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A Born approximation from backscattering data
for live loads in Lamé system

Juan Antonio Barceló, Magali Folch-Gabayet, Salvador Pérez-Esteva,
Alberto Ruiz and Mari Cruz Vilela

Abstract. We will study the inverse scattering problem for the Lamé
equation in elasticity with live loads. We give the definition of a Born
approximation of the load from backscattering data. We will see that
in 2D, for non-smooth load matrices the main singularities of the matrices
are in fact contained in their Born approximations. The singularities are
measured in the scale of Sobolev spaces.

1. Introduction and statement of results

We consider Q to be a square matrix (qij(x)) of order n such that each com-
ponent qij(x) is compactly supported and belongs to Lr(Rn), for some r to be
determined later. This Q is assumed to be the matrix of an unknown linear load
inside a known homogeneous and isotropic elastic solid. We will try to get in-
formation on its coefficients, hence to recover information on parameters inside
the unknown perturbation. We obtain partial information on the most singular
part of the matrix by defining an appropriate Born approximation based upon the
scattering data.

The loaded system is governed by the equation

(1.1) Δ∗u(x) + ω2 u(x) = Q(x)u(x), ω > 0, x ∈ Rn, n ≥ 2,

where u, the displacement vector, is a vector-valued function from Rn to Cn, and

(1.2) Δ∗u(x) = μΔIu(x) + (λ + μ)∇divu(x),

with ΔI denoting the diagonal matrix with the Laplace operator on the diagonal.
The constants λ and μ are known as the Lamé constants. Throughout this

paper we will assume that μ > 0 and 2μ+λ > 0, so that the operator Δ∗ is strongly
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elliptic. We will denote by kp and ks the speed of propagation of longitudinal waves
(p-waves) and transverse waves (s-waves) respectively, which are given by

k2p =
ω2

(2μ+ λ)
and k2s =

ω2

μ
.

We introduce the spectral Navier operator for linear elasticity in a homogeneous
and isotropic material,

Lu(x) = Δ∗u(x) + ω2 u(x), ω > 0, x ∈ Rn, n ≥ 2,

where Δ∗ is given in (1.2).
It is well known that in a domain of Rn, any solution u of the homogeneous

spectral Navier equation,

(1.3) Lu(x) = Δ∗u(x) + ω2 u(x) = 0,

admits the decomposition

(1.4) u = up + us,

where

(1.5) up = − 1

k2p
∇divu and us = u− up

are called the compressional part and the shear part of u, and they are solutions
of the vectorial homogeneous Helmholtz equations ΔIup(x) + k2p up(x) = 0 and
Δ Ius(x) + k2s us(x) = 0, respectively.

A solution u of Δ∗u(x)+ω2u(x) = 0 in an exterior domain satisfies the outgoing
Kupradze radiation conditions if up and us satisfy the corresponding outgoing
Sommerfeld radiation conditions; that is,

(∂r − ikp)up = o(r−(n−1)/2), r = |x| → ∞,(1.6)

(∂r − iks)us = o(r−(n−1)/2), r = |x| → ∞.(1.7)

If u is an entire solution (i.e., a solution in the whole Rn) of the homoge-
neous equation given in (1.3) satisfying the outgoing Kupradze radiation condi-
tions, then u = 0 (to see this it is enough to realize that this result is true for the
Helmholtz equation, see [5] and [14] for the two-dimensional case and [6] for the
three-dimensional case).

As a consequence, for a compactly supported vector-valued function f , if there
exists a solution u of the Navier equation

(1.8) Δ∗u(x) + ω2 u(x) = f(x), ω > 0, x ∈ Rn, n ≥ 2,

satisfying the outgoing Kupradze radiation conditions (1.6) and (1.7), where up

and us are given by (1.5) off the support of f , then the solution is unique.
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Any solution u of (1.1) such that

(1.9) u(x) = ui(x) + v(x),

where ui, the incident wave, is a solution of the homogeneous Lamé equation given
in (1.3), and v, the scattered solution, satisfies the outgoing Kupradze radiation
conditions (1.6) and (1.7), will be called a scattering solution for the Lamé equation.

We will always consider incident plane waves either transverse plane waves
(plane s-waves)

us
i (x) = eiksϕ·x θ

with polarization vector ϕ ∈ Sn−1 orthogonal to the wave direction θ ∈ Sn−1, or
longitudinal plane waves (plane p-waves)

up
i (x) = eikpθ·x θ.

We use the so called limiting absorption principles to construct the scattered
solutions vp(x;ω, θ) and vs(x;ω, θ, ϕ), corresponding to incident plane p-waves
and incident plane s-waves respectively, for sufficiently high energy (see [2]). We
require the high energy condition because we do not assume any symmetry on Q;
even more, it could be a complex matrix. Even in the scalar case (Schrödinger
equation) for complex potentials (non self-adjoint operators) the uniqueness of the
scattered solution cannot be obtained for small frequencies (see [7]).

Since vp and vs satisfy (1.3) off the support of Q, we can perform the decom-
position given in (1.4) of both solutions. From the asymptotic expressions of these
decompositions we define different scattering amplitudes, which will depend on
the corresponding parameters, namely vp

p,∞(ζ;ω, θ), vp
s,∞(ζ;ω, θ), vs

p,∞(ζ;ω, θ, ϕ)
and, vs

s,∞(ζ;ω, θ, ϕ), where ζ = x/|x|. These data are known as p → p, p → s,
s → p and, s → s scattering data, respectively.

One expects to recover the load Q from high energy limits of scattering data.
This was the case for the Schrödinger equation, the scalar analogous of (1.1),
see [10] and [9]. Nevertheless, in the case of the Lamé system the recovery from
high energy limits works for (1.1) only in very special cases, namely either assuming
Q = q(x)I or kp = ks (see [1]). It is then natural to define a Born approximation
of Q from partial knowledge of the scattering data. In a previous work [1] we
studied the case of fixed angle scattering data.

In this work we define a Born approximation Qb constructed by using the set
of backscattering data, which are given by the scattering amplitude with θ = −ζ,
for any wave direction θ and any polarization vector ϕ in the incident plane waves.
We prove that this approximation allows us to reconstruct the main singularities
of the matrix Q(x) in the 2D case, where the singularities are measured in Sobolev
scales (see (1.10) below).

Theorem 1.1. Let 0 ≤ β < 1. If Q is a square matrix function of order 2 in R2

with compact support such that Q ∈ Wβ,2(R2) ∩ Lr(R2) for some r > 1, then we
have that Q−Qb ∈ Wα,2(R2) +C∞(R2) for all α < β + 1/2 if 0 < β < 1/2, and
for α < 1 if β ≥ 1/2, where Wβ,2(R2) denotes the matrix-valued Sobolev spaces.
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In Section 2 we introduce the scattering solutions and define the Born ap-
proximation for backscattering data, we recall the limiting absorption principles
collected in [2]; we write the actual potential as a Neumann–Born series in term
of the resolvent and control the Sobolev norm of the general term in the series.
The quadratic term in the Neumann–Born series has to be treated independently.
We will write it in terms of operators which have interest on their own, and will
be studied in Section 3. The case kp = ks (vectorial Schrödinger equation) can be
reduced to the scalar case and it was studied in several works (see [8], [12], [13],
and [15]), so we avoid this special case. We include an appendix with several
calculations needed in Section 3.

Notation. We denote by Λs the fractional differentiation operator

Λs = (1−Δ)s/2 = F−1 〈ξ〉s F ,

where F denotes the Fourier transform and 〈ξ〉 = (1 + |ξ|2)1/2.
We use the Sobolev spaces

(1.10) W s,p(Rn) =
{
f ∈ S ′(Rn) : Λsf ∈ Lp(Rn)

}
,

and the weighted Sobolev spaces

W s,p
δ (Rn) =

{
f ∈ S ′(Rn) : Λsf ∈ Lp

δ(R
n)
}
,

where Lp
δ(R

n) = { f : 〈x〉δf ∈ Lp(Rn)}. We will also consider the homogeneous So-
bolev spaces, defined for s ≥ 0 as

Ẇ s,p(Rn) =
{
f ∈ S ′(Rn) :

(
|ξ|sf̂

)̂
∈ Lp(Rn)

}
,

and for s < 0,
Ẇ s,p(Rn) =

(
Ẇ−s,p′

(Rn)
)∗
,

with 1/p + 1/p′ = 1. For each Banach function space B appearing in this paper
we will consider the vector-valued version B of functions with values in Cn whose
norm is defined by replacing accordingly the complex modulus by the norm in Cn.

Let z ∈ C with �(z) �= 0 if (z) > 0. R(z) = (Δ + z)−1 is the resolvent of the
Laplacian. For k ∈ R, the operator R(k2 + i0) is defined by

R(k2 + i 0) = weak-lim
z→k2, �z>0

(Δ + z)−1g.

We will denote by Mf the Hardy–Littlewood maximal function of a locally
integrable function in Rn,

Mf(x) = sup
r>0

1

|B(0, r)|

∫
B(0,r)

|f(x− y)| dy.

Acknowledgement. We would like to thank J.M. Reyes for enlightening conver-
sations.
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2. The scattering amplitudes and the Born approximation
of Q

To define the scattering amplitudes for solutions of (1.8) we introduce the Leray’s
projection operator I−R, where I denotes the identity matrix of order n and R is
the operator acting on vector fields as a matrix

R = −(RiRj),

where Rj is the Riesz transform given by

Rjg(x) = cn p.v.

∫
Rn

xj − yj
|x− y|n g(y) dy.

Via the Fourier transform we have

(Rf)̂(ξ) = (f̂(ξ) · ξ

|ξ|

) ξ

|ξ| = Πξ/|ξ| f̂(ξ), ξ ∈ Rn,

with f ∈ L2(Rn) and f̂ (ξ) = (f̂1(ξ), . . . , f̂n(ξ)), where Πξ/|ξ| denotes the orthogonal
projection on the line defined by ξ.

We can generate solutions of equation (1.8) from the following limiting absorp-
tion principle.

Theorem 2.1 (Theorem 1.1 in [2]). Let be 1/p+ 1/q = 1 with 2/(n+ 1) ≤ 1/p−
1/q ≤ 2/n if n > 2, or 2/3 ≤ 1/p − 1/q < 1 if n = 2. Then the weak limit
absorption principle for the operator Δ∗ holds in the space Lp(Rn) for outgoing
Kupradze radiation conditions, that is, for f ∈ Lp(Rn) the weak limit

R(ω2 + i 0) f = weak-lim
z→ω2, �z>0

(Δ∗ + z)−1f

exists in Lq(Rn) and is a weak solution of the equation (1.8) satisfying∥∥R(ω2 + i 0) f
∥∥
Lq(Rn)

≤ c ωn(1/p−1/q)−2 ‖f‖Lp(Rn).

Furthermore, if f ∈ Lp(Rn) ∩C∞
0 (Rn) then R(ω2 + i 0) f = u is the unique solu-

tion of (1.8) satisfying the outgoing Kupradze radiation conditions given in (1.6)
and (1.7). We will refer to u as the outgoing solution.

Moreover, we have the representation (Helmholtz decomposition)

(2.1) u = R(ω2 + i 0) f =
1

2μ+ λ
R(k2p + i 0) I(R f) +

1

μ
R(k2s + i 0) I(f −R f).

