\0) ; x,>yi and

there exists a null bicharacteristic strip for p which contains

both (0, x', f0, f) an<^ (y, 37) yb

Let us construct a microlocal parametrix for the problem (1.1)

— (1.3) in the case where / belongs to ^'([0, e) x C7), following

Melrose [6]. We assume in the remainder of this section that

(A. 4) {Bj(x, D)}^^, is a normal system on the hyperplane ^0 = 0

and m^m—l.l^j^L

Therefore we obtain a Dirichlet system [Bj\l^j^m of order m on XQ = 0

by complementing suitably
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Lemma 4. 2 ([5] 5 [8], [9])9 There exists a Dirichlet system

m5 uniquely determined^ such that for any

Moreover we have

', 1, 0,-, O)-1... fcl

+ (0, x , f)

where b'j is the principal part of B], a is a permutation defined by

_(x, -f) = n»=-'(f0-^(^ -f')), Im f^O.

Put

'([0, e) X U) ; /=S7-J+.B;(*'> -D) («(«.) <8>^ (a:') ),

'([0, e) x U) ; /= 27=^01(*o

?7)={/e^'([05 e)xt/);/eEC~([0, e)xC7)} .

Lemma 4.3. ^ is uniquely determined by {P3 B1}--5 Bt] ,

Proof. Assume that {B19'~, Bl} Bl+1,---, Bm] is another Dirichlet
system of order m on x0 = 0. Then we have

for MeC°°([03 e); &'(U)"), where {5;.}̂ ^ is defined for {A,-,

A 3 5 Z + 1 5-- - , jBm} by Lemma 4.2. On the other hand it easily follows

that for any gj^@'(U), l^j^m, there exists u in C°°([03 e) ;

9>\\T)} such that Bs(x'9 TJ)u(x) \ X Q = o = g j ( x ) ) l^j^m (see [5]). This

proves the lemma. Q. E. D.

Definition 4. 5. Let u(= ̂ 7([0, e ) x U ) . We define WF,(u) by
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WF, (u) = {(xf, f ) e T* C7\0 ; e*~l (r) fl WF (u} * 0 for any

conic neighborhood f of (x'9 <?')}>

where the inclusion c: [/-»(-- e, e) X U is defined by £(X) = (03 #').

Definition 4. 6. A right microlocal parametrix for the problems
(1.1) -(1.3) at (x\ 5°') is a triple {JE1, T, [0, e) x 17} satisfying
the conditions

( i ) F is a conic neighborhood of (.r0/, £°')> C/ is a neighborhood
of -z0' and e>0,

(ii) E1 is an operator: ^7([0, e) x C7) X {^'(COl'-^^'CCO, e) x C7),

(iii) P^(/, ^i,-, ^)-/-L}-i5;(^, /))(«(^o)(8>ft(^))e(J"([0,
s)xC7)+^+^1 if WF.C/), WFfeOcr and W(/|*0>o) c (0, e,) X

UiXRx^ where F=U1X^1 and ^ is a conic neighborhood of f0/
?

(iv) WF(&(f, gl9~., ^)U0 > 0)cK^c} if

and

It follows from partial hypoellipticity that we can define maps

W): ^'([0, e)xt /)->^ /(C7) by

T7K/)-lim^-o5,(^ D)F(f)(x» x}.
Put

for /e^'([0, e) x C7), ft

where (F(/) |.0*>)~e Sx((-e, 0] X U) is defined for F(f) |
C°°(( — e, 0] ; @'(U)) in a natural manner. Then we have the following

Theorem 4. 7. Assume that the conditions (A. 1) — (A. 4)
satisfied. Then modifying C73 T and s, if necessary, {El, F, [0? e)

X [/} is a microlocal parametrix for (1.1) — (1.3) at (x\ f0/).
Moreover we have

UWF.C/)].
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Using the result obtained by Lax and Nirenberg [7] the same

argument as in [6], § 11, yields the following

Theorem 4.8. Let (xl/, ?') (=T=UlXrl and wGE^'([05 e )x t7) .

Then we have (xl/, $l')^WFl(u) if there exists v in ^H such that

Or1', ^^^WF^Pu-v) and

Corollary 4.9. Let weC°°([0, e) ; @'(U}}. Then we have (xl/,

§ 5. Some Remarks

Let g : {^'(W^C-CEO^) ; ^'(C/)) be a microlocal parametrix

for the Dirichlet problem

P(x, D)u(x)=Q, x^Rn
+

+\ ^>0,

D\'lu(x} 1^,0 = 0, a:0>0? l^£^m,

at (X5, f 0 / ) - The operator <f can be constructed in the same way as

in §2. The phase functions <f>j(x, /, ?') are defined by the eiconal

equations

dtfj(x, y', n=^fe ^'^),

^(0, x', y, f) = (*'-/) -r, l ̂ '^/.

Then we have the following

Lemma 5.1. Under the condition (A. 1) a microlocal parametrix

for the Dirichlet problem can be given in the form
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(a?,(0, x, y, f ) , - - - , «?,., c!.(0, x', y, f),-, «!-,, .).*»... .1

=*(*', y, ?')•£<(*', n-1,
where ajk and ak are symbols^ a°jk and a°k are their principal symbols

as multiple symbols,

al(x, y, f ) = £}:!' ~ P(x, ?)-'?

a:

wg note that

det LX*',
~~

Lemma 5. 2. Assume that the condition (A. 1) zs satisfied. For

hk^@'(U)> l^k^l, we can define pseudo- differential operators 38 jk

in x variables by

SI-. *„(*») =B,(*', B) £ (A,,-, A,) |.....

Moreover the principal symbols fi°jk of &jk can be given in the form

&(*', y, o=x(^', y,

Under the conditions (A. 1) — (A. 3) we can construct a microlocal

parametrix £#= (jtfjk)jik=l ..... l for the problem

Thus putting £4(^) = <? (^u(^), - , ^/,fe))? we obtain a right

microlocal parametrix for the problem (1. 1)'— (1. 3)' at (V, f0/).
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