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Abstract. This Arbeitsgemeinschaft focused on the interplay among ratio-
nal homotopy theory, differential geometry and the physics of string topology.
The talks centered on one hand on how geometry and string topology make
use of rational homotopy methods, elicit new questions in rational homotopy
and lead to the development of new rational homotopy structures reflecting
their Natures; and on the other hand on how rational homotopy theory has
given concrete results in geometry.
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Introduction by the Organisers

In [9], Sullivan defined tools and models for rational homotopy inspired by already
existing geometrical objects. Moreover, he gave an explicit dictionary between his
minimal models and spaces, and this facility of transition between algebra and
topology has created many new topological and geometrical theorems in the last
30 years.

When de Rham proved that H∗(ADR(M)) ∼= H∗(M ;R) for the differential
algebra of differential forms ADR(M) on a manifold M , it immediately provided a
link between the analysis on and the topology of the manifold. Sullivan suggested
that even within the world of topology, there is more topological information in
the de Rham algebra of M than simply the real cohomology.

In the de Rham algebra, there is information contained in two different entities:
the product of forms, which tells us how two forms can be combined together to
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give a third one and the exterior derivative of a form. In a model, we kill the infor-
mation coming from the product structure by considering free algebras ∧V (in the
commutative graded sense) where V is an R-vector space. This pushes the corre-
sponding information into the differential and into V where it is easier to detect.
More precisely, we look for a cdga (for commutative differential graded algebra) free
as a commutative graded algebra (∧V, d) and a morphism ϕ : (∧V, d) → ADR(M)
inducing an isomorphism in cohomology.

For instance, ifG is a compact connected Lie group, there exists a sub-differential
algebra of bi-invariant forms, ΩI(G), inside the de Rham algebra ADR(G), such
that the canonical inclusion ΩI(G) →֒ ADR(G) induces an isomorphism in coho-
mology. This is the prototype of the process for models: namely, we look for a
simplification MM of the de Rham algebra with an explicit differential morphism
MM → ADR(M) inducing an isomorphism in cohomology, exactly as bi-invariant
forms do in the case of a compact connected Lie group.

The first question is, can one build such a model for any manifold? The answer
is yes for connected manifolds and in fact, there are many ways to do this. So,
we describe a standard way, which is called minimal, and which is defined by
requiring that the differentials of elements of V have no linear terms. Once we
have this minimal model (which is unique up to isomorphism), we may ask what
geometrical invariants can be detected in it. In fact, there is a functor from algebra
to geometry that, together with forms, creates a dictionary between the algebraic
and the geometrical worlds. But for this we have to work over the rationals and

not over the reals. As a consequence, we have to replace the de Rham algebra
by other types of forms. This new construction is very similar to the de Rham
algebra and allows the extension of the usual theory from manifolds to simplicial
sets (or topological spaces), which is a great advantage. Denote by APL(X) this
analogue of the de Rham algebra for a simplicial set X . Since the minimal model
construction also works perfectly well over Q, we have the notion of a minimal
model MX → APL(X) of a path connected space X .

Conversely, from a cdga (A, d) we have a topological realization 〈(A, d)〉 and if
we apply this realization to a minimal model MX of a space X (which is nilpotent
with finite Betti numbers), then we get a continuous map X → 〈MX〉 which
induces an isomorphism in rational cohomology. The space 〈MX〉 is what, in
homotopy theory, is called a rationalization of X . What must be emphasized
in this process is the ability to create topological realizations of any algebraic
constructions. Hence, Sullivan’s theory can be seen as a rational version of classical
differential geometry.

Such theories beg for applications and examples and it is possible to describe
models for spheres, homogeneous spaces, biquotients, nilmanifolds, symplectic
blow-ups and the free loop space. These models have geometrical applications, for
instance, to complex and symplectic manifolds, the closed geodesic problem, cur-
vature questions, actions of tori and, more recently, the Chas-Sullivan loop prod-
uct. The focus of this Arbeitsgemeinschaft was the relationship between Rational
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Homotopy Theory and Geometry with a natural extension to Physics via string
topology. Several monographs are devoted to these theories: [1, 4, 5, 6, 10, 11].

The Arbeitsgemeinschaft consisted of 18 talks whose overriding goal was to tie
together problems in geometry with rational homotopy theory. For instance, the
question of the existence of infinitely many geodesics on a closed manifold was
shown to be intimately tied up with the rational homotopy of the free loop space.
Similarly, the rational homotopy qualities of a space were shown to depend on
special properties of the geodesic flow on the manifold (considered as a Hamiltonian
system). Rational homotopy was also shown to be important to understanding the
difference between Kähler and symplectic manifolds as well as a key ingredient in
treating certain “rational” problems about sectional curvature. (References for
these items will be given in the following abstracts.) The Arbeitsgemeinschaft was
attended by about 50 people, including many young mathematicians who gave
excellent talks. No one was lost on the traditional hike.
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