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On the set of fixed points of automorphisms of

bordered Klein surfaces

José Manuel Gamboa and Grzegorz Gromadzki

Abstract. The nature of the set of points fixed by automorphisms of
Riemann or unbordered nonorientable Klein surfaces as well as quanti-
tative formulae for them were found by Macbeath, Izquierdo, Singerman
and Gromadzki in a series of papers. The possible set of points fixed
by involutions of bordered Klein surfaces has been found by Bujalance,
Costa, Natanzon and Singerman who showed that it consists of isolated
fixed points, ovals and chains of arcs. They classified involutions of such
surfaces, up to topological conjugacy in these terms. Here we give for-
mulae for the number of elements of each type, also for non-involutory
automorphisms, in terms of the topological type of the action of the group
of dianalytic automorphisms. Finally we give some illustrative examples
concerning bordered Klein surfaces with large groups of automorphisms
already considered by May and Bujalance.

1. Introduction

Macbeath found in [11] a formula for the number of points fixed by an arbitrary
analytic automorphism ϕ of a compact Riemann surface X in terms of the topo-
logical type of the group G of conformal automorphisms of X , which corresponds
to a so called smooth epimorphism θ : Λ → G. Later, Izquierdo and Singerman [9]
obtained in such terms formulae for G a cyclic group of automorphisms of an un-
bordered non-orientable compact Klein surface, and Gromadzki [8] provided such
formulae for arbitrary group G of all dianalytic automorphisms of X . Here we
deal with the case in which X is a compact bordered Klein surface. Then the
group Λ above (which is a Fuchsian group in the case of Riemann surfaces and an-
alytic automorphisms) is an NEC group, that is, a discrete subgroup of the group
of isometries of the hyperbolic plane including orientation reversing ones which
uniformises the compact quotient surface X/G.
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The set of points fixed by an automorphism ϕ of a classical Riemann surface X
consists either of a finite number of isolated points if ϕ is analytic or of a finite
number of ovals if ϕ is an antianalytic involution. In particular, Harnack’s Theorem
(see e.g. [3] for modern exposition), which is considered as the first relevant result
in Real Algebraic Geometry, states that the number of such ovals is bounded above
by g +1, where g is the genus of X . If we allow X to be non-orientable then both
types of points fixed by a dianalytic automorphism can simultaneously occur.

In this paper X is a compact bordered Klein surface, which in particular has
a finite number of connected components. By the well-known categorial coequiva-
lence, see e.g. [5], the problem we deal with is equivalent to study the set of fixed
points of birational automorphisms of real irreducible algebraic curves. Let

Fix(X) =
⋃

id�=ϕ∈Aut(X)

Fix(ϕ) .

The first, and actually the only important work in this direction is [4], where the
authors described the nature of the set Fix(σ) of points fixed by an involution σ,
classified involutions up to topological conjugacy by means of certain numerical
invariants concerning Fix(σ) and showed that it is composed by a finite number of
isolated fixed points, a finite number of ovals, which can be divided into twisted
and non-twisted, and a finite number of chains of closed arcs on X , also divided
into twisted and non-twisted.

Here we show, in addition, that the set of points fixed by an automorphism
which is not an involution consists of two parts:

(i) a finite set of points isolated in Fix(X),

(ii) a finite set of points not being isolated in Fix(X), i.e. lying on the intersec-
tions of two ovals, two arcs or an arc and an oval.

Moreover, we find in Theorems 3.2, 3.3 and 3.4 formulae for the number of
isolated fixed points of each type and the number of ovals and arcs for an arbitrary
automorphism ϕ ∈ G = Aut(X) just in terms of G and the topological type of the
action of G on the surface X . Moreover, we supply in Section 4 some illustrative
examples concerning the set of fixed points of bordered Klein surfaces with large
groups of automorphisms already considered by May and Bujalance.

2. Preliminaries

We shall use combinatorial methods based on the Riemann uniformization theorem
and the combinatorial theory of Fuchsian and NEC groups as in [5], where the
reader can find all necessary notions and facts.

