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Abstract. This paper presents a new su‰cient condition for the oscillation of all solutions
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1. Introduction

An important question in the qualitative theory of di¤erence equations is that of

deriving su‰cient conditions for the oscillation of the solutions of delay di¤erence

equations. The oscillation theory of di¤erence equations has been extensively

developed. See [1]–[22], [24]–[30], [32]–[34] and the references cited therein. This

paper is devoted to the oscillation of the solutions to linear di¤erence equations

with a general delay argument.

Consider the delay di¤erence equation

DxðnÞ þ pðnÞ x
�
tðnÞ

�
¼ 0; ð1:1Þ

where
�
pðnÞ

�
nb0

is a sequence of nonnegative real numbers and
�
tðnÞ

�
nb0

is a se-

quence of integers such that

tðnÞa n� 1 for all nb 0 and lim
n!l

tðnÞ ¼ l:

Here D stands for the usual forward di¤erence operator defined by



DhðnÞ ¼ hðnþ 1Þ � hðnÞ; nbm;

for any sequence of real numbers
�
hðnÞ

�
nbm

.

Define

k ¼ �min
nb0

tðnÞ:

(Clearly, k is a positive integer.)

By a solution of the delay di¤erence equation (1.1), we mean a sequence of real

numbers
�
xðnÞ

�
nb�k

which satisfies (1.1) for all nb 0. It is clear that, for each

choice of real numbers c�k; c�kþ1; . . . ; c�1; c0, there exists a unique solution�
xðnÞ

�
nb�k

of (1.1) which satisfies the initial conditions xð�kÞ ¼ c�k; xð�k þ 1Þ
¼ c�kþ1; . . . ; xð�1Þ ¼ c�1; xð0Þ ¼ c0.

As usual, a solution
�
xðnÞ

�
nb�k

of the delay di¤erence equation (1.1) is called

oscillatory if the terms xðnÞ of the sequence are neither eventually positive nor

eventually negative, and otherwise the solution is said to be nonoscillatory.

In the special case where the delay
�
n� tðnÞ

�
nb0

is a constant, the delay di¤er-

ence equation (1.1) becomes

DxðnÞ þ pðnÞxðn� kÞ ¼ 0; ð1:2Þ

where k is a positive integer.

Strong interest in the delay di¤erence equation (1.1) is motivated by the fact

that it represents a discrete analogue of the (first order) delay di¤erential equation

(see, for example, [23] and the references cited therein)

x 0ðtÞ þ pðtÞx
�
tðtÞ
�
¼ 0; ð1:3Þ

where p is a nonnegative continuous real-valued function on the interval ½0;lÞ,
and t is a continuous real-valued function on ½0;lÞ such that

tðtÞa t for all tb 0 and lim
t!l

tðtÞ ¼ l:

In particular, the delay di¤erence equation (1.2) represents a discrete analogue of

the (first order) delay di¤erential equation

x 0ðtÞ þ pðtÞxðt� TÞ ¼ 0; ð1:4Þ

where T is a positive real constant.

Since 1989, many researchers have studied systematically the oscillation of the

solutions of the delay di¤erence equation (1.1) (and, especially, of the equation

(1.2)) and a large number of oscillation criteria have been obtained, which should

be looked as discrete analogues of corresponding criteria for the oscillation of the
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solutions of the delay di¤erential equation (1.3) (and, especially, of the equation

(1.4)). See [2]–[10], [12]–[22], [24]–[30], [32]–[34] and the references cited therein.

It is the purpose of the present work to establish a new su‰cient condition for the

oscillation of the solutions of the delay di¤erence equation (1.1); the oscillation

criterion obtained should be looked upon as a discrete analogue of an oscillation

result due to Yu, Wang, Zhang and Qian [31] for the delay di¤erential equation

(1.3).

In 1989, Erbe and Zhang [10] proved that each one of the conditions

lim inf
n!l

pðnÞ > kk

ðk þ 1Þkþ1
ð1:5Þ

and

lim sup
n!l

Xn
j¼n�k

pð jÞ > 1 ð1:6Þ

is su‰cient for all solutions of (1.2) to be oscillatory. In the same year, 1989,

Ladas, Philos and Sficas [15] established that all solutions of (1.2) are oscillatory if

lim inf
n!l

h 1
k

Xn�1

j¼n�k

pð jÞ
i
>

kk

ðk þ 1Þkþ1
: ð1:7Þ

(Clearly, condition (1.7) improves (1.5)). A substantial improvement of this oscil-

lation criterion has been presented, in 2004, by Philos, Purnaras and Stavroulakis

[22].