Given f ∈ C∞
0 (Rn) we can write the outgoing solution u = up + us off the

support of f . Here u is defined by (1.8) and up and us are given by (1.5). One
can verify that up and us satisfy the following vectorial Helmholtz equations (see
the proof of Theorem 1.1 in [2]):

ΔIup + k2p up = − 1

ω2
∇ div f , ΔIus + k2s us =

1

ω2
(k2sf +∇ div f).
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Since the right-hand sides of these equations are vector fields in C∞
0 (Rn) and up

and us satisfy the corresponding outgoing Sommerfeld radiation conditions for
these Helmholtz equations, we have the following asymptotic expansions:

up(x) = c k(n−3)/2
p

eikp|x|

|x|(n−1)/2
up,∞

(
kp, x/|x|

)
+ o

(
|x|−(n−1)/2

)
, |x| → ∞,

us(x) = c k(n−3)/2
s

eiks|x|

|x|(n−1)/2
us,∞

(
ks, x/|x|

)
+ o

(
|x|−(n−1)/2

)
, |x| → ∞,

where up,∞ and us,∞ are known as the longitudinal and transverse scattering
amplitudes of u respectively. These can be written as

up,∞
(
kp, x/|x|

)
= − 1

ω2

(
∇div f

)̂(kp x/|x|),(2.2)

us,∞
(
ks, x/|x|

)
=

1

ω2

(
(∇div + k2s I) f

)̂(ks x/|x|)
=

1

ω2

(
(∇div −ΔI) f

)̂(ks x/|x|).(2.3)

Definition 2.2. Let u be an outgoing solution of the Lamé equation (1.8). For
f ∈ Lp(Rn) with 1 ≤ p < 2(n + 1)/(n + 3), we define the longitudinal scattering
amplitude of u as

(2.4) up,∞
(
kp, x/|x|

)
= − 1

2μ+ λ
(Rf)̂(kp x/|x|),

and the transverse scattering amplitude of u as

(2.5) us,∞
(
ks, x/|x|

)
=

1

μ

(
(I−R) f

)̂(ks x/|x|).
Remark 2.3. Observe that for f ∈ C∞

0 (Rn), since ΔR = ∇div, the definitions
given in (2.4) and (2.5) are equal to the expressions given in (2.2) and (2.3),
respectively.

Remark 2.4. Taking into account that we can rewrite (Rf)̂(ξ) = Πξ/|ξ|(f̂ (ξ)),
we have that

up,∞
(
kp, x/|x|

)
= − 1

2μ+ λ
Πx/|x| f̂

(
kp x/|x|

)
,(2.6)

us,∞
(
ks, x/|x|

)
=

1

μ
(I−Πx/|x|) f̂

(
ks x/|x|

)
.(2.7)

These expressions show the necessity of considering f ∈ Lp(Rn) with 1 ≤ p <

2(n+1)/(n+3) in Definition 2.2, because the restriction of the Fourier transform f̂
to a sphere is well defined just for p in this range of values (see [16]).

Remark 2.5. In the particular case μ+ λ = 0, the Navier equation given in (1.8)
is actually the vectorial Helmholtz equation ΔIu+k2su = f/μ. In this case kp = ks,
and

us,∞
(
ks, x/|x|

)
− up,∞

(
ks, x/|x|

)
=

1

μ
f̂
(
ks x/|x|

)
.
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Let us observe that the scattered solution v = v(·;ω,ui), see (1.9), satisfies the
following equation:

(2.8) (Δ∗ + ω2 I)v = Qui +Qv.

If we apply the outgoing resolvent R(ω2 + i 0) we get an integral equation

(2.9)
[
I−R(ω2 + i 0)Q

]
v = R(ω2 + i 0)Qui.

This can be solved by a Neumann series in the case of high energy,

(2.10) v =

∞∑
j=0

(
R(ω2 + i 0)Q

)j+1
(ui).

We have the following existence result.

Proposition 2.6 ([1], Proposition 3.1). Let Q(x) = (qij(x)) be a square matrix
of order n such that each component qij(x) is compactly supported and belongs
to Lr(Rn) with r > n/2 and n ≥ 2, and set t = min{(n + 1)/2, r}. Then, there
exist ω0 = ω0(supp Q, ‖Q‖Lr) and a constant c = c (supp Q) such that, for ω > ω0,
there is a unique solution v of the equation (2.9) in Lq(Rn), where 1/2−1/q = 1/2t.
Besides,

‖v‖Lq ≤ c ωn/t−2 ‖Q‖Lr ,

where ‖Q‖Lr = max1≤i,j≤n ‖qi,j‖Lr .

Under the conditions of Proposition 2.6, we have that Qui +Qv ∈ Lp(Rn) for
some p in the interval [1, 2(n+ 1)/(n+ 3)) , and therefore, we can define longitudi-
nal and transverse scattering amplitudes for v, the solution of the Navier equation
given in (2.8).

If we consider an incident plain p-wave up
i (x) = eikpθ·xθ with θ ∈ Sn−1, the

Helmholtz decomposition given in (2.1) and formulae (2.6) and (2.7) gives us a
longitudinal scattering amplitude (p → p scattering data)

(2.11) vp
p,∞(ζ;ω, θ) =

−1

2μ+ λ
Πζ Q̂

(
kp(ζ−θ)

)
θ− 1

2μ+ λ
Πζ

(
Qvp(·;ω, θ)

)̂(kp ζ),
and a transverse scattering amplitude (p → s scattering data)

(2.12) vp
s,∞(ζ;ω, θ) =

1

μ
(I−Πζ) Q̂

(
ksζ−kp θ

)
θ+

1

μ
(I−Πζ)

(
Qvp(·;ω, θ)

)̂(ksζ),
where x/|x| = ζ and vp(·;ω, θ) is the scattered solution which satisfies the integral
equation

(2.13)
(
I−R(ω2 + i 0)Q

)
vp = R(ω2 + i 0)Q(e

i ω√
2μ+λ

θ·(·)
θ).
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If we consider as the incident wave a plane s-wave, ui(x) = eiksθ·xϕ, where θ and ϕ
are unitary orthogonal vectors, we have as longitudinal scattering amplitude (s → p
scattering data)

vs
p,∞

(
ζ;ω, θ, ϕ

)
=

−1

2μ+ λ
ΠζQ̂

(
kpζ − ksθ

)
ϕ(2.14)

− 1

2μ+ λ
Πζ

(
Qvs(·;ω, θ, ϕ)

)̂(kpζ),
and as transverse scattering amplitude (s → s scattering data)

vs
s,∞
(
ζ;ω, θ, ϕ

)
=

1

μ
(I−Πζ) Q̂

(
ks(ζ − θ)

)
ϕ(2.15)

+
1

μ
(I−Πζ)

(
Qvs(·;ω, θ, ϕ)

)̂(ksζ),
where now vs(·;ω, θ, ϕ) is the scattered solution satisfying the integral equation

(2.16)
(
I−R(ω2 + i 0)Q

)
vs = R(ω2 + i 0)Q

(
e
i ω√

μ θ·(·)
ϕ
)
.

Observe that the identities given above hold whenever ω > ω0, since this condition
is needed to guarantee the existence of the scattered solutions (see Proposition 2.6).

2.1. Born approximation for backscattering data

The realization ζ = −θ produces polar coordinates in the Fourier transform vari-
able with radius proportional to the frequency ω. It is convenient to show every
appearance of ω in kp and ks.

Let us take ζ = −θ, and assume that ω is sufficiently large (ω > B, B to be
chosen). Changing ω to

√
2μ+ λω in (2.11) and ω to 2( 1√

μ + 1√
2μ+λ

)−1ω in (2.12),

we have, for K =
√
2μ+ λ/

√
μ,

(2.17) Q̂ (−2ωθ) θ = vp
∞(θ, ω) + hp(θ, ω),

where the term vp
∞(θ, ω), depending only on backscattering data is given by

vp
∞(θ, ω) = −(2μ+ λ)vp

p,∞
(
− θ;ω

√
2μ+ λ, θ

)
+ μvp

s,∞
(
− θ;

2
√
μ

1 +K−1
ω, θ

)
,

and the error is given by

hp(θ, ω) = Π−θ

[(
Qvp(·;λppω, θ)

)̂
(−ω θ)

]
+ (I−Π−θ)

[(
Qvp(·;λpsω, θ)

)̂
(−μps ω)

]
,

(2.18)

where vp(·;ω, θ) is the scattered solution of the integral equation (2.13), and the
parameters are defined as

λpp =
√
2μ+ λ, λps =

2
√
μ

1 +K−1
, μpp = 1, μps =

2

1 +K−1
.
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Similarly, from (2.14) and (2.15) we get

(2.19) Q̂(−2ω θ)ϕ = vs
∞(θ;ω, ϕ)− hs(θ;ω, ϕ),

where

vs
∞(θ;ω, ϕ) = −(2μ+ λ)vs

p,∞
(
− θ;

2ω
√
μ

1 +K−1
, θ, ϕ

)
+ μvs

s,∞
(
− θ;ω

√
μ, θ, ϕ

)
and the error is given by

hs(θ;ω, ϕ) = Π−θ

[(
Qvs(·;λspω, θ, ϕ)

)̂(−μsp ω θ)
]

+ (I−Π−θ)
[(
Qvs(·;λss ω, θ, ϕ)

)̂(−ω θ)
]
,

(2.20)

with vs(·;ω, θ, ϕ) being the solution of the integral equation (2.16) and the param-
eters are

λsp =
2
√
2μ+ λ

1 +K
, λss =

√
μ, μsp =

2

1 +K
, μss = 1.

For θ ∈ Sn−1 fixed, we consider n−1 unit vectors {ϕ2, . . . , ϕn} such that ϕ� = ϕ�(θ)
is measurable in Sn−1 for � = 2, . . . , n, and such that the set {θ, ϕ2, . . . , ϕn} is an
orthonormal base of Rn.

We have

Q̂(−2ω θ) ej = (θ · ej) Q̂ (−2ω θ) θ +

n∑
�=2

(ϕ� · ej) Q̂(−2ω θ)ϕ�.

Using (2.17) and (2.19) we obtain

(2.21) Q̂(−2ω θ) ej = Q̂b(ω, θ) ej − Êb(ω, θ) ej ,

with

(2.22) Q̂b(ω, θ) ej = (θ · ej)vp
∞(θ, ω) +

n∑
�=2

(ϕ� · ej)vs
∞(θ;ω, ϕ�)

and

Êb(ω, θ) ej = (θ · ej)hp(θ, ω) +

n∑
�=2

(ϕ� · ej)hs(θ;ω, ϕ�).

The above expressions are defined for ω sufficiently large. Let B be a real posi-
tive number large enough, which will be fixed later on, such that (2.21) is defined
for ω > B/2. We insert here a cutoff function χ supported on ω > B and identi-
cally 1 for ω > 2B. Then we write

(2.23) Q̂(−2ω θ) ej χ(−2ω θ) = Q̂b(ω, θ) ej χ(−2ω θ)− Êb(ω, θ) ej χ(−2ω θ),

Taking the inverse Fourier transform in polar coordinates we have

(2.24) Q(x) ej = Qb(x) ej − Eb(x) ej +Φ(x) ej ,
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where the matrix functions are defined as

Φ(x) ej = 2n
∫ 2B

0

∫
Sn−1

e−ix·2ωθ Q̂(ω, θ)
(
1− χ(−2ωθ)

)
ej dσ(θ)ω

n−1 dω,

Qb(x) ej = 2n
∫ ∞

0

∫
Sn−1

e−ix·2ωθ Q̂b(ω, θ)χ (−2ω θ) ej dσ(θ)ω
n−1 dω,(2.25)

Eb(x)ej = 2n
∫ ∞

0

∫
Sn−1

e−ix·2ωθ Êb(ω, θ)χ (−2ω θ) ej dσ(θ)ω
n−1 dω.

Definition 2.7. We define the Born approximation from backscattering of the
potential Q as a matrix Qb such that, for each element of the canonical base of Rn,
ej = (0, . . . , 1, . . . , 0), Qb ej is the vector-valued function from Rn to Cn given
in (2.25) and (2.22).

2.2. Recovery of singularities

In this subsection we see under which conditions the main singularities of the poten-
tial Q are recovered from its Born backscattering approximation. That is, we want
to prove that Qb contains, in the scale of Sobolev spaces, all the singularities of Q.