By a Klein surface we mean a compact topological surface with a dianalytic
structure, which roughly speaking differs from the classical conformal structure by
the fact that reflections z �→ −z̄ are allowed as transition functions of charts, see [1]

for details. Given such a surface X , there is a double Riemann covering X̃ together
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with an antianalytic involution τ , known as the structural symmetry, such that the
orbit space X̃/τ with the natural structure of Klein surface inherited from X̃ is

dianalytically isomorphic to X , see [1]. The surface X̃ is called the complex double
of X . This makes the study of automorphisms of Klein surfaces equivalent to the
study of dianalytic automorphisms of X̃ centralizing τ . We shall use this approach
here in some proofs. The algebraic genus of X is defined to be the topological
genus of X̃. Now, the Riemann uniformization theorem for Riemann surfaces
and the above fact yield the equivalent theorem for Klein surfaces: each Klein
surface X can be represented as the orbit space H/Γ of the hyperbolic plane H
with respect to the action of a surface non-euclidean crystallographic group (NEC-
group in short), and its group of dianalytic automorphisms can be represented as
the factor group Λ/Γ for some larger NEC-group Λ.

An NEC-group Λ is a (finitely generated) discrete subgroup of the group G of
hyperbolic isometries, including those which reverse orientation, of the hyperbolic
plane H with compact orbit space. If reflections are the only torsion elements in Λ,
then this group is called a surface NEC-group. Macbeath [10] and Wilkie [15] asso-
ciated to every NEC-group Λ a signature, which determines its algebraic structure.
It has the form

(2.1) (g;±; [m1, . . . ,mr]; {(n11, . . . , n1s1), . . . , (nk1, . . . , nksk)}).
A surface NEC group Γ has signature (g;±; [−]; {(−), k. . ., (−)}) and the algebraic
genus of H/Γ equals εg + k − 1, where ε = 2 if the sign is + and ε = 1 if the
sign is −. The numbers mi ≥ 2 are called the proper periods, the sequences
Ci = (ni1, . . . , nisi) the period cycles, the numbers nij ≥ 2 the link periods, si is
the length of the period cycle Ci and g ≥ 0 is said to be the orbit genus of Λ.

The orbit space H/Λ is a surface having k boundary components, orientable or
not according to the sign being + or − and having topological genus g.

A group Λ with signature (2.1) has a presentation with the following generators:

x1, . . . , xr , ei, cij , 1 ≤ i ≤ k, 0 ≤ j ≤ si

and
a1, b1, . . . , ag, bg if the sign is +, or d1, . . . , dg otherwise,

and relators:

xmi

i , i = 1, . . . , r, c2ij , (cij−1cij)
nij , ci0e

−1
i cisiei, i = 1, . . . , k, j = 0, . . . , si

and

x1 · · ·xre1 · · · eka1b1a−1
1 b−1

1 · · · agbga−1
g b−1

g or x1 · · ·xre1 · · · ekd21 · · · d2g,
according to whether the sign is + or −. The elements xi are elliptic transfor-
mations associated to the proper period mi, and cij are reflections associated to
the period cycle Ci. Every element of finite order in Λ is conjugate either to a
generating reflection cij , to a power of some elliptic generator xi or to a power of
the product of two consecutive generating reflections cij−1, cij . Any system of gen-
erators of an NEC-group satisfying the above relations will be called a canonical
system of generators and its elements will be called canonical generators.
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Every NEC-group Λ has an associated fundamental region whose hyperbolic
area μ(Λ) is given by

(2.2) μ(Λ) = 2π

(
εg + k − 2 +

r∑
i=1

(
1− 1

mi

)
+

1

2

k∑
i=1

si∑
i=1

(
1− 1

nij

))
,

where ε is defined as above. It is known that an abstract group with the pre-
sentation given by the above canonical generators and relations can be realized
as an NEC-group with the signature in (2.1) if and only if the right hand side
of (2.2) is positive. If Λ′ is a subgroup of finite index in an NEC-group Λ then it
is an NEC-group itself. Moreover, the Hurwitz–Riemann formula applied to the
covering H/Λ′ → H/Λ reads

(2.3) μ(Λ)[Λ : Λ′] = μ(Λ′).

Any dianalytic action of a finite groupG on a bordered Klein surface of algebraic
genus p is determined by an epimorphism θ : Λ → G, where Λ is an NEC-group, θ
preserves the orders of canonical elliptic generators and the orders of products of
consecutive canonical reflections, and μ(Λ) = 2π|G|(p− 1). Such an epimorphism
is said to be smooth, and two such epimorphisms θ : Λ → G and θ′ : Λ′ → G′ are
said to define topologically equivalent actions if the diagram

Λ
ϕ �� Λ′

G
ψ ��

��
θ

G′
��
θ′

commute for some isomorphisms ϕ : Λ → Λ′ and ψ : G → G′. It is worthwhile
mentioning that all the results obtained in this paper are invariant under this
relation; therefore we will freely substitute (θ,Λ, G) by (θ′,Λ′, G′) if necessary.