We now turn to the general case of the delay di¤erence equation (1.1). The

oscillation condition (1.6) can be extended to the equation (1.1). More precisely,

if the sequence
�
tðnÞ

�
nb0

is assumed to be increasing, then from Chatzarakis, Ko-

platadze and Stavroulakis [2] it follows that all solutions of (1.1) are oscillatory if

lim sup
n!l

Xn
j¼tðnÞ

pð jÞ > 1: ð1:8Þ

In 1991, Philos [18] extended the oscillation criterion (1.7) to the general case of

the equation (1.1), by establishing that, if the sequence
�
tðnÞ

�
nb0

is increasing,

then the condition

lim inf
n!l

h 1

n� tðnÞ
Xn�1

j¼tðnÞ
pð jÞ

i
> lim sup

n!l

�
n� tðnÞ

�n�tðnÞ�
n� tðnÞ þ 1

�n�tðnÞþ1
ð1:9Þ

su‰ces for the oscillation of all solutions of (1.1). This oscillation result has re-

cently improved substantially by Philos and Purnaras [21] (the results in [21] ex-

tend the ones given in [22] concerning the special case of equation (1.2)).
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In 2008, Chatzarakis, Koplatadze and Stavroulakis [3] proved that if

lim sup
n!l

Xn�1

j¼tðnÞ
pð jÞ < l

and

lim inf
n!l

Xn�1

j¼tðnÞ
pð jÞ > 1

e
; ð1:10Þ

then all solutions of (1.1) are oscillatory. It should be emphasized that, in this os-

cillation criterion, no assumption on the increasing character of the sequence�
tðnÞ

�
nb0

is imposed. (In some particular cases, related conditions can be found

in Zhang and Tian [33], [34].)

It is interesting to establish su‰cient conditions for the oscillation of all solu-

tions of the delay di¤erence equation (1.1), in the case where neither (1.8) nor (1.9)

or (1.10) is fulfilled. This question has been investigated by several authors in the

special case of equation (1.2), when neither (1.6) nor (1.7) is satisfied. See, for ex-

ample, Chatzarakis and Stavroulakis [5] and the references cited therein. In the

case of equation (1.1) with a general delay argument, this question was investi-

gated for the first time by Chatzarakis, Koplatadze and Stavroulakis [2]. In the

special case that the sequence
�
tðnÞ

�
nb0

is increasing, the conditions established

in [2] can be formulated as follows. Set

a ¼ lim inf
n!l

Xn�1

j¼tðnÞ
pð jÞ: ð1:11Þ

Then

(I) if 0 < aa 1 and

lim sup
n!l

Xn
j¼tðnÞ

pð jÞ > 1� ð1�
ffiffiffiffiffiffiffiffiffiffiffi
1� a

p
Þ2 ð1:12Þ

or

(II) if 0 < a < 1, pðnÞb 1�
ffiffiffiffiffiffiffiffiffiffiffi
1� a

p
for all large n, and

lim sup
n!l

Xn
j¼tðnÞ

pð jÞ > 1� a
1�

ffiffiffiffiffiffiffiffiffiffiffi
1� a

p
ffiffiffiffiffiffiffiffiffiffiffi
1� a

p ; ð1:13Þ

then all solutions of the delay di¤erence equation (1.1) are oscillatory.
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Later these results have been improved by Chatzarakis, Philos and Stavroula-

kis in [4]. In the special case where the sequence
�
tðnÞ

�
nb0

is increasing, the results

in [4] can be formulated as follows:

Lemma 1.1 ([4]). Assume that the sequence
�
tðnÞ

�
nb0

is increasing, and set a as in

(1.11). Let
�
xðnÞ

�
nb�k

be a nonoscillatory solution of the delay di¤erence equation

(1.1). Then we have:

(i) If 0 < aa 1
2 , then

lim inf
n!l

xðnþ 1Þ
x
�
tðnÞ

� b
1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a

p
Þ: ð1:14Þ

(ii) If 0 < aa 6� 4
ffiffiffi
2

p
and, in addition,

pðnÞb a

2
for all large n; ð1:15Þ

then

lim inf
n!l

xðnþ 1Þ
x
�
tðnÞ

� b
1

4
ð2� 3a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 12aþ a2

p
Þ: ð1:16Þ

Theorem 1.1 ([4]). Assume that the sequence
�
tðnÞ

�
nb0

is increasing, and define a

by (1.11). Then we have:

(I) If 0 < aa 1
2 , then the condition

lim sup
n!l

Xn
j¼tðnÞ

pð jÞ > 1� 1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a

p
Þ ð1:17Þ

is su‰cient for all solutions of the delay di¤erence equation (1.1) to be oscillatory.