From (2.24),
Q(x) ej = Qb(x) ej − Eb(x) ej ,

modulo a C∞(Rn) matrix function.
From (2.18) and (2.20) we can write

Êb(ω, θ) ej = Êp
p ej + Êp

s ej +

n∑
�=2

(
Ês

p,� ej + Ês
s,� ej

)
,

where

Êp
p (ω, θ) ej = (θ · ej)Π−θ

[(
Qvp(· ;λpp ω, θ)

)̂(−μpp ω θ)
]
,(2.26)

Êp
s (ω, θ) ej = (θ · ej) (I−Π−θ)

[(
Qvp(· ;λps ω, θ)

)̂(−μps ω)
]
,(2.27)

Ês
p,� (ω, θ) ej = (ϕ� · ej)Π−θ

[(
Qvs(· ;λsp ω, θ, ϕ�)

)̂(−μsp ω θ)
]
,(2.28)

and

(2.29) Ês
s,� (ω, θ) ej = (ϕ� · ej) (I−Π−θ)

[(
Qvs(· ;λss ω, θ, ϕ�)

)̂(−μss ω θ)
]
.

To estimate the Wα,2(Rn) norm of the functions defined by (2.26)–(2.29), we
ignore the products ϕ� · ej and the orthogonal projections, so we are reduced to
estimate the integrals∫ ∞

B

∫
Sn−1

∣∣ (Qvp(· ;λpa ω, θ)
)̂(−μpa ω θ)

∣∣2 dσ(θ) (1 + (2ω)2)αωn−1 dω,

for a = s, p. From (2.13) we take the Neumann–Born series solutions and we obtain,
for a = p, s, (

Qvp(· ;λpa ω, θ)
)̂(−μpa ω θ) =

∞∑
k=1

Q̂1
a,k+1(ω, θ),
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with

Q̂1
a,k+1(ω, θ) =

((
QR((λpa ω)

2 + i 0)
)k(

Q(·) eiτpaωθ·(·) θ
))̂(−μpa ω θ),

where τpp = 1 and τps = 2/(1 +K).
In a similar way, we have for � = 2, . . . , n and a = p, s,

(
Qvs(· ;λsa ω, θ, ϕ�)

)̂(−μsa ω θ) =

∞∑
k=1

Q̂�
a,k+1(ω, θ) ,

with

Q̂�
a,k+1(ω, θ) =

((
QR((λsa ω)

2 + i 0)
)k(

Q(·) eiτsaωθ·(·)ϕ�

))̂(−μsa ω θ),

where τsp = 2K/(1 +K) and τss = 1.
Therefore we can reduce the analysis to estimate for k = 2, . . . , � = 1, . . . , n

and a = s, p

‖Q�
a,k‖2Wα,2 ∼

∫ ∞

B

∫
Sn−1

∣∣ Q̂�
a,k(ω, θ)

∣∣2 dσ(θ) (1 + (2ω)2)αωn−1 dω.

We start by giving estimates of the above integrals for k ≥ 3 as was done in [15]

and [13], using estimates for the resolvent in the Sobolev spaces Wβ,p
δ (Rn).

Proposition 2.8. Assume that Q ∈ Wβ,2(Rn) is compactly supported and β < n/2,
n = 2, 3. Then there exists a constant C = C(α, β) such that

(2.30) ‖Q�
a,k‖2Wα,p ≤ Ck

∫ ∞

B

ω2α+n−1+2γk dω ‖Q‖L2 ‖Q‖k−1
Wβ,2,

where

(2.31) γk = −k + 1 +
(n− 1)(k − 3)

2

(1
2
− β

n

)
+

n− 1

2
max

{
0,

1

2
− 2β

n

}
,

a = p, s and � = 1, . . . , n.

The proof follows the lines of Proposition 4 in [13] by recalling the following
estimates for the resolvent given in Lemmas 2.9 and 2.10.

Writing θ1 = θ and θ� = ϕ�(θ) for � = 1, . . . , n, we introduce, for a, b ∈ {p, s},

Rab
�,θ(ω)(Φ)(x) = e−iτabωθ·xR

(
(λab ω)

2 + i 0
)(
eiτabωθ·(·)Φ(·) θ�

)
(x),

where Φ(x) a square matrix of order n.

Lemma 2.9. Let s ≥ 0, and let r and t be such that 0 ≤ 1/t − 1/2 ≤ 1/(n+ 1)
and 0 ≤ 1/2− 1/r ≤ 1/(n+ 1). There exist δ, δ′ and C (independent of ω) such
that ∥∥Rab

�,θ(ω)(Φ)
∥∥
Ws,r

−δ

≤ C ω−1+(n−1)/2 (1/t−1/r) ‖Φ‖Ws,t

δ′
.
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Lemma 2.10. Let s1, s2, s3 ≥ 0, s3 ≤ s1, s3 ≤ s2, and let r, t and p be such that
t < min{p, r} and

s1 + s2 − s3 ≥ n
(1
p
+

1

r
− 1

t

)
≥ 0.

Then

‖Φ f‖Ws3,t ≤ C ‖Φ‖Ws1,p ‖f‖Ws2,r .

Moreover, if Φ is compactly supported and δ, δ′ ∈ R, then

‖Φ f‖Ws3,t

δ
≤ C(supp f, δ, δ′) ‖Φ‖Ws1,p ‖f‖Ws2,r

δ′
.

The proof of Lemma 2.9 is similar to that of Lemma 5.2 in [1]. Lemma 2.10
can be found in [3] and [11].

Proof of Proposition 2.8. Since

(2.32) R
(
(λab ω)

2 + i 0
)
(Φ (·)ϕ�)(x) = R I

(
(λab ω)

2 + i 0
)
(Φ(·))(x)ϕ�,

where

R I(λab ω)
2 + i 0)(Φ(·))(x)

denotes the matrix whose j -column is the vector R((λab ω)
2 + i 0) (Φ1j, . . . ,Φnj)

t,
we can write

(2.33) ‖Q�
a,k‖2Wα,2

≤ C

∫ ∞

B

∫
Sn−1

∣∣∣ ∫
Rn

e−i(μab+τab)ωθ·y(QRab
�,θ(ω)

)k−1
(Qϕ�)(y) dy

∣∣∣ 2 dσ(θ)ω2α+n−1 dω

≤ C

∫ ∞

B

∫
Sn−1

∥∥ (Rab
�,θ(ω)

)k−1
(Q)(·)

∥∥2
L1 dσ(θ)ω

2α+n−1 dω.

Now we follow the argument of Proposition 4 in [13].
We insert a cut off function φ which is one to one on the support of Q and

write, for some values of δ,

∥∥(QRab
�,θ(ω)

)k−1
(Qϕ�)(·)

∥∥
L1

≤ ‖Q‖L2

∥∥φRab
�,θ(ω)

(
Rab

�,θ(ω)
)k−2

(Qϕ�)(·)
∥∥
L2

≤ C ω−1+(n−1)/2(1/t−1/2) ‖Q‖L2

∥∥(QRab
�,θ(ω)

)k−2
(Qϕ�)(·)

∥∥
Lt

−δ

,

where we used Lemma 2.9. We write G = Rab
�,θ(ω) and we use an iteration of both

Lemmas 2.9 and 2.10 following the diagram:

W
β,tk−2

δ′
Rθ

−→W
β,rk−2

−δ

Q·
−→W

β,tk−3

δ · · · −→ Wβ,t2
δ

Rθ

−→ Wβ,r2
δ

Q·
−→ Lt

−δ

Qθ � GQθ � QGQθ · ·· � (QG)
k−3

Qθ � G(·) � (QG)
k−2

Qθ,
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where r� and t� are to be chosen to satisfy, for � = 2, . . . , k − 1,

0 ≤ 1

t�
− 1

2
≤ 1

n+ 1
and 0 ≤ 1

2
− 1

r�
≤ 1

n+ 1
,

t� < min{2, r�+1}, 0 ≤ 1

2
+

1

r�+1
− 1

t�
=

β

n
,

0 ≤ 1

2
+

1

r2
− 1

t
=

2β

n
and 0 ≤ 1

t
− 1

2
≤ 1

n+ 1
.

We obtain ∥∥ (QRab
�,θ(ω)(ω)

)k−1
(Q θa,�)(·)

∥∥
L1 ≤ C ωγk‖Q‖k−1

Wβ,2,

where

γk = −(k − 1) +
n− 1

2

( k−2∑
l=2

( 1
tl

− 1

rl

)
+

1

t1
− 1

2

)
.

For ε > 0 small, we can choose {ri, ti} such that 1/tl − 1/rl+1 = 1/2− β/n+ ε,
2 ≤ l ≤ k − 2 and 1/t− 1/r2 = max{ε, 1/2− 2β/n}. Taking ε → 0+ and putting
together all the above in (2.33), we obtain the desired (2.30) and (2.31). �

A consequence of Proposition 2.8 is:

Corollary 2.11. Let n = 2 and assume that Q ∈ Wβ,2(R2) is compactly supported
and β < 1. Then there exists a constant C = C(α, β) such that, for any k ≥ 3,

‖Q�
a,k‖2Wα,2 ≤ CkB−(k−3)(3/4−α/4)‖Q‖L2 ‖Q‖k−1

Wβ,2,

where � = 1, 2, α < β+1−max{0, 1/4−β/2}. In particular,
∑∞

k=3 Q�
a,k converges

in Wα,2(R2), for α < β + 3/4, by choosing the constant B large enough.

For the rest of the section we will assume that n = 2.
It remains to estimate ‖Q�

a,2‖2Wα,2 . From (2.32) we can reduce this to the
estimate the norm in Wα,2(R2) of certain scalar functions.

To do this notice that each of the functions Q1
p,2, Q1

s,2, Q2
p,2 and Q2

s,2 can
be written as linear combination of functions corresponding to longitudinal and
transverse scattering amplitudes that we denote by Q1,p

p,2, Q
1,s
p,2 and so on.

Given a, b, c ∈ R and f, g complex functions in R2 we define T b
ac(f, g) by

(2.34) T̂ b
ac(f, g)(ω θ) =

(
f R(a2ω2 + i 0)

(
g(·) eibωθ·(·)))̂(−c ω θ).

We find that to prove thatQ�
a,2∈Wα,2(R2), it suffices to see that T b

ac(q1,RkR�q2)
∈ Wα,2(R2) for k, � ∈ {1, 2}, for any two of the entries q1, q2 of the matrix func-
tion Q and for certain values of the parameters a, b, and c. The following table
contains all the values of the parameters a, b and c that appear in each of the eight
cases to be studied.
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Q1,p
p,2 Q1,s

p,2 Q1,p
s,2 Q1,s

s,2 Q2,s
p,2 Q2,p

p,2 Q2,s
s,2 Q2,p

s,2

a 1 K
2

(K + 1)

2K

(K + 1)

2

(K + 1)

2K

(K + 1)
K−1 1

b 1 1
2

(K + 1)

2

(K + 1)

2K

(K + 1)

2K

(K + 1)
1 1

c 1 1
2K

(K + 1)

2K

(K + 1)

2

(K + 1)

2

(K + 1)
1 1

Rescaling the cases corresponding to Q1,p
s,2 , Q1,s

s,2, Q2,s
p,2 and Q2,p

p,2 by making

2ω/(K + 1) = ω̃, we have that it is enough to study the operators T b
ac for the

values of a, b and c given in the following table:

a 1 K 1 K 1 K K−1 1

b 1 1 1 1 K K 1 1

c 1 1 K K 1 1 1 1

The following proposition gives an expression of T b
ac as the sum of a principal

value and an integral operator over a sphere. Let us denote

Γr1,r2(η) =
{
ξ ∈ R2 : |ξ − r1 η| = r2 |η|

}
.

Proposition 2.12. Given η ∈ R2,

T̂ b
ac(f, g) (η) = Ĝb

ac(f, g) (η) + Ĥb
ac(f, g) (η),

where

Ĝb
ac(f, g) (η) = p.v.

