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The Uniformization Problem for Complex Manifolds
by

Yum-Tong SlU*

The classical uniformization theorem of Riemann surfaces says that
a simply connected Riemann surface is conformally equivalent to the Riemann sphere, the complex line, or the open unit 1-disc. As is well-known,
this beautiful fact fails in higher dimensions. The set of complex structures on a nice contractible higher-dimensional complex manifold is huge
and cannot be classified in such a simple manner. Therefore, in order
to find a simple analog of the above uniformization theorem, one must
impose more restrictions on the manifold. In this regard, one notices
that the uniformization theorem can also be understood in differential
geometry in
(i)
Every
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(ii) Every

the following manner.
compact surface with positive curvature is conformally equivRiemann sphere.
noncompact complete surface with positive curvature is con-

formally equivalent to the complex line.
(iii) Every simply connected complete surface with curvature bounded
from above by a negative constant is conformally equivalent to the open
unit 1-disc.
A natural higher-dimensional analog of these three facts would be
that in all cases we replace surfaces by Kahler manifolds and in Case
(i) the Riemann sphere by a complex projective space, in Case (ii) the
complex line by a complex Euclidean space, and in Case (iii) the open
unit 1-disc by a bounded domain in a complex Euclidean space. The
higher-dimensional analog of Case (i) is known as Frankel's conjecture.
Andreotti-Frankel proved that Frankel's conjecture is true when the Kahler manifold has complex dimension two [2].
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had made definite progress when the Kahler manifold has complex dimension three. They proved that the manifold must be rational [6]. Very
little is known about the rest of FrankeFs conjecture and the higherdimensional analogs of Cases (ii) and (iii).
Here we give the following result on the higher-dimensional analog
of Case (ii) of the uniformization problem. This result is the joint work
of myself and S.-T.Yau. It was announced in [8]. Full details will
appear in [9].
Main Theorem. If M is a simply connected, complete, Kahler
manifold of complex dimension n 'with
Ql> sectional curvature^ — Ar~2~p
where A and p are positive numbers and r is the distance from a
fixed point of M, then M is biholomorphic to Cn.
This result was recently conjectured by Greene-Wu [4]. Prior to
making this conjecture they had already observed [3] that under the
hypothesis of our Main Theorem there exist no nonconstant bounded
harmonic functions on M. They based their analysis on an application
of Moser's Harnack inequality [7]. They also observed that in our Main
Theorem one cannot allow P<zQ. The metric (1 — |2|2)3dk;(X)£fe on the
open unit 1-disc gives the required counter-example.
Our method is based on the L2 estimates of d of Andreotti-Vesentini
[1] and Hormander [5]. We construct holomorphic functions on M similar to the linear functions on Cn and use them to map M into Cn.
In the first step we only know that the map is nonsingular at one point.
Then we use the growth property of these "linear" functions to prove
certain uniqueness property to conclude that the map is nonsingular everywhere. This depends on the estimate of the growth of the volume of
complex subvarieties of M. In order to complete the proof of the Main
Theorem we have to prove that the above map is proper. In this step
we use the above-mentioned uniqueness property to prove that every holomorphic function which has polynomial growth is actually a polynomial
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of the coordinates of the above map.
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Then we prove that we can always

find a holomorphic function with polynomial growth which grows fast
enough at infinity.

Putting these two intermediate results together, we

show that the above map is proper.
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