(II) If 0 < aa 6� 4
ffiffiffi
2

p
and, in addition, (1.15) holds, then the condition

lim sup
n!l

Xn
j¼tðnÞ

pð jÞ > 1� 1

4
ð2� 3a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 12aþ a2

p
Þ ð1:18Þ

is su‰cient for all solutions of (1.1) to be oscillatory.

Provided that 0 < aa 6� 4
ffiffiffi
2

p
(clearly, 6� 4

ffiffiffi
2

p
< 1

2), we have

1

4
ð2� 3a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 12aþ a2

p
Þ > 1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a

p
Þ:
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Therefore, when 0 < aa 6� 4
ffiffiffi
2

p
and (1.15) holds, inequality (1.16) improves

(1.14), and condition (1.18) is weaker than (1.17).

In the present paper, the authors study further the equation (1.1) and essen-

tially improve the upper bound of the ratio x
�
tðnÞ

�
=xðnþ 1Þ for possible nonoscil-

latory solutions ðxðnÞÞnb�k of (1.1), when neither (1.8) nor (1.9) or (1.10) is satis-

fied, and derive a new su‰cient oscillation condition. This condition essentially

inproves the known conditions (1.12), (1.13) and (1.17). An example illustrating

the results is given.

2. Statement of the results and comments

Our main result is Theorem 2.1 stated below. The proof of this theorem is essen-

tially based on the following lemma.

Lemma 2.1. Assume that the sequence
�
tðnÞ

�
nb0

is increasing. Moreover, assume

that 0 < aa�1þ
ffiffiffi
2

p
, where a is defined by (1.11). Then every nonoscillatory so-

lution
�
xðnÞ

�
nb�k

of the delay di¤erence equation (1.1) satisfies

lim inf
n!l

xðnþ 1Þ
x
�
tðnÞ

� b
1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a� a2

p
Þ: ð2:1Þ

Theorem 2.1. Let the assumptions of Lemma 2.1 hold. Then the condition

lim sup
n!l

Xn
j¼tðnÞ

pð jÞ > 1� 1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a� a2

p
Þ ð2:2Þ

is su‰cient for all solutions of the delay di¤erence equation (1.1) to be oscillatory.

Remark 2.1. Observe that, when 0 < aa�1þ
ffiffiffi
2

p
, it is easy to see that

1� a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a� a2

p

2
> a

1�
ffiffiffiffiffiffiffiffiffiffiffi
1� a

p
ffiffiffiffiffiffiffiffiffiffiffi
1� a

p >
1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a

p

2
> ð1�

ffiffiffiffiffiffiffiffiffiffiffi
1� a

p
Þ2

and therefore the condition (2.2) is weaker than the conditions (1.12), (1.17) and

(1.13).

Remark 2.2. We note that, in the special case of the delay di¤erence equation

(1.2), Lemma 2.1 and Theorem 2.1 have been presented by Chen and Yu [6].

We also notice that Lemma 2.1 and Theorem 2.1 should be looked upon as dis-

crete analogues of corresponding results due to Yu, Wang, Zhang and Qian [31]

518 G. E. Chatzarakis, Ch. G. Philos and I. P. Stavroulakis



concerning the solutions of the delay di¤erential equation (1.3) (and, especially, of

the delay di¤erential equation (1.4)).

Now we define

sðnÞ ¼ max
0asan

tðsÞ for nb 0: ð2:3Þ

Clearly, the sequence of integers
�
sðnÞ

�
nb0

is increasing. Moreover, as it has been

shown in [2], it holds that

lim inf
n!l

Xn�1

j¼sðnÞ
pð jÞ ¼ lim inf

n!l

Xn�1

j¼tðnÞ
pð jÞ: ð2:4Þ

Following Chatzarakis, Koplatadze and Stavroulakis [2], one can use (2.4) and

apply Lemma 2.1 in [2] (cf. Philos [18] and Kordonis and Philos [12]) to establish

the following generalization of Theorem 2.1.

Theorem 2.1O. Let the sequence
�
sðnÞ

�
nb0

be defined by (2.3). Moreover, assume

that 0 < aa�1þ
ffiffiffi
2

p
, where a is defined by (1.11). Then the condition

lim sup
n!l

Xn
j¼sðnÞ

pð jÞ > 1� 1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a� a2

p
Þ

is su‰cient for all solutions of the delay di¤erence equation (1.1) to be oscillatory.