∫
R2

f̂(ξ) ĝ
((
1 + b

c

)
η − ξ

)
−|η − ξ|2 + a2

c2 |η|2
dξ

and

Ĥb
ac(f, g)(η) =

iπc

2a |η|

∫
Γ1, a

c
(η)

f̂(ξ) ĝ
((

1 +
b

c

)
η − ξ

)
dσ(ξ).

Proof. From (2.34) we can write

T̂ b
ac(f, g)(ω θ) =

(
f̂ ∗

(
R(a2ω2 + i 0)

(
g(·) eibωθ·(·)))̂ ) (−c ω θ).

The result follows making −cω θ = η and using the well-known identity

R(k2 + i 0)g(x) = p.v.

∫
R2

1

−|ξ|2 + k2
ĝ(ξ) eix·ξ dξ +

iπ

2k
d̂σk ∗ g(x), x ∈ R2. �

We introduce the following operators.
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Definition 2.13. Given r1, r2 > 0, for η ∈ R2 we define the operators Tr1,r2 such
that

T̂r1,r2(f, g)(η) = Ĝr1,r2(f, g)(η) + Ĥr1,r2(f, g)(η),

where

Ĝr1,r2(f, g)(η) = p.v.

∫
R2

f̂(ξ) ĝ (η − ξ)

−|r1η − ξ|2 + r22 |η|2
dξ

and

Ĥr1,r2(f, g)(η) =
iπ

2r2|η|

∫
Γr1,r2 (η)

f̂(ξ) ĝ (η − ξ) dσ(ξ).

With this definition, we have that

T̂ b
ac(f, g)

((
1 +

b

c

)−1

η
)
=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

T̂r,r(f, g)(η), if a = c, with r =
(
1 +

b

c

)−1

,

T̂r,r(g, f)(η), if a = b, with r =
b

c

(
1 +

b

c

)−1

,

T̂1/2,a/2(g, f)(η), if b = c = 1.

In Section 3 we will prove:

Proposition 2.14. Let 0 < a, β < 1 and b > 0. For f, g ∈ W β,2(R2), the bilinear
operator Ha,b satisfies

‖Ha,b(f, g)‖Wα,2 ≤ C ‖f‖Wβ,2 ‖g‖Wβ,2,

when α < β + 1/2.

Proposition 2.15. For i = 1, 2, let qi have compact support belonging to Lr(R2)∩
W β,2(R2), with r > 1. Then Ga,b satisfies

Ga,b(f, g) ∈ Wα,2(R2) + C∞(R2),

and ∥∥F−1χ{|·|>1} Ĝa,b(f, g)
∥∥
Wα,2 ≤ C ‖q1‖Wβ,2 ‖q2‖Wβ,2 ,

for (f, g) = (q1, q2) or (q1, RjRkq2), j, k = 1, 2, if α < β + 1/2 and β ∈ [0, 1/2)
and any α < 1 if 1/2 ≤ β < 1.

From Propositions 2.14 and 2.15 we obtain:

Corollary 2.16. Let n = 2 and consider the matrix Q in Wβ,2(R2) with compact
support. If 0 ≤ β < 1, � = 1, 2 and a = p, s, we have

‖Q�
a,2‖Wα,2 ≤ C ‖Q‖2Wβ,2,

for 0 < α < 1 such that α < β + 1/2 if β < 1/2, and any α < 1 if β ≥ 1/2.

Proof of Theorem 1.1. The proof follows from Corollary 2.11 (which makes the
difference between β > 1/2 and β < 1/2) and Propositions 2.14 and 2.15. �
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3. Smoothing properties of the operators Ha,b and Ga,b

In this section we will prove the following theorems.

Theorem 3.1. For 0 < a, α < 1 and b > 0, let 2 < l < 3, 1/(2l) + 1/p = 1. For
f, g ∈ Wα−1/l,2(R2) ∩ Lp(R2) we have

(3.1)
∥∥Ha,b(f, g)

∥∥
Wα,2 ≤ Al(a, b) {‖f‖Wα−1/l,2‖g‖Lp + ‖f‖Lp‖g‖Wα−1/l,2} .

Theorem 3.2. Let 2 < l < 3, 0 < α, a < 1, 0 < α−1/l, b > 0 and qi with compact
support for i = 1, 2 and belonging to Wα−1/l,2(R2) ∩Lr(R2), for some r > 1. Then
for (f, g) = (q1, q2) or (q1, RjRkq2), j, k = 1, 2,

Ga,b(f, g) ∈ Wα,2(R2) + C∞(R2),

and ∥∥F−1
(
χ{|·|>1} Ĝa,b(f, g)

)∥∥
Wα,2 ≤ C ‖q1‖Wα−1/l,2‖q2 ‖Wα−1/l,2 ,

where F denotes the Fourier transform. The constant C depends on a, b and the
supports of qi, i = 1, 2.

Propositions 2.14 and 2.15 follow directly from these theorems.

3.1. Proof of Theorem 3.1

Since the spherical operator H1/2,1/2 was treated in [15], we will assume from now
on that (a, b) �= (1/2, 1/2).

Now we make some geometric considerations. Let

Φ =
{
(η, ξ) ∈ R2 × R2 : |ξ − a η| = b |η|

}
.

Then, for each η, Γa,b(η) is the η-section of Φ:

Γa,b(η) =
{
ξ ∈ R2 : (η, ξ) ∈ Φ

}
.

For ξ ∈ R2 fixed and for a �= b we recognize the ξ-section of Φ as

Λa,b(ξ) =
{
η ∈ R2 : |ξ − a η| = b |η|

}
=
{
η ∈ R2 :

∣∣∣ η − a

a2 − b2
ξ
∣∣∣ = b |ξ|

|a2 − b2|

}
,

and for a = b,

Λa,b(ξ) =
{
η ∈ R2 :

〈
ξ,

1

2a
ξ − η

〉
= 0

}
.

Notice that

Ĥa,b(f, g)(η) =
1

b |η|

∫
Γa,b(η)

f̂(ξ) ĝ(η − ξ) dσ(ξ)

=
1

b |η|

∫
Γ+
a,b(η)

f̂(ξ) ĝ(η − ξ) dσ(ξ) +
1

b |η|

∫
Γ−
a,b(η)

f̂(ξ) ĝ(η − ξ) dσ(ξ)

= Ĥ+
a,b(f, g)(η) + Ĥ−

a,b(f, g)(η),
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where

Γa,b(η) = Γ+
a,b(η) ∪ Γ−

a,b(η),

Γ+
a,b(η) =

{
ξ ∈ R2 : |ξ − aη| = b|η|,

〈
ξ − aη, η

〉
≥ 0

}
,

Γ−
a,b(η) =

{
ξ ∈ R2 : |ξ − aη| = b|η|,

〈
ξ − aη, η

〉
≤ 0

}
.

Also define for ξ ∈ R2 the set Λ+
a,b(ξ) by

η ∈ Λ+
a,b(ξ) ⇐⇒ ξ ∈ Γ+

a,b(η).

We have that
H−

a,b(f, g)(η) = H+
1−a,b(g, f)(η),

and therefore we can reduce our study to the operator H+
a,b(f, g)(η).

Now we describe the stereographic projection used in the paper. Let ξ �= 0
in R2 and denote by Cr(ξ) = ξ + rS1 the circle centered at ξ and radius r > 0.
Let � be the line orthogonal to ξ passing through ξ − re1, with e1 = ξ/|ξ|. For
every ζ ∈ �, let η(ζ) be the intersection of the line passing through ζ and the point
P1 = ξ + re1. Then the mapping η(ζ) is a bijection of � onto Cr(ξ)\{P1}.

Every ζ ∈ � can be written as ζ = (|ξ| − r) e1 + s e2 ∈ �, with e2 = e⊥1 and
s ∈ R. Then,

η(s) =
(
|ξ|+ r − 2r

(
1 +

( s

2r

)2)−1)
e1 + s

(
1 +

( s

2r

)2)−1

e2,

parametrizes Cr(ξ)\{P1} in R.
If η ∈ Cr(ξ)\{P1} is written in polar coordinates as η = (|ξ| + r cos θ)e1 +

r sin θe2, θ ∈ (0, 2π), then η = η(s) with

s =
2r sin θ

(1 − cos θ)
,

where in particular the length measure in Cr(ξ) in the variable s is given by

dσ =
(
1 +

( s

2r

)2)−1

ds.

The following Fubini’s theorem holds in Φ (see [15]):

Lemma 3.3. Let h ≥ 0 be a measurable function on Φ. Then, for b > 0 and
−b �= a ∈ R,∫

R2

∫
Γa,b(η)

h(ξ, η) dση(ξ) dη =

∫
R2

∫
Λa,b(ξ)

h(ξ, η)
|η|
|ξ| dσξ(η) dξ,

where σζ will denote the Lebesgue measure on either Γa,b(ζ) or Λa,b(ζ), for ζ ∈ R2.

To complete the proof of Theorem 3.1 we will need the following proposition.
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Proposition 3.4. Let l > 2, h ∈ L2l(R2) and

(3.2) F (ξ) =

∫
Λ+

a,b(ξ)

(∫
Γ+
a,b(η)

∣∣ h(η − ξ′)
∣∣2dση(ξ

′)
)
|η|2α−1dσξ(η).

We have
F (ξ) ≤ A2

l (a, b) ‖h‖2L2l |ξ|2α−2/l+1.

Proof. Assume first that a �= b.
We can split

Γ+
a,b(η) = Γ+,1

a,b (η) ∪ Γ+,2
a,b (η),

with

Γ+,1
a,b (η) =

{
ξ ∈ R2 : ξ = a η + b η cosϕ+ b η⊥ sinϕ, 0 ≤ ϕ ≤ π/2

}
,

and a similar definition for Γ+,2
a,b (η) with −π/2 ≤ ϕ ≤ 0. For ξ ∈ R2 we introduce

the set Λ+,i
a,b (ξ), i = 1, 2, where

Λ+
a,b(ξ) = Λ+,1

a,b (ξ) ∪ Λ+,2
a,b (ξ) and η ∈ Λ+,i

a,b (ξ) ⇐⇒ ξ ∈ Γ+,i
a,b (η).

Then
F (ξ) = F1(ξ) + F2(ξ),

with

Fi(ξ) =

∫
Λ+,i

a,b (ξ)

(∫
Γ+,i
a,b (η)

∣∣ h(η − ξ′)
∣∣2dση(ξ

′)
)
|η|2α−1 dσξ(η), i = 1, 2.

It is not difficult to verify that

Λ+,1
a,b (ξ) =

{
η ∈ R2 : η =

a+ b cos θ

a2 − b2
ξ +

b

a2 − b2
ξ⊥ sin θ, −π ≤ θ ≤ −θ(a, b)

}
,

(similar definition for Λ+,2
a,b (ξ) with θ(a, b) ≤ θ ≤ π), where θ(a, b) is such that

sin θ(a, b) = a2−b2

a2+b2 and cos θ(a, b) = − 2ab
a2+b2 , and for η = η(s),

Γ+,1
a,b (η) =

{
ξ′(t) = ξ′1(t)

η(s)

|η(s)| + ξ′2(t)
η(s)⊥

|η(s)| , 2b |η(s)| ≤ t < ∞
}
,

(similar definition for Γ+,2
a,b (η) with −∞ < t < −2b |η(s)|) and

ξ′1(t) = a |η(s)|+ b |η(s)| − 2b |η(s)|
1 +

(
t

2b |η(s)|
)2 , ξ′2(t) =

t

1 +
(

t
2b |η(s)|

)2 .
Hence, for i = 1, 2,

(3.3) Fi(ξ) = 4b2|ξ|
∫∫

Di

∣∣ h(η(2b |ξ|s)− ζ(2b |η(s)|t))
∣∣2 ∣∣ η(2b |ξ|s)∣∣2α dt ds

(1 + t2) (1 + (a2 − b2)2s2)
,
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where

D1=
{
(s, t) : − 1

(a+ b)2
< s < 0, t >1

}
, D2=

{
(s, t) : 0 < s <

1

(a+ b)2
, t <0

}
.