Throughout the article, Zn and Dn denote the cyclic and the dihedral group
of order n and 2n, respectively; C(G,ϕ) and NG(〈ϕ〉) denote, respectively, the
centralizer of ϕ in G and the normalizer of the subgroup generated by ϕ in G.

3. Quantitative aspects of the set of fixed points

All throughout the remainder of the paper, given a bordered Klein surface X
we will denote by π : H → X = H/Γ the canonical projection, and we fix an
automorphism ϕ of X (that we will denote σ if it is involutory), and a dianalytic
action of the group G = Aut(X) on X that is given by a smooth epimorphism
θ : Λ → G.

First, we classify the fixed points of a non-involutory automorphism of a bor-
dered Klein surface X into two types, according to whether they are isolated in
Fix(X) or not.
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Lemma 3.1. The set of points fixed by a non-involutory automorphism of a bor-
dered Klein surface X consists of two subsets: a finite set of points isolated in
Fix(X) and a finite set of points lying on the intersections of either two ovals or
two arcs or an arc and an oval.

Proof. Consider the universal covering π : H → X and, given a non-involutory
automorphism ϕ ∈ G, let λ ∈ Λ with θ(λ) = ϕ. Consider the commutative diagram

H λ �� H

X
ϕ ��

��
π

X .
��
π

Hence, for each point x = π(h) ∈ X , we have ϕ(x) = π(λ(h)). Thus x = π(h)
is fixed by ϕ if and only if λ(h) = γ(h) for some γ ∈ Γ, which means that γ−1λ
fixes h. Therefore γ−1λ has finite order and, indeed, it is an elliptic transformation
because its order is different to 2 since θ(γ−1λ) = ϕ is not an involution. Now,
if γ−1λ is not a product of two reflections, then x = π(h) is isolated in Fix(X);
otherwise it lies on the intersection of either two ovals, or two arcs, or an arc and
an oval. �

We shall refer to the fixed points occurring in the above lemma as to fixed
points of the first and the second type respectively. We enumerate in the next
theorem the number of isolated fixed points of both types for each automorphism
of a bordered Klein surface.

Theorem 3.2. Let ϕ be an automorphism of a bordered Klein surface. Then, the
number of isolated fixed points of ϕ of the first and the second type is given by∣∣NG(〈ϕ〉)∣∣ (∑ 1/mi

)
and

∣∣NG(〈ϕ〉)∣∣ (∑ 1/nij

)
respectively, where the sums run over the canonical elliptic generators and the
products of consecutive canonical reflections for which ϕ is conjugate to either a
power of θ(xi) or θ(cij−1cij), whenever θ(cij−1) 	= 1 	= θ(cij).

Proof. If ϕ has order n, then the number of points fixed by ϕ equals the number
of conjugacy classes of cyclic subgroups of order n of the group Γϕ = θ−1(〈ϕ〉).
Clearly, each of such subgroups is generated by an elliptic element. But each elliptic
element is conjugate either to a power of some canonical elliptic generator xi of Λ
or to a power of the product cij−1cij of two consecutive canonical reflections of Λ;
by abuse of language we say that the fixed points of ϕ are produced by xi or
by cij−1cij in each one of these cases, respectively.

Hence, we have to find how many points fixed by ϕ are produced by each
element xi and by each product cij−1cij , which in turn will provide us, after
addition, the number of fixed points of ϕ of the first and the second type.

Assume first that xi produces fixed points of ϕ. Then, since conjugate elements
have the same number of fixed points, after exchanging ϕ by a suitable conjugate
we may assume that xni

i ∈ Γϕ for ni = mi/n.
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Now, wxni

i w
−1 ∈ Γϕ if and only if w ∈ θ−1(NG(〈ϕ〉)). Observe, however, that

wxni

i w
−1 and vxni

i v
−1 are conjugate in Γϕ if and only if w−1γv ∈ NΛ(〈xni

i 〉) = 〈xi〉
for some γ ∈ Γϕ, which means that w−1v ∈ 〈xi〉Γϕ. Thus, the number of fixed
points of ϕ produced by xi equals

[θ−1(NG(〈ϕ〉)) : 〈xi〉Γϕ] = [θ−1(NG(〈ϕ〉))/Γ : 〈xi〉Γϕ/Γ] = |NG(〈ϕ〉)|/mi.