In Theorem 2.1 0 it is not assumed that the sequence
�
tðnÞ

�
nb0

is increasing.

Note that, if
�
tðnÞ

�
nb0

is increasing, then the sequence
�
sðnÞ

�
nb0

coincides with�
tðnÞ

�
nb0

.

It must be noted that an analogous generalization of Theorem 1.1 has been

presented in [4]. More precisely, the assumption that the sequence
�
tðnÞ

�
nb0

is

increasing is removed, but conditions (1.17) and (1.18) are replaced by the condi-

tions

lim sup
n!l

Xn
j¼sðnÞ

pð jÞ > 1� 1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a

p
Þ

and

lim sup
n!l

Xn
j¼sðnÞ

pð jÞ > 1� 1

4
ð2� 3a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 12aþ a2

p
Þ;

respectively, where
�
sðnÞ

�
nb0

is defined by (2.3).
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3. Proofs of Lemma 2.1 and Theorem 2.1

Proof of Lemma 2.1. Define

qðtÞ ¼ pðnÞ for na t < nþ 1 ðn ¼ 0; 1; . . .Þ:

Clearly, q is a nonnegative real-valued function on the interval ½0;lÞ, which is

continuous on each one of the intervals ðn; nþ 1Þ ðn ¼ 0; 1; . . .Þ. Note that

qðnÞ ¼ pðnÞ for every integer nb 0. Furthermore, consider the real-valued func-

tion s defined on the interval ½0;lÞ by

sðtÞ ¼ tðnÞ for na t < nþ 1 ðn ¼ 0; 1; . . .Þ:

It is obvious that for each n ¼ 0; 1; . . . the function s is continuous on ðn; nþ 1Þ.
We notice that sðnÞ ¼ tðnÞ for all integers nb 0. We can immediately see that

sðtÞ < t for all tb 0 and lim
t!l

sðtÞ ¼ l:

Also, as the sequence
�
tðnÞ

�
nb0

is assumed to be increasing, we observe that the

function s is increasing on ½0;lÞ.
Let

�
xðnÞ

�
nb�k

be a solution of the delay di¤erence equation (1.1). We define

yðtÞ ¼ xðnÞ þ
�
DxðnÞ

�
ðt� nÞ for na t < nþ 1 ðn ¼ �k;�k þ 1; . . .Þ:

It is clear that

yðnÞ ¼ xðnÞ for all integers nb�k:

Moreover, it is easy to verify that the real-valued function y is continuous on the

interval ½�k;lÞ. Also, we see that y is continuously di¤erentiable on each one of

the intervals ðn; nþ 1Þ ðn ¼ �k;�k þ 1; . . .Þ with

y 0ðtÞ ¼ DxðnÞ for n < t < nþ 1 ðn ¼ �k;�k þ 1; . . .Þ:

Furthermore, as
�
xðnÞ

�
nb�k

satisfies (1.1) for all integers nb 0, we can easily con-

clude that the function y satisfies

y 0ðtÞ þ qðtÞy
�
sðtÞ

�
¼ 0 for n < t < nþ 1 ðn ¼ 0; 1; . . .Þ: ð3:1Þ

Next assume that the solution
�
xðnÞ

�
nb�k

of (1.1) is nonoscillatory. Then it is

either eventually positive or eventually negative. As
�
�xðnÞ

�
nb�k

is also a solu-

tion of (1.1), we may (and do) restrict ourselves only to the case where xðnÞ > 0 for

all large n. Let rb�k be an integer such that xðnÞ > 0 for all nb r, and consider

an integer rb 0 so that tðnÞb r for nb r (clearly, r > r). Then it follows imme-
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diately from (1.1) that DxðnÞa 0 for every nb r, which means that the sequence�
xðnÞ

�
nbr

is decreasing. Furthermore, it is not di‰cult to conclude that the func-

tion y is positive on the interval ½r;lÞ and that y is decreasing on ½r;lÞ.
Consider an arbitrary real number e with 0 < e < a. Then we can choose an

integer n0 > r such that tðnÞb r for nb n0, and

Xn�1

j¼tðnÞ
pð jÞ > a� e for every nb n0:

For any point tb n0, there exists an integer nb n0 such that na t < nþ 1, and

consequently

ð t
sðtÞ

qðsÞ ds ¼
ð t
tðnÞ

qðsÞ dsb
ð n
tðnÞ

qðsÞ ds ¼
Xn�1

j¼tðnÞ
pð jÞ > a� e:

So we have

ð t
sðtÞ

qðsÞ ds > a� e for all tb n0: ð3:2Þ

Furthermore, we will establish the following claim.