A calculation gives us that

η(2b |ξ|s)− ξ′(2b |η(s)|t) = |ξ|
(
y1(s, t) e1 + y2(s, t) e2

)
,

with

y1(s, t) =
(
1− a− b+

2b

1 + t2

)
η̃1(s) +

2b t

1 + t2
η̃2(s),

y2(s, t) =
(
1− a− b+

2b

1 + t2

)
η̃2(s)−

2b t

1 + t2
η̃1(s),

η̃1(s) =
1

a2 − b2

(
a+ b− 2b

1 + (a2 − b2)2s2

)
and η̃2(s) =

2b s

1 + (a2 − b2)2s2
.

Let η̃(s) = (η̃1(s), η̃2(s)) and y(s, t) = (y1(s, t) e1 + y2(s, t) e2). Then, from (3.3),

(3.4) Fi(ξ) = 4b2 |ξ|1+2α

∫∫
Di

∣∣ h (|ξ|y(s, t) ∣∣2 |η̃(s)|2α dt ds

(1 + t2) (1 + (a2 − b2)2s2)
.

We consider the transformation h(s, t) = |ξ| y(s, t), which for b �= a has jaco-
bian

Jh(s, t) =
8b2 |ξ|2 |g(s, t)|

(1 + s2(a2 − b2)2)
2
(1 + t2)2(a2 − b2)

,

where

g(s, t) = −(a+ b)(a2 − b2)2(1 − a) ts2 − (b − a)(1− a) t(3.5)

+ (a2 − b2)(1− a− b) at2s+ |a2 − b2|(a− b− 1) as.

Let l > 2 and 1/l+ 1/l′ = 1. By Hölder’s inequality,

(3.6) Fi(ξ) ≤ 4b2 |ξ|1+2α ‖h‖2L2l(R2)

(
Ii(|ξ|, a, b)

)1/l′
,

where

(3.7) Ii
(
|ξ|, a, b

)
= C

|a2 − b2|l′/l
|ξ|2l′/l b2l′/l

∫∫
Di

(
1 + (a2 − b2)2s2

)l′−2 |η̃(s)|2αl′ dt ds
(1 + t2)

2−l′ |g(s, t)|l′/l
.

From |η̃(s)|2 ≤ 2
(a+b)2 and |g(s, t)| = |g(−s,−t)|, we obtain

Ii
(
|ξ|, a, b

)
≤ C

|a2 − b2|l′/l
(a+ b)2αl′ b2l′/l |ξ|2l′/l J(a, b),(3.8)

J(a, b) =

∫∫
D1

f(s, t) ds dt =

∫∫
D2

f(s, t) ds dt,(3.9)

with f(s, t) = 1/
(
(1 + t2)2−l′ (1 + (a2 − b2)2s2)2−l′ |g(s, t)|l′/l

)
.
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By the estimate of the integral J(a, b) given in Proposition 4.1 in the appendix,
the proposition follows in the case a �= b.

For the case a = b = r �= 1/2 we indicate briefly how to modify the previous
proof: we have that

η ∈ Λ+,i
r,r (ξ) ⇐⇒ η = η(s) =

|ξ|
2r

e1 + s |ξ| e2,

where s ∈ (−1/(2r), 0) for i = 1, and s ∈ (0, 1/(2r)) when i = 2. Then (3.4) holds
with η̃(s) = (η̃1(s), η̃2(s)) = (1/(2r), 2rs), hence |η̃(s)| ≤ 1/2r2.

In this case,

(3.10) Jh(s, t) =
4r |ξ|2 |g(s, t)|

(1 + t2)2
, where g(s, t) = (1− r) t+ 2r2s [(1− 2r)t2 − 1].

With this in hand, we have that (3.6)–(3.9) hold for a = b, hence using the estimate
of J(r, r) in the appendix we complete the proof of the proposition. �

Proof of Theorem 3.1. As mentioned, it suffices to estimate
∥∥H+

a,b(f, g)
∥∥2
Ẇα,2 . By

Lemma 3.3,

∥∥H+
a,b(f, g)

∥∥2
Ẇα,2 =

∫
R2

∣∣ Ĥ+
a,b(f, g)(η)

∣∣2|η|2α dη

≤ 1

b2

∫
R2

1

|η|2
(∫

Γ+
a,b(η)

∣∣ f̂(ξ)∣∣ ∣∣ ĝ(η − ξ)
∣∣ dση(ξ)

)2
|η|2αdη

≤ 1

b2

∫
R2

∫
Γ+
a,b(η)

∣∣ f̂(ξ)∣∣2( ∫
Γ+
a,b(η)

∣∣ ĝ(η − ξ′)
∣∣2 dση(ξ

′)
)
|η|2α−2 dση(ξ) dη

≤ 1

b2

∫
R2

∣∣ f̂(ξ)∣∣2 ∫
Λ+

a,b
(ξ)

( ∫
Γ+
a,b

(η)

∣∣ ĝ(η − ξ′)
∣∣2 dση(ξ

′)
) |η|2α−1

|ξ| dσξ(η) dξ

=
1

b2

∫
R2

∣∣ f̂(ξ)∣∣2 F (ξ)
dξ

|ξ| .

The theorem follows from Proposition 3.4, using the Hausdorff–Young inequality
to estimate ‖ĝ‖2l ≤ ‖g‖p . �

Remark 3.5. The constant Al(a, b) in Theorem 3.1 was given in terms of the
estimate for the function J(a, b) proved in Proposition 4.1 in the appendix. By
inspection one can see that with this construction Al(a, ·) is locally integrable
in (0,∞), see Remark 4.3.

Remark 3.6. We notice that Theorem 3.1 along with Remark 3.5 holds for the
operator

Ĥa,b(f, g)(η) =
1

b |η|

∫
Γa,b(η)

|f̂(ξ)| |ĝ(η − ξ)| dσ(ξ).
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3.2. Proof of Theorem 3.2

To study Ga,b we will use the following properties of the Sobolev spaces.

Lemma 3.7. If g has compact support,

1) Given d > 0, there exists a constant C > 0, such that if ξ and ξ′ are in R2

and satisfy |ξ − ξ′| ≤ d, then

(3.11) |ĝ(ξ)| ≤ CM ĝ(ξ′),

2) For β ∈ R, γ > 0, there exists a constant depending on β, γ and the support
of g such that

(3.12) ‖g‖Ẇβ−γ,2 ≤ C ‖g‖Ẇβ,2.

3) If |α| < 1 we have, for i, k = 1, 2,∥∥F−1(M∇ĝ)
∥∥
Ẇα,2 ≤ C ‖g‖Ẇα,2,(3.13) ∥∥F−1(MR̂jRkg)
∥∥
Ẇα,2 ≤ C ‖g‖Ẇα,2,(3.14) ∥∥F−1(M∇R̂jRkg)
∥∥
Ẇα,2 ≤ C ‖g‖Wα,2.(3.15)

Proof. The proof of (3.11) and (3.12) for 0 < γ < 1 can be found in [15]; then (3.12)
for γ > 0 can be obtained by iteration. For (3.13) see [12]. To prove (3.14) just

notice that since −1 < α < 1 then |x|2α is an A2 weight in R2 (see [17]), so that M

is bounded in L2(R2, |x|2α dx). For (3.15) we use the same argument and

∣∣ ∂iR̂jRkg(ξ)
∣∣ ≤ C

( |ĝ(ξ)|
|ξ| + |∂i ĝ(ξ)|

)
, ξ ∈ R2,

so that

∥∥F−1(M∇R̂jRkg)
∥∥2
Ẇα,2 ≤ C

2∑
i=1

∫
Rn

∣∣ ∂iR̂jRkg(η)
∣∣2 |η|2α dη

≤ C

∫
R2

|ĝ(η)|2 |η|2(α−1)dη + C
2∑

i=1

∫
R2

|∂iĝ(η)|2 |η|2αdη.(3.16)

Since g has compact support there exists ϕ ∈ C∞
c (R2) such that ∂iĝ = ϕ̂g =

ϕ̂ ∗ ĝ. Then |∂iĝ(η)| |η|α ≤ Cβ(1 + |·|)α |ϕ̂| ∗ (1 + |·|)α |ĝ| , hence∫
R2

|∂iĝ(η)|2 |η|2αdη ≤ C ‖g‖2Wα,2.

Thus, from (3.16) we obtain (3.15). �

We will also use Calderón’s pointwise inequality for Sobolev functions (which
is a mean value type theorem (see [4])).
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Lemma 3.8. Let g ∈ Ẇ 1,p(R2) =
{
h ∈ S ′(R2) : ∇h ∈ Lp(R2)

}
for some p > 1.

Then we have, almost everywhere,

(3.17) |g(x)− g(y)| ≤ C
(
M(∇g)(x) +M(∇g)(y)

)
|x− y|.

We notice that since Ga,b(f, g) = G1−a,b(g, f), then excluding the case G1/2,1/2

that was studied in ([15]), for the proof of Theorem 3.2 it will be sufficient to study
Ga,b(f, g) when (f, g) = (q1, q2), (q1, RjRkq2) and (RjRkq1, q2) in the case a �= b.
Assume for the rest of the section that a �= b.

To deal with the integral Ĝa,b(f, g), the idea is to split R2 for fixed η in dis-
joint regions, one of them is a small annulus Ma,b(η) containing the singularity
on |ξ − aη| = b|η|. In order to bound the integral in this region we will use the
cancelation of the kernel in (3.20) together with Lemma 3.8. The rest of the regions
are dyadic annuli approaching the singularity. Harmonic analysis tools will be used
to control the part of the integral over the annuli distant to the singularity, and
the integral over the remaining parts will be estimated by integrating on spheres
and using the estimates of the constants Al(a, s) appearing in the control of the
norm of Ha,s(f, g) in Theorem 3.1.

Recalling that a, b > 0, we let

(3.18) c1 =
1

2
min{a, b}, c2 =

3

2
max{a, b} and d =

⎧⎪⎨
⎪⎩

1

4
min{b, |b− a|}, a �= b,

1

2
min{1, a}, a = b.

For η ∈ R2, we define

A0(η) =
{
ξ ∈ R2 : |ξ − a η| ≤ c1 |η|

}
,

Aj(η) =
{
ξ :

(
1− 1

2j

)
(b − c1) |η| < |ξ−a η| − c1|η| ≤

(
1− 1

2j+1

)
(b − c1) |η|

}
,

j = 1, 2, . . . , N1(η), and N1(η) = log2
(b − c1) |η|

2d
,

Ma,b(η) =
{
ξ ∈ R2 :

∣∣ |ξ − a η| − b |η|
∣∣ ≤ d

}
,

Bi(η) =
{
ξ ∈ R2 :

(c2 − b)

2i
|η| < |ξ − a η| − b |η| ≤ (c2 − b)

2i−1
|η|
}
,

i = 1, 2, . . . , N2(η), and N2(η) = log2
(c2 − b) |η|

d
, and

B0(η) =
{
ξ ∈ R2 : |ξ − a η| ≥ c2 |η|

}
.

We decompose the operator Ĝa,b as

(3.19) Ĝa,b = P̂0 +

N1(η)∑
j=1

P̂j + Q̂0 +

N2(η)∑
i=1

Q̂i + V̂ ,
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where

V̂(f, g)(η) = p.v.

∫
Ma,b(η)

f̂(ξ) ĝ(η − ξ)

|ξ − a η|2 − b2|η|2 dξ,(3.20)

P̂j(f, g)(η) =

∫
Aj(η)

f̂(ξ) ĝ(η − ξ)

b2|η|2 − |ξ − a η|2 dξ, j = 0, 1, 2, . . . , N1(η),

Q̂i(f, g)(η) =

∫
Bi(η)

f̂(ξ) ĝ(η − ξ)

|ξ − a η|2 − b2|η|2 dξ, i = 0, 1, 2, . . . , N2(η).