Claim. For each point tb n0, there exists a t� > t such that sðt�Þ < t and

ð t�
t

qðsÞ ds ¼ a� e: ð3:3Þ

To prove this claim, let us consider an arbitrary point tb n0. Set

f ðnÞ ¼
ð n
t

qðsÞ ds for nb t:

We see that f ðtÞ ¼ 0. Moreover, it is not di‰cult to show that (3.2) guarantees

that ðl
0

qðsÞ ds ¼ l

and, in particular, ðl
t

qðsÞ ds ¼ l;
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i.e., limn!l f ðnÞ ¼ l. Thus, as the function f is continuous on the interval

½t;lÞ, there always exists a point t� > t so that f ðt�Þ ¼ a� e, i.e., such that (3.3)

is satisfied. By using (3.2) (for the point t�) as well as (3.3), we obtain

ð t
sðt�Þ

qðsÞ ds ¼
ð t�
sðt�Þ

qðsÞ ds�
ð t�
t

qðsÞ ds > ða� eÞ � ða� eÞ ¼ 0

and consequently we necessarily have sðt�Þ < t. Our claim has been proved.

Now we choose an integer N > n0 such that tðnÞb n0 for every nbN.

Let us consider an arbitrary point tbN. By our claim, there exists a t� > t

such that sðt�Þ < t, and (3.3) holds. From (3.1) it follows that

yðtÞ ¼ yðt�Þ þ
ð t�
t

qðsÞy
�
sðsÞ

�
ds: ð3:4Þ

Let s be any point with ta sa t�. As the function s is increasing on ½0;lÞ,
we have n0asðtÞasðsÞasðt�Þ < t, and rasðuÞasðtÞ for every u with

sðsÞa ua t. Thus, by taking into account the fact that the function y is decreas-

ing on ½r;lÞ, from (3.1) we obtain

y
�
sðsÞ

�
¼ yðtÞ þ

ð t
sðsÞ

qðuÞy
�
sðuÞ

�
du

b yðtÞ þ
h ð t

sðsÞ
qðuÞ du

i
y
�
sðtÞ

�

¼ yðtÞ þ
h ð s

sðsÞ
qðuÞ du�

ð s
t

qðuÞ du
i
y
�
sðtÞ

�
:

So, by applying (3.2) (for the point s), we get

y
�
sðsÞ

�
> yðtÞ þ

h
ða� eÞ �

ð s
t

qðuÞ du
i
y
�
sðtÞ

�
:

As this inequality holds true for all s with ta sa t�, it follows from (3.4) that

yðtÞb yðt�Þ þ
ð t�
t

qðsÞ
n
yðtÞ þ

h
ða� eÞ �

ð s
t

qðuÞ du
i
y
�
sðtÞ

�o
ds

¼ yðt�Þ þ
h ð t�

t

qðsÞ ds
i
yðtÞ þ

n
ða� eÞ

ð t�
t

qðsÞ ds

�
ð t�
t

qðsÞ
h ð s

t

qðuÞ du
i
ds
o
y
�
sðtÞ

�
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and consequently, in view of (3.3),

yðtÞb yðt�Þ þ ða� eÞyðtÞ þ
n
ða� eÞ2 �

ð t�
t

qðsÞ
h ð s

t

qðuÞ du
i
ds
o
y
�
sðtÞ

�
: ð3:5Þ

Noting the known formula

ð t�
t

qðsÞ
h ð s

t

qðuÞ du
i
ds ¼

ð t�
t

qðuÞ
h ð t�

u

qðsÞ ds
i
du

or

ð t�
t

qðsÞ
h ð s

t

qðuÞ du
i
ds ¼

ð t�
t

qðsÞ
h ð t�

s

qðuÞ du
i
ds;

we have

ð t�
t

qðsÞ
h ð s

t

qðuÞ du
i
ds ¼ 1

2

nð t�
t

qðsÞ
h ð s

t

qðuÞ du
i
dsþ

ð t�
t

qðsÞ
h ð t�

s

qðuÞ du
i
ds
o

¼ 1

2

ð t�
t

qðsÞ
h ð s

t

qðuÞ duþ
ð t�
s

qðuÞ du
i
ds

¼ 1

2

ð t�
t

qðsÞ
h ð t�

t

qðuÞ du
i
ds ¼ 1

2

h ð t�
t

qðsÞ ds
i2

and therefore, by (3.3),

ð t�
t

qðsÞ
h ð s

t

qðuÞ du
i
ds ¼ 1

2
ða� eÞ2:

Hence, (3.5) is written as

yðtÞb yðt�Þ þ ða� eÞyðtÞ þ 1

2
ða� eÞ2y

�
sðtÞ

�
: ð3:6Þ

This gives

yðtÞ > ða� eÞyðtÞ þ 1

2
ða� eÞ2y

�
sðtÞ

�
;

i.e.,

yðtÞ > ða� eÞ2

2½1� ða� eÞ� y
�
sðtÞ

�
:
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(Note that 0 < a� e < aa�1þ
ffiffiffi
2

p
< 1.) We have thus proved that

yðtÞ > l1y
�
sðtÞ

�
for all tbN; ð3:7Þ

where

l1 ¼
ða� eÞ2

2½1� ða� eÞ� :

Now, in view of (3.7) (for the point t�), we have

yðt�Þ > l1y
�
sðt�Þ

�
:

But since sðt�Þ < t and the function y is decreasing on ½r;lÞ, we also have

y
�
sðt�Þ

�
b yðtÞ:

Combining the last two inequalities, we obtain

yðt�Þ > l1yðtÞ

and hence (3.6) yields

yðtÞ > l1yðtÞ þ ða� eÞyðtÞ þ 1

2
ða� eÞ2y

�
sðtÞ

�

or

½1� ða� eÞ � l1�yðtÞ >
1

2
ða� eÞ2y

�
sðtÞ

�
:

This implies, in particular, that

1� ða� eÞ � l1 > 0:

Consequently,

yðtÞ > ða� eÞ2

2½1� ða� eÞ � l1�
y
�
sðtÞ

�
:

Thus, it has been shown that

yðtÞ > l2y
�
sðtÞ

�
for all tbN;
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where

l2 ¼
ða� eÞ2

2½1� ða� eÞ � l1�
:

Following the above procedure, we can inductively construct a sequence of

positive real numbers ðlnÞnb1 with

1� ða� eÞ � ln > 0 ðn ¼ 1; 2; . . .Þ

and

lnþ1 ¼
ða� eÞ2

2½1� ða� eÞ � ln�
ðn ¼ 1; 2; . . .Þ

such that

yðtÞ > lny
�
sðtÞ

�
for all tbN ðn ¼ 1; 2; . . .Þ: ð3:8Þ

As l1 > 0, we obtain

l2 ¼
ða� eÞ2

2½1� ða� eÞ � l1�
>

ða� eÞ2

2½1� ða� eÞ� ¼ l1;

i.e., l2 > l1. By an easy induction, one can immediately see that the sequence

ðlnÞnb1 is strictly increasing. Furthermore, by taking into account the fact that

the function y is decreasing on ½r;lÞ and using (3.8) (for t ¼ N), we get

yðNÞ > lny
�
sðNÞ

�
b lnyðNÞ ðn ¼ 1; 2; . . .Þ:

Therefore, for each integer nb 1, we have ln < 1. This ensures that the sequence

ðlnÞnb1 is bounded. Since ðlnÞnb1 is a strictly increasing and bounded sequence of

positive real numbers, it follows that limn!l ln exists as a positive real number.

Set

L ¼ lim
n!l

ln:

Then (3.8) gives

yðtÞbLy
�
sðtÞ

�
for all tbN: ð3:9Þ

Because of the definition of ðlnÞnb1, it holds

L ¼ ða� eÞ2

2½1� ða� eÞ �L� ;
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i.e.,

L2 � ½1� ða� eÞ�Lþ 1

2
ða� eÞ2 ¼ 0:

Hence, either

L ¼ 1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�

or

L ¼ 1

2
½1� ða� eÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�:

In both cases, we have

Lb
1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�

and consequently (3.9) yields

yðtÞb 1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�y
�
sðtÞ

�
for all tbN: ð3:10Þ

Let n be an arbitrary integer with nbN. Then, by (3.10),

yðtÞb 1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�y
�
sðtÞ

�
for na t < nþ 1:

But, y
�
sðtÞ

�
¼ y

�
tðnÞ

�
¼ x

�
tðnÞ

�
for na t < nþ 1. So,

yðtÞb 1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�x
�
tðnÞ

�
for na t < nþ 1

and therefore

lim
t!ðnþ1Þ�0

yðtÞb 1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�x
�
tðnÞ

�
:

Note that limt!ðnþ1Þ�0 yðtÞ ¼ yðnþ 1Þ ¼ xðnþ 1Þ. We have thus proved that

xðnþ 1Þb 1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�x
�
tðnÞ

�
for all nbN:

ð3:11Þ
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Finally, we see that (3.11) is written as

xðnþ 1Þ
x
�
tðnÞ

� b
1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
� for every nbN

and consequently

lim inf
n!l

xðnþ 1Þ
x
�
tðnÞ

� b
1

2
½1� ða� eÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2ða� eÞ � ða� eÞ2

q
�:

The last inequality holds true for all real numbers e with 0 < e < a. Hence, we can

obtain (2.1).

The proof of our lemma is now complete. r

Proof of Theorem 2.1. Assume, for the sake of contradiction, that there exists a

nonoscillatory solution
�
xðnÞ

�
nb�k

of the delay di¤erence equation (1.1). Since�
�xðnÞ

�
nb�k

is also a solution of (1.1), we can confine our discussion only to the

case where the solution
�
xðnÞ

�
nb�k

is eventually positive. Consider an integer

rb�k so that xðnÞ > 0 for every nb r, and let rb 0 be an integer such that

tðnÞb r for nb r (clearly, r > r). Then from (1.1) we immediately obtain

DxðnÞa 0 for all nb r, and consequently the sequence
�
xðnÞ

�
nbr

is decreasing.

Now, we choose an integer n0 > r such that tðnÞb r for nb n0. Furthermore,

we consider an integer N > n0 so that tðnÞb n0 for nbN. Then, as the sequence�
tðnÞ

�
nb0

is increasing and the sequence
�
xðnÞ

�
nbr

is decreasing, it follows from

(1.1) that, for every nbN,

x
�
tðnÞ

�
� xðnþ 1Þ ¼

Xn
j¼tðnÞ

pð jÞx
�
tð jÞ

�
b

h Xn
j¼tðnÞ

pð jÞ
i
x
�
tðnÞ

�
:

This gives

Xn
j¼tðnÞ

pð jÞa 1� xðnþ 1Þ
x
�
tðnÞ

� for all nbN:

Hence,

lim sup
n!l

Xn
j¼tðnÞ

pð jÞa 1� lim inf
n!l

xðnþ 1Þ
x
�
tðnÞ

� :
But, in view of Lemma 2.1, inequality (2.1) holds. So, we obtain
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lim sup
n!l

Xn
j¼tðnÞ

pð jÞa 1� 1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a� a2

p
Þ;

which contradicts condition (2.2).

The proof of the theorem is complete. r

4. Example

We illustrate the significance of our results by the following example in which the

delay di¤erence equation (1.1) is considered with a variable delay argument.

Example 4.1. Let a be a real number with 0 < aa 1=e, and define

A1 ¼ 1� ð1�
ffiffiffiffiffiffiffiffiffiffiffi
1� a

p
Þ2; A2 ¼ 1� 1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a

p
Þ;

A3 ¼ 1� a
1�

ffiffiffiffiffiffiffiffiffiffiffi
1� a

p
ffiffiffiffiffiffiffiffiffiffiffi
1� a

p

and

A4 ¼ 1� 1

2
ð1� a�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2a� a2

p
Þ:

Note that (cf. Remark 2.1) A1 > A2 > A3 > A4. Next, we consider a positive real

number d such that A4 � a < d < A3 � a (we notice that A4 > aÞ. So, we have

A1 > A2 > A3 > aþ d > A4: Furthermore, let b be a real number with

0 < b < 1, and set c ¼ a
�ln b and r ¼ 2þ

�
1
b

�
(
�
1
b

�
denotes the greatest integer less

than or equal to 1
b
Þ.

Consider now the delay di¤erence equation (1.1) with

pðnÞ ¼
c
n

if n a f1; 2; . . .gnfr; r2; . . .g;
d if n a f0; r; r2; . . .g;

�

and

tð0Þ ¼ �1 and tðnÞ ¼ ½bn� ðn ¼ 1; 2; . . .Þ:

Here
�
pðnÞ

�
nb0

is a sequence of positive real numbers, and
�
tðnÞ

�
nb0

is a sequence

of integers such that tðnÞa n� 1 for all nb 0, and limn!l tðnÞ ¼ l. Moreover,

we note that the sequence
�
tðnÞ

�
nb0

is increasing.