The proof of Theorem 3.2 will be an immediate consequence of the following
two results.

Proposition 3.9. Let 0 < α < 1 and l > 2 such that

0 < α− 1

l
.

If q1 and q2 have compact support in Wα−1/l,2(R2) and (f, g) = (q1, q2) or (f, g) =
(q1, Rj Rk q2), then∥∥G(f, g)− V(f, g)

∥∥
Wα,2 ≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 ,

where the constant C > 0 depends on a, b, and the supports of the q1 and q2.

Proposition 3.10. Let α < 1 and l > 2 such that 0 ≤ α− 1/l. If q1 and q2 have
compact support and belong to Lr(R2) for some r > 1 and (f, g) = (Rj q1, q2) or
(f, g) = (q1, Rj q2), then∥∥F−1

(
χ{|·|>1}(·) V̂(f, g)(·)

)∥∥
Wα,2 ≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 ,

where the constant C > 0 depends on a, b, and the supports of q1 and q2.

We will prove Proposition 3.9 by analyzing each part in (3.19) except the op-

erator V̂ . We start by studying the boundedness of the operators P0 and Q0.

Proposition 3.11. If q1 and q2 have compact support in Wα−1/l,2(R2), then for
any of the cases (f, g) = (q1, q2), (f, g) = (q1, Rj Rk q2) or (f, g) = (Rj Rk q1, q2)
we have

(1) If 0 ≤ α < 1 and l > 2,

(3.21) ‖P0(f, g)‖Wα,2 ≤ C‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 .

(2) If α− 1/l > 0,

(3.22) ‖Q0(f, g)‖Wα,2 ≤ C‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 .

The constant C > 0 depends on a, b, and the supports of q1 and q2.
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Proof. (1) Since
∣∣ R̂jRkq1(ξ)

∣∣ ≤ |q̂1(ξ)|, then

∣∣ P̂0(Rj Rk q1, q2)(η)
∣∣ ≤∫

A0(η)

|q̂1(ξ)| |q̂2(η − ξ)|
|a η − ξ|2 − |η|2 dξ ≤ C

|η|2
∫
A0(η)

|q̂1(ξ)| |q̂2(η−ξ)| dξ.

If ξ ∈ A0(η) then |ξ| ≤ (a + c1) |η|. Hence, by (3.12), if ε > 0 is such that
α− 1 + ε < 0,

∥∥P0(Rj Rk q1, q2)
∥∥2
Ẇα,2 ≤ ‖q2‖2Ẇ−ε,2

∫
R2

C |η|2α−4+2ε
∫
0<|ξ|≤(1+a+c1)|η|

|q̂1(ξ)|2 dξ

≤ ‖q2‖2Ẇ−ε,2

∫
R2

|q̂1(ξ)|2
∫
0<|ξ|≤(1+a+c1)|η|

C |η|2α−4+2ε
dη dξ

≤ C‖q1‖2Ẇα−1+ε,2 ‖q2‖2Ẇ−ε,2 ≤ C‖q1‖2Wα−1/l ‖q2‖2Ẇα−1/l,2 .

Since this is also true for α = 0, we obtain (3.21).
The estimate of ‖P0(q1, q2)‖Wα,2 is included in the previous case and ‖P0(q1,

RjRkq2)‖Wα,2 can be treated in a similar way.

(2) Let β such that 1− β < α.

Notice that if ξ ∈ B0(η), then |ξ − a η| ≥ C|ξ − η| and(
|ξ − a η|+ b|η|

)(
|ξ − a η| − b|η|

)
≥ C|ξ − η|β |η|2−β .

Hence ∣∣ Q̂0(Rj Rk q1, q2)(η)
∣∣ ≤ ∫

B0(η)

|q̂1(ξ)| |q̂2(η − ξ)|
(|ξ − a η|+ b|η|) (|ξ − a η| − b|η|) dξ

≤ C

|η|2−β

∫
B0(η)

|q̂1(ξ)|
|q̂2(η − ξ)|
|ξ − η|β dξ,

and∥∥Q0(Rj Rk q1, q2)
∥∥2
Ẇα,2 ≤ C

∫
R2

|η|2α−4+2β
(∫

B0(η)

|q̂1(ξ)|
|q̂2(η − ξ)|
|ξ − η|β dξ

)2
dη

≤ C

∫
R2

|η|2α−4+2β

∫
B0(η)

|q̂1(ξ)|2 dξ
( ∫

R2

|q̂1(η − ζ)|2
|η − ζ|2β dζ

)
dη

≤ C ‖q2‖2Ẇ−β,2

∫
R2

|q̂1(ξ)|2
∫
|η|≤ 2

|a| |ξ|
|η|2α−4+2β dη dξ

≤ C ‖q2‖2Ẇ−β,2

∫
R2

|q̂1(ξ)|2 |ξ|2α−2+2β dξ ≤ C ‖q1‖2Ẇα+β−1 ‖q2‖2Ẇ−β .(3.23)

Let β = 1− 1/l, then using again (3.12) it follows that

(3.24)
∥∥Q0(Rj Rk q1, q2)

∥∥
Ẇα,2 ≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 .

Now if we use (3.23) for α = 0 and β > 1 we obtain

(3.25)
∥∥Q0(Rj Rk q1, q2)

∥∥
L2 ≤ C ‖q1‖Wβ−1,2 ‖q2‖W−β,2 .
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Notice that if 1− β + α− 1/l ≥ 0, then from (3.12),

‖q1‖Wβ−1,2 ≤ C
(
‖q1‖L2 + ‖q1‖Ẇα−1/l−(1−β+α−1/l),2

)
(3.26)

≤ C
(
‖q1‖L2 + ‖q1‖Ẇα−1/l,2

)
≤ C ‖q1‖Wα−1/l,2 .

On the other hand, if β + α− 1/l ≥ 0, then

‖q2‖W−β,2 ≤ C
(
‖q2‖L2 + ‖q2‖Ẇα−1/l−(β+α−1/l),2

)
(3.27)

≤ C
(
‖q2‖L2 + ‖q2‖Ẇα−1/l,2

)
≤ C ‖q2‖Wα−1/l,2 .

Since α− 1/l > 0, we can choose β > 1 such that

−α+
1

l
≤ β ≤ 1 + α− 1

l
.

Then (3.22) follows from (3.23)–(3.27).
The estimates corresponding to the pair (q1, Rj Rk q2) and (q1, q2) are similar.

�

Now we study the operators
∑N2(η)

i=1 Qi and
∑N1(η)

j=1 Pi.

Proposition 3.12. Let a ∈ (0, 1), b > 0, 2 < l < 3, 1/(2l) + 1/p = 1 and
α < 1. For any of the cases (f, g) = (q1, q2), (f, g) = (q1, Rj Rk q2) or (f, g) =
(Rj Rk q1, q2), with q1 and q2 with compact support in Wα−1/l,2(R2) , we have

∥∥∥ N2(η)∑
i=1

Qi(f, g)
∥∥∥
Wα,2

≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 ,(3.28)

∥∥∥ N1(η)∑
j=1

Pj(f, g)
∥∥∥
Wα,2

≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 ,(3.29)

where the constant C may depend on a, b, and the supports of q1 and q2.

Proof. We start by proving (3.28). We can write, for i = 1, 2, . . . , N2(η),

Bi(η) =
{
ξ ∈ R2 : ξ = aη + ζ with ζ ∈ Γa,b+r(c2−b)(η),

1

2i
< r ≤ 1

2i−1

}
.

Then,

∣∣ Q̂i(f, g)(η)
∣∣ ≤ ∫

Bi(η)

|q̂1(ξ)| |q̂2(η − ξ)|
|ξ − a η|2 − b2|η|2 dξ

=

∫
1

2i
<r≤ 1

2i−1

∫
Γa,b+r(c2−b)(η)

|q̂1(ξ)| |q̂2(η − ξ)|
|ξ − a η|2 − b2|η|2 dσb+r(c2−b)(ξ) dr

=

∫ 1

2i−1

1

2i

1(
2r(c2 − b) + r2(c2 − b)2

)
|η|2

∫
Γa,b+r(c2−b)(η)

|q̂1(ξ)| |q̂2(η − ξ)| dσb+r(c2−b)(ξ) dr

=
1

|η|

∫ 1
2i−1

1

2i

b+ r(c2 − b)(
2r(c2 − b) + r2(c2 − b)2

) Ĥa,b+r(c2−b)(q1, q2)(η) dr.
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Since b+r(c2−b)
2(c2−b)+r(c2−b)2 ≤ 1,

∣∣∣ N2(η)∑
i=1

Q̂i(f, g)(η)
∣∣∣ ≤ 1

|η|

N2(η)∑
i=1

2i
∫ 1

2i−1

1
2i

Ĥa,b+r(c2−b)(q1, q2)(η) dr

≤ 2N2(η)

|η|

∫ 1

1

2N2(η)

Ĥa,b+r(c2−b)(q1, q2)(η) dr ≤ C

∫ 1

0

∣∣ Ĥa,b+r(c2−b)(q1, q2)(η)
∣∣ dr.

By Minkowski’s inequality we have

∥∥∥ N2(·)∑
i=1

Qi(f, g)
∥∥∥
Ẇα,2

=
∥∥∥ N2(·)∑

i=1

Q̂i(f, g)(·)| · |α
∥∥∥
L2

≤ C
∥∥∥ ∫ 1

0

Ĥa,b+r(c2−b)(q1, q2)(·) dr | · |α
∥∥∥
L2

≤ C

∫ 1

0

∥∥ Ĥa,b+r(c2−b)(q1, q2)(·)| · |α
∥∥
L2 dr = C

∫ 1

0

∥∥Ha,b+r(c2−b)(q1, q2)
∥∥
Ẇα,2 dr.

Theorem 3.1 and Remarks 3.5 and 3.6 yield∫ 1

0

∥∥Ha,b+r(c2−b)(q1, q2)
∥∥
Ẇα,2 dr

≤ C {‖q1‖Wα−1/l,2 ‖q2‖Lp + ‖q1‖Lp ‖q2‖Wα−1/l,2}
∫ 1

0

Al (a, b+ r(c2 − b)) dr

= C {‖q1‖Wα−1/l,2 ‖q2‖Lp + ‖q1‖Lp ‖q2‖Wα−1/l,2} .

As p < 2 and qi, i = 1, 2, has compact support we get

‖qi‖Lp ≤ C ‖qi‖L2 ≤ C ‖qi‖Wα−1/l,2 ,

and ∥∥∥ N2(·)∑
i=1

Qi(f, g)
∥∥∥
Ẇα,2

≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 .

This estimation is valid for α = 0, so the proof of (3.28) is complete.

To prove (3.29) we consider i0 such that b− 1
2i0−1 (c2−b) > 0. Then proceeding

as in the proof of (3.28) we obtain that

∥∥∥ N1(η)∑
j=i0

Pj(f, g)
∥∥∥
Wα,2

≤ C(a, b) ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 .

Now it remains to deal with the first i0 − 1 terms, but for i > 0 fixed, the norms
‖Pj(f, g)‖Wα,2 can be handled as the case i = 0 in Proposition 3.11. �

Proof of Proposition 3.9. The proof follows from Propositions 3.11 and 3.12. �
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For 0 < ε < d we define

M ε,−
a,b (η) =

{
ξ : ε < b |η|−|ξ−a η| < d

}
, M ε,+

a,b (η) =
{
ξ : ε < |ξ−a η|−b |η| < d

}
,

so that

V̂(f, g)(η) = lim
ε → 0
ε > 0

( ∫
Mε,+

a,b (η)

f̂(ξ) ĝ(η − ξ)

|ξ − a η|2 − b2|η|2 dξ+

∫
Mε,−

a,b (η)

f̂(ξ) ĝ(η − ξ)

|ξ − a η|2 − b2|η|2 dξ
)
.