We will first show that
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lim
n!l

Xn�1

j¼½bn�

c

j
¼ a: ð4:1Þ

To this end, we obtain, for n su‰ciently large,

Xn�1

j¼½bn�

c

j
b c

Xn�1

j¼½bn�

ð jþ1

j

ds

s
¼ c

ð n
½bn�

ds

s
¼ c ln

n

½bn�

and

Xn�1

j¼½bn�

c

j
a c

Xn�1

j¼½bn�

ð j

j�1

ds

s
¼ c

ð n�1

½bn��1

ds

s
¼ c ln

n� 1

½bn� � 1
:

But, it is easy to see that

lim
n!l

c ln
n

½bn�

� �
¼ lim

n!l
c ln

n� 1

½bn� � 1

� �
¼ c ln

1

b
¼ a:

From the above it is clear that (4.1) holds true. In particular, it follows from (4.1)

that

lim
n!l

Xrn�1

j¼½brn�

c

j
¼ a: ð4:2Þ

Observe that

rn�1 < ½brn� < rn � 1 for large n: ð4:3Þ

Indeed, for any integer nb 0, we have ½brn�a brn and, since
brn

rn�1 ! b < 1, as

n ! l, it holds that ½brn� < rn � 1, for all large n. On the other hand, for

nb 0, we obtain ½brn� � rn�1 > ðbrn � 1Þ � rn�1 ¼ ðbr� 1Þrn�1 � 1. But br� 1

¼ b
�
2þ

�
1
b

��
� 1 > b

�
1þ 1

b

�
� 1 ¼ b > 0 and so limn!l

�
ðbr� 1Þrn�1 � 1

�
¼ l,

which quarantees that limn!lð½brn� � rn�1Þ ¼ l. Hence, ½brn� � rn�1 > 0, for

all large n. Therefore, (4.3) has been proved.

Now, in view of (4.3), we get

Xrn�1

j¼½brn�
pð jÞ ¼

Xrn�1

j¼½brn�

c

j
for all large n

and consequently, because of (4.2),

lim
n!l

Xrn�1

j¼½brn�
pð jÞ ¼ a: ð4:4Þ
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Furthermore, since db c
j
for all large j, we obtain

Xn�1

j¼½bn�
pð jÞb

Xn�1

j¼½bn�

c

j
for all large n;

which, by virtue of (4.1), gives

lim inf
n!l

Xn�1

j¼½bn�
pð jÞb a: ð4:5Þ

From (4.4) and (4.5) it follows that

lim inf
n!l

Xn�1

j¼½bn�
pð jÞ ¼ a: ð4:6Þ

Next we shall prove that

lim sup
n!l

Xn
j¼½bn�

pð jÞ ¼ aþ d: ð4:7Þ

Observe that

Xrn
j¼½brn�

pð jÞ ¼
Xrn�1

j¼½brn�
pð jÞ þ d for all large n;

and so, because of (4.4),

lim
n!l

Xrn
j¼½brn�

pð jÞ ¼ aþ d: ð4:8Þ

Furthermore, we see that

lim
n!l

ln n

ln r
� ln½bn�

ln r

� �
¼ lim

n!l

ln n
½bn�

ln r

 !
¼

ln 1
b

ln r
< 1;

which implies that

ln n

ln r
� ln½bn�

ln r
< 1 for su‰ciently large n:

Hence, for each large n, there exists at most one integer n� so that
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ln½bn�
ln r

a n�
a

ln n

ln r
or ln½bn�a n� ln ra ln n;

i.e., such that

½bn�a rn
�
a n:

By taking into account this fact, we obtain

Xn
j¼½bn�

pð jÞa
Xn
j¼½bn�

c

j
þ d ¼

Xn�1

j¼½bn�

c

j
þ c

n
þ d

for all large n. Thus, by using (4.1), we derive

lim sup
n!l

Xn
j¼½bn�

pð jÞa aþ d: ð4:9Þ

From (4.8) and (4.9) we conclude that (4.7) is always valid.

Here, we observe that (4.6) coincides with (1.11). Moreover, since

A4 < aþ d < A3 < A2 < A1;

it follows from (4.7) that condition (2.2) of Theorem 2.1 is satisfied and therefore

all solutions of (1.1) are oscillatory. Observe, however, that none of the conditions

(1.13), (1.17) and (1.12) is satisfied. In addition, we immediately see that condi-

tions (1.8), (1.9) and (1.10) are also not satisfied.
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