For the proof of Proposition 3.10 we will use the following lemma.

Lemma 3.13. Let T ε
a,b be the operator defined by

T̂ ε
a,b(f, g)(η) = χ{η: |η|>1}(η) |η|−1

∫
Mε,+

a,b (η)∪Mε,−
a,b (η)

|f̂(ξ)| |ĝ(η − ξ)| dξ,

α ∈ R and l > 2, 1/(2l) + 1/p = 1. For f, g ∈ Wα−1/l,2(R2) ∩ Lp(R2) we have∥∥T ε
a,b(f, g)

∥∥
Ẇα,2 ≤ C(a, b)

{
‖f‖Ẇα−1/l,2 ‖ĝ‖L2l + ‖f̂‖L2l ‖g‖Ẇα−1/l,2

}
(3.30)

≤ C(a, b)
{
‖f‖Ẇα−1/l,2 ‖g‖Lp + ‖f‖Lp ‖g‖Ẇα−1/l,2

}
.

In particular, if we take α = 0 in (3.30) we have∥∥T ε
a,b(f, g)

∥∥
Wα,2 ≤ C(a, b)

{
‖f‖Wα−1/l,2 ‖ĝ‖L2l + ‖f̂‖L2l ‖g‖Wα−1/l,2

}
≤ C(a, b)

{
‖f‖Wα−1/l,2 ‖g‖Lp + ‖f‖Lp ‖g‖Wα−1/l,2

}
.

Proof. We rewrite M ε,+
a,b (η) ∪M ε,−

a,b (η) as

{
ξ∈Γa,bs(η) : 1−

d

b|η| ≤ s ≤ 1− ε

b|η|

}⋃{
ξ∈Γa,bs(η) : 1+

ε

b|η| ≤ s ≤ 1+
d

b|η|

}
.

Then,

T̂ ε
a,b(f, g)(η) = T̂ ε,+

a,b (f, g)(η) + T̂ ε,−
a,b (f, g)(η),

T̂ ε,±
a,b (f, g)(η) = χ{η: |η|>1}(η) |η|−1

∫
Mε,±

a,b (η)

|f̂(ξ)| |ĝ(η − ξ)| dξ.

We will study T̂ ε,−
a,b (f, g)(η):

T̂ ε,−
a,b (f, g)(η) = χ{η: |η|>1}(η) |η|−1

∫ 1− ε
b|η|

1− d
b|η|

∫
Γa,bs(η)

|f̂(ξ)| |ĝ(η − ξ)| dσ(ξ) ds

= b χ{η: |η|>1}(η)
∫ 1− ε

b|η|

1− d
b|η|

s Ĥa,bs(f, g)(η) ds ≤ C(a, b)

∫ 1

1− d
b

s Ĥa,bs(f, g)(η).
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Now we use Minkowski’s inequality, Theorem 3.1 and (3.5) so that

∥∥T ε,−
a,b (f, g)

∥∥
Ẇα,2 =

∥∥ T̂ ε,−
a,b (f, g)(·)| · |α

∥∥
L2 ≤ C

∥∥∥ ∫ 1

1− d
b

s Ĥa,bs(f, g)(·) ds | · |α
∥∥∥
L2

≤ C(a, b)
{
‖f‖Ẇα−1/l,2 ‖g‖Lp + ‖f‖Lp ‖f‖Ẇα−1/l,2

}
.

�

Define
φ : M ε,−

a,b (η) → M ε,+
a,b (η)

a reflection with respect to Γa,b(η) given by

(3.31) φ(ξ) = a η +
(
2

b |η|
|ξ − a η| − 1

)(
ξ − a η

)
= 2a η − ξ + 2b |η| ξ − a η

|ξ − a η| .

Then φ is a bijection, φ2 = I is the identity, and

|Jφ(ξ)| = 1 + 2
b |η| − |ξ − a η|

|ξ − a η| .(3.32)

|φ(ξ) − a η| − b |η| = b |η| − |ξ − a η|, ξ ∈ M ε,−
a,b (η).(3.33)

|φ(ξ) − ξ| = −2
(
|ξ − a η| − b|η|

)
, ξ ∈ M ε,−

a,b (η).(3.34)

|φ(ξ)− a η|
|ξ − a η| ≤ 2, ξ ∈ M ε,−

a,b (η) and |η| > 1.

∣∣Jφ−1(ξ′)
∣∣ = 1

|Jφ(φ−1(ξ′))|

=
1

1 + 2 b|η|−|φ−1(ξ′)−aη|
|φ−1(ξ′)−aη|

≤ 2 if |η| > 1.

Proof of Proposition 3.10. Let q1, q2 be as in the hypothesis and let (f, g) = (q1, q2),
(q1, Rj Rk q2) or (Rj Rk q1, q2).

Using (3.31)–(3.34) we can rewrite

V̂(f, g)(η) = lim
ε→0,ε>0

{
Îε1 (f, g)(η)− 2 Îε2(f, g)(η)− 2 Îε3(f, g)(η)

}
,

where

Îε1(f, g)(η) =

∫
Mε,−

a,b (η)

[
f̂(φ(ξ)) ĝ

(
η − φ(ξ)

)
− f̂(ξ) ĝ(η − ξ)

]
|φ(ξ)− a η|2 − b2|η|2 |Jφ(ξ)| dξ,

Îε2(f, g)(η) =

∫
Mε,−

a,b (η)

f̂(ξ) ĝ(η − ξ)(
|φ(ξ) − a η|+ b|η|

)
|ξ − a η|

dξ,

and

Îε3 (f, g)(η) =

∫
Mε,−

a,b (η)

f̂(ξ) ĝ(η − ξ)(
|ξ − a η|+ b |η|

) (
|φ(ξ) − a η|+ b |η|

) dξ.
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If ξ ∈ M ε
a,b(η), then

|ξ − aη| ≥ b

2
, when |η| > 1,

then for i = 2, 3,

χ{η: |η|>1}(η)
∣∣ Îεi (f, g)(η)∣∣ ≤ C(a, b) T̂ ε

a,b(f, g)(η),

and by Lemma 3.13,∥∥F−1
(
χ{η:|η|>1}(·) Îεi (f, g)(·)

)∥∥
Wα,2 ≤ C

{
‖g‖Lp ‖f‖Wα−1/l + ‖f‖Lp ‖g‖Wα−1/l,2

}
.

For i = 1, 2, since |R̂jRkqi| ≤ |q̂i| and ‖qi‖Lp ≤ C ‖qi‖L2 , p ≤ 2, we have∥∥F−1
(
χ{η:|η|>1}(·) Îεi (f, g)(·)

)∥∥
Wα,2 ≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l .

Now we will study Iε1(f, g). By (3.32),

Îε1(f, g)(η) =

∫
Mε,−

a,b (η)

f̂(φ(ξ)) ĝ(η − φ(ξ)) − f̂(ξ) ĝ(η − ξ)

|φ(ξ) − a η|2 − b2|η|2 dξ

− 2

∫
Mε,−

a,b (η)

f̂(φ(ξ)) ĝ(η − φ(ξ)) − f̂(ξ) ĝ(η − ξ)(
|φ(ξ) − a η|+ b |η|

)
|ξ − a η|

dξ

= Îε1,1(f, g)(η)− 2 Îε1,2(f, g)(η) + 2 Îε1,3(f, g)(η),

where

Îε1,1(f, g)(η) =

∫
Mε,−

a,b (η)

f̂(φ(ξ)) ĝ(η − φ(ξ)) − f̂(ξ) ĝ(η − ξ)

|φ(ξ) − a η|2 − b2|η|2 dξ,

Îε1,2(f, g)(η) =

∫
Mε,−

a,b
(η)

f̂(φ(ξ)) ĝ(η − φ(ξ))(
|φ(ξ)− a η|+ b|η|

)
|ξ − a η|

dξ

Îε1,3(f, g)(η) =

∫
Mε,−

a,b
(η)

f̂(ξ) ĝ(η − ξ)(
|φ(ξ)− a η|+ b |η|

)
|ξ − a η|

dξ.

We have, for i = 2, 3,

χ{η:|η|>1}(η)
∣∣ Îε1,i(f, g)(η)∣∣ ≤ C T̂ ε

a,b(f, g)(η).

Hence,∥∥F−1
(
χ{η:|η|>1}(·) Îε1,i(f, g)(·)

)∥∥
Wα,2 ≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 , i = 2, 3.

Now we treat Îε1,1(f, g)(η):

Îε1,1(f, g)(η) =

∫
Mε,−

a,b (η)

f̂(φ(ξ))
[
ĝ(η − φ(ξ)) − ĝ(η − ξ)

]
|φ(ξ) − a η|2 − b2|η|2 dξ

+

∫
Mε,−

a,b (η)

[
f̂(φ(ξ)) − f̂(ξ)

]
ĝ(η − ξ)

|φ(ξ)− a η|2 − b2|η|2 dξ = Ĵε
1 (f, g)(η) + Ĵε

2 (f, g)(η).
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Consider first (f, g) = (Rj Rk q1, q2).

Notice that since q2 ∈ Lr(R2) with r > 1 has compact support then xiq2 ∈
Lr(R2) for i = 1, 2, and we can assume that r ≤ 2. Then ∇q̂i ∈ W 1,p(R2) for some
p > 1, and by (3.17), (3.33) and (3.34) we have

∣∣Ĵε
1 (Rj Rk q1, q2)(η)

∣∣ ≤ ∫
Mε,−

a,b (η)

|q̂1(φ(ξ))|M(∇q̂2)(η − φ(ξ))

|φ(ξ) − aη|+ b|η| dξ

+

∫
Mε,−

a,b (η)

|q̂1(φ(ξ))|M(∇q̂2)(η − ξ)

|φ(ξ) − aη|+ b|η| dξ

≤ C
{ 1

|η|

∫
Mε,+

a,b (η)

|q̂1(ξ)|M(∇q̂2)(η − ξ) dξ +

∫
Mε,−

a,b (η)

|q̂1(φ(ξ))|M(∇q̂2)(η − ξ)

|φ(ξ) − aη|+ b|η| dξ
}

= C
{
Ĵε
1,1(q1, q2)(η) + Ĵε

1,2(q1, q2)(η)
}
.

Since ∣∣χ{|·|>1}(·) Ĵε
1,1(q1, q2)(η)

∣∣ ≤ C T̂ ε
a,b

(
q1,F−1M(∇q̂2)

)
(η),

then by Lemma 3.13 and (3.13), it follows that

∥∥F−1
(
χ{|·|>1}(·) Ĵε

1,1(q1, q2)(·)
)∥∥

Wα,2 ≤ C
∥∥T ε

a,b

(
q1,F−1M(∇q̂2)

)∥∥
Wα,2(3.35)

≤ C
{
‖q1‖Wα−1/l,2 ‖M(∇q̂2)‖L2l + ‖q̂1‖L2l

∥∥F−1(M(∇q̂2))
∥∥
Wα−1/l,2

}
,

≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 .

On the other hand, since by (3.11) we have |q̂1(φ(ξ))| ≤ CMq̂1(ξ), then

(3.36)
∣∣χ{|·|>1}(η) Ĵε

1,2(Rj Rk q1, q2)(η)
∣∣ ≤ C T̂ ε

a,b

(
F−1Mq̂1,F−1(M(∇q̂2)

)
(η),

and again by Lemma 3.13,

(3.37)
∥∥F−1

(
χ{|·|>1}(·) Ĵε

1,2(q1, q2)(·)
)∥∥

Wα,2 ≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 .

Similarly we can prove that

(3.38)

∣∣χ{|·|>1}(η)Ĵε
1,1(q1, Rj Rk q2)(η)

∣∣ ≤ C T̂ ε
a,b

(
q̂1,F−1(M(∇R̂jRkq2))

)
(η),∣∣χ{|·|>1}(η)Ĵε

1,2(q1, Rj Rk q2)(η)
∣∣ ≤C T̂ ε

a,b

(
F−1Mq̂1,F−1(M(∇R̂jRkq2))

)
(η).

From (3.35)–(3.38), and Lemma 3.13, we arrive to

∥∥F−1
(
χ{|·|>1}(·) (Jε

1 (f, g))
̂(·)

)∥∥
Wα,2 ≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 ,

for (f, g) = (Rj Rk q1, q2), (q1, Rj Rk q2) and the easier case (q1, q2).
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Finally, we have to estimate Jε
2 (f, g). We see that

Ĵε
2 (Rj Rk q1, q2)(η) =

∫
Mε,−

a,b

[φ(ξ)jφ(ξ)k
|φ(ξ)|2 q̂1(φ(ξ)) − ξjξk

|ξ|2 q̂1(ξ)
]
q̂2(η − ξ)

|φ(ξ)− a η|2 − b2|η|2 dξ

=

∫
Mε,−

a,b

φ(ξ)jφ(ξ)k
|φ(ξ)|2

[
q̂1(φ(ξ)) − q̂1(ξ)

]
q̂2(η − ξ)

|φ(ξ)− a η|2 − b2|η|2 dξ

+

∫
Mε,−

a,b

[φ(ξ)jφ(ξ)k
|φ(ξ)|2 − ξjξk

|ξ|2
]
q̂1(ξ) q̂2(η − ξ)

|φ(ξ) − a η|2 − b2|η|2 dξ

= Ĵε
2,1

(
Rj Rk q1(φ(ξ)), q2

)
(η) + Ĵε

2,2

(
Rj Rk q1(φ(ξ)), q2

)
(η).

Then the analysis is similar to the previous cases. Just notice that since a �= b and
using (3.18), we have

∣∣∣ φ(ξ)j φ(ξ)k|φ(ξ)|2 − ξj ξk
|ξ|2

∣∣∣ ≤ C

|b− a| |η| |φ(ξ) − ξ|.

The terms Jε
2 (q1, Rj Rk q2) and Jε

2 (q1, q2) can be handled in a similar way so that∥∥F−1
(
χ{|·|>1}(·) Ĵε

2 (f, g)(·)
)∥∥

Wα,2 ≤ C ‖q1‖Wα−1/l,2 ‖q2‖Wα−1/l,2 ,

and the proof of Proposition 3.10 is complete. �

4. Appendix

In this section we study the convergence for points (a, b) with b > 0, 0 < a < 1 of
the integral J(a, b), see (3.9).

Proposition 4.1. J(a, b) < ∞ for every (a, b) ∈ R× (0,∞).

For the proof we will need the following lemma.

Lemma 4.2. Let γ1, γ2 ∈ R with γ1 �= γ2, β < 1 and I a bounded interval on R.
We have ∫

I

dx

|x− γ1|β |x− γ2|β
≤ C(β)

(
d1−2β + |I| d−2β

)
,

where d = |γ1 − γ2| and |I| is the measure of I.

Proof of Proposition 4.1. If a �= b, then

J(a, b) =

∫∫
D

dt ds

(1 + t2)
2−l′

(1 + (a2 − b2)2s2)
2−l′ |g(s, t)|l′/l

,

where D =
{
(s, t) : −1/(a+ b)2 < s < 0, t > 1

}
and g is given by (3.5).
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If a = b = r �= 1/2, then

J(r, r) ≤
(C
r2

)αl′ ∫ ∞

1

∫ 0

−1/(4r2)

ds dt(
1 + t2

)l′−2l′/l |g(s, t)|l′/l

(see (3.10) for the definition of g in this case). Since J(1 − a, b) = J(a, b) it is
enough to estimate J(1− b, b), J(a, a) and J(a, b) for(a, b) ∈ L, where

L =
{
(a, b) ∈ (0, 1)×(0,∞) : {0<b<a and a < 1/2} ∪ {0 < b �= a and a > 1/2}

}
Let (a, b) ∈ (0, 1)× (0,∞) and write the function g as

g(s, t) = (1− a)(a− b) t
[
− (a+ b)3(a− b) s2 + 1

]
+ (a+ b) |a− b| a s

[(
(1− a)− b

)
t2 − (b+ (1− a))

]
.

1) Case (a, b) ∈ L.

Given t ∈ (1,∞) fixed, let

gt(s) = g(s, t) = q1(t) s
2 + q2(t) s+ q3(t),

where

q1(t) = −(1− a)(a+ b)3(a− b)2 t,

q2(t) = (a+ b) |a− b| a
[(
(1− a)− b

)
t2 − (b+ (1− a))

]
,

q3(t) = (1 − a)(a− b) t.

If (a, b) ∈ L and t ∈ (1,∞) is fixed, a straightforward argument, shows that the
above polynomial gt has two different real roots α1(t) and α2(t).

We have

d(t) =
∣∣α1(t)− α2(t)

∣∣ = √
Δ(t)

|q1(t)|
= (a+ b)

|a− b|
√
f(t)

|q1(t)|
,

with

Δ(t) = (a+ b)2(a− b)2f(t), f(t) = r1t
4 + r2t

2 + r3 > 0 if t ∈ [1,∞),

where

r1 = a2((1 − a)− b)2,

r2 = 2
[
2(1− a)2(a2 − b2)− a2

(
(1− a)2 − b2

)]
,

r3 = a2
(
b+ (1− a)

)2
.

If r2 ≥ 0 then f(t) ≥ r1 t
4, and hence

d(t) ≥ (a+ b) (a− b) a |1− a− b| t2
(1− a) (a+ b)3(a− b)2 t

=
a |1− a− b| t

(1 − a) (a+ b)2 |a− b| .
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For r2 ≤ 0 we consider the function

F (t) =
t4 +At2 +B

t4
, t ∈ [1,∞), A < 0, A2 < 4B.

It can be easily seen that if
√
−2B/A < 1 then F (t) ≥ F (1) and hence t4 +At2 +

B ≥ t4(1 + A + B), while if
√
−2B/A > 1 then F (t) ≥ F

(√
−2B/A

)
and hence

t4 +At2 +B ≥ t4(4B−A2

4B ).

Applying this to our function f(t), we see that if
√
−2r3/r2 < 1 then f(t) ≥(

4(2a− 1)(b2 − a2) + 4a2
)
t4 and hence

d(t) ≥ 2
√
(2a− 1)(b2 − a2) + a4t

(1− a) (a+ b)2 |a− b| .

For
√
−2r3/r2 > 1 then f(t) ≥ −4(1− a)2(a2 − b2) b2(2a− 1)

a2(b + 1− a)2
t4. We obtain

d(t) ≥ 2b
√
|2a− 1| t

a |1− a+ b| (a+ b)3/2|a− b|1/2 .

Finally we see that for (a, b) ∈ L and t ∈ [1,∞) we have

1

d(t)
≤
{

1

|a| |1− a− b|+
1

2
√∣∣ (2a− 1) (b2 − a2)

∣∣+ a4
+

1

2b
√
|2a− 1|

}
1

t
=

B(a, b)

t
.

If we apply Lemma 4.2 and we take 2 < l < 3, in order to have 2l′/l − 1 > 0,
we have

J(a, b) ≤ C

∫ ∞

1

1

t4−2l′ |q1(t)|l′/l
∫ 0

− 1
(a+b)2

ds

|s− α1(t)|l′/l |s− α2(t)|l′/l
dy

≤ C(l, l′)
∫ ∞

1

dt

t4−2l′ |q1(t)|l′/l d(t)2l′/l−1
+

C(l, l′)
(a+ b)2

∫ ∞

1

dt

t4−2l′ |q1(t)|l′/l d(t)2l′/l
.

And hence,

J(a, b) ≤
( 1

(1− a)(a+ b)3|a− b|2
)l′/l(

B(a, b)l
′/l−1 +

B(a, b)l
′/l

(a+ b)2

)
.

2) Case a = 1− b.

For 1/2 < b < 1,

gs(t) = g(s, t) = b (1− 2b)
(
(1 + (2b− 1) s2)t+ 2(1− b) s

)
.

Since −1 ≤ s ≤ 0 and t > 1 we have that (1 + (2b − 1) s2) t+ 2(1 − b) s ≥ 2b − 1.
Hence |gs(t)| ≥ b (2b− 1)2 and

J(1− b, b) ≤ C(
b (2b− 1)2

)l′/l .
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For 0 < b < 1/2,

gs(t) = b (1− 2b)
((
1 + (2b− 1) s2

)
t− 2(1− b) s

)
.

Since 1 + (2b− 1) s2 ≥ 0 then |gs(t)| ≥ b |1− 2b| |1− b| |s|, and so

J(1− b, b) ≤ C(
b |1− 2b| |1− b|

)l′/l .
3) Case a = b = r �= 1/2.

For 1/2 < r < 1, letting u = (1− r) t+ 2r2s [(1− r) t2 − 1] we get

J(r, r) ≤
(C
r2

)αl′+1
∫ ∞

1

∫ (1−r)t

(1−r)t−1/2[(1−2r2t−1]

du

|u|l′/l
dt[

(1 − 2r) t2 − 1
]
(1 + t2)l′(1−2/l)

≤
(C
r2

)αl′+1 |1− 2r|1−l′/l

|1− 2r|

∫ ∞

1

dt

t2
≤
(C
r2

)αl′+1

|1− 2r|−l′/l.

For 0 < r < 1/2 we have

J(r, r) ≤
(C
r2

)αl′ ∫ ∞

1

∫ 0

−1

4r2

ds dt

(1 + t2)l′−2l′/l
∣∣ (1− r) t+ 2r2 s

[
(1− r) t2 − 1

]∣∣l′/l .
Let

I =

∫
{t>1}∩{|(1−2r)t2−1|<1−r}

∫ 0

−1

4r2

ds dt

(1 + t2)l′−2l′/l
∣∣ (1−r) t+ 2r2 s

[
(1−r) t2 − 1

]∣∣l′/l
and

II=

∫
{t>1}∩{|(1−2r)t2−1|>1−r}

∫ 0

−1

4r2

ds dt

(1 + t2)l′−2l′/l
∣∣ (1−r) t+ 2r2 s

[
(1−r) t2 − 1

]∣∣l′/l .
To estimate I, notice that if t ∈ { t > 1} ∩ { |(1− 2r)t2 − 1| < 1− r} then

|(1−r) t+2r2s [(1−r) t2−1]| > (1−r)(t− 1
2 ) and

( r

1−2r

)1/2
< t <

(2− r

1−2r

)1/2
.

Hence,

I ≤
∫ ( 2−r

1−2r )
1/2

( r
1−2r )

1/2

∫ 0

−1

4r2

ds dt(
(1− r) (t − 1

2 )
)l′/l

t2l′(1−2/l)
≤ C

(1− r)−l′/l

(1 − 2r)
1
2 (−l′(2−3/l)+1)r2

.

To estimate II we make the change of variable u = (1− r) t+2r2s ((1− 2r) t2− 1).
Notice that for t ∈ { t > 1} ∩ { |(1− 2r) t2 − 1| > 1− r}, t2 �= 1− 2r.

II =

∫ ( r
1−2r )

1/2

1

∫ (1−r)t− 1
2 ((1−2r)t2−1)

(1−r)t

du dt

ul′/l 2r2
[
1− (1− 2r) t2

]
t2l′(1−2/l)

+

∫ ∞

( 2−r
1−2r )

1/2

∫ (1−r)t

(1−r)t− 1
2 ((1−2r)t2−1)

du dt

ul′/l 2r2 [1− (1− 2r)t2] t2l′(1−2/l)

≤ C
(1− 2r)−l′/l

r2
,
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Hence we see that

J(r, r) ≤
(C
r2

)αl′+1

|1− 2r|−l′/l. �

Remark 4.3. Direct calculations show that for any fixed a ∈ R, the function
Al(a, r) is integrable in any finite interval in (0,∞) not containing r = −a.
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