This proves the first part of the statement. The argument to prove the second part
is rather similar.

Indeed, assume that cij−1cij produces fixed points of ϕ. Then, we may assume
that (cij−1cij)

mij ∈ Γϕ for mij = nij/n. Furthermore, w(cij−1cij)
mijw−1 ∈ Γϕ

if and only if w ∈ θ−1(NG(〈ϕ〉)). On the other hand w(cij−1cij)
mijw−1 and

v(cij−1cij)
mijv−1 are conjugate in Γϕ if and only if w−1γv belongs to

NΛ(〈(cij−1cij)
mij 〉) = 〈cij−1cij〉

for some γ ∈ Γϕ, which means that w−1v ∈ 〈cij−1cij〉Γϕ. Hence cij−1cij produces

[θ−1(NG(〈ϕ〉)) : 〈cij−1cij〉Γϕ] = [θ(θ−1(NG(〈ϕ〉))) : θ(〈cij−1cij〉Γϕ)]
= [NG(〈ϕ〉) : 〈θ(cij−1cij)〉]
= |NG(〈ϕ〉)|/nij

fixed points of ϕ, and this proves the second part of the statement. �

Our next result concerns the enumeration of the number of ovals of the set of
fixed points of an involution on a bordered Klein surface. An oval on X is a simple
closed curve on the interior of X consisting of fixed points of some involution.

Theorem 3.3. The number of ovals of the set of fixed points of an involution σ
of a bordered Klein surface is given by∑

[ C(θ(Λ), θ(c)) : θ(C(Λ, c)) ] ,

where the sum runs over all non-conjugate canonical reflections c ∈ Λ whose images
by θ are conjugate in G to σ and correspond, either to empty period cycles of the
signature of Λ or to nonempty period cycles for which those neighbouring canonical
reflections to c are mapped by θ to nontrivial elements of G.

Proof. We have to count how many reflections of Λ belong to the subgroup Γσ =
θ−1(〈σ〉) and are pairwise non-conjugate in Γσ. If Fix(σ) contains an oval, then σ
is conjugate to θ(ci) for some canonical reflection ci of Λ. In fact we may assume,
without loss of generality, that θ(ci) = σ, because conjugate symmetries have the
same number of ovals. Observe that for w ∈ Λ, the conjugate cwi belongs to Γσ if
and only if w ∈ θ−1(C(G, θ(ci))). Denote the last group by Ci and observe that it
normalizes Γσ. Thus for v, w ∈ Ci, the reflections cvi and cwi of Γσ are conjugate
in Γσ if and only if w−1v ∈ C(Λ, ci)Γσ. Consequently, conjugates of ci give rise to

[Ci : C(Λ, ci)Γσ] = [C(G, θ(ci)) : θ(C(Λ, ci))]
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empty period cycles in Γσ. Let now cw� ∈ Γσ for some � 	= i and w ∈ Λ. Then
θ(w)θ(c�)θ(w)

−1 = σ and so

(3.1) wC�w
−1 = Ci.

Indeed, if λ ∈ wC�w
−1, then θ(w)−1θ(λ)θ(w) ∈ C(G, θ(c�)). Thus θ(λ) central-

izes σ and so λ ∈ Ci. Conversely, if λ ∈ Ci, then θ(λ) normalizes σ. Hence
θ(λ)θ(w)θ(c�)θ(w)

−1θ(λ)−1 = σ, which in turn means that θ(w)−1θ(λ)θ(w) cen-
tralizes θ(c�), and so λ ∈ wC�w

−1, proving (3.1).

Furthermore, cv� ∈ Γσ if and only if vw−1 ∈ Ci. Indeed, if this is the case, then
θ(v)θ(c�)θ(v)

−1 = σ and so θ(w)−1θ(v) ∈ C(Λ, θ(c�)). Thus w−1v ∈ C�, which
implies that vw−1 ∈ wC�w

−1 = Ci. The converse is similar and we omit its proof.

Finally, given u, u′ ∈ Ci and the products v = uw, v′ = u′w, the reflections cv�
and cv

′
� are conjugate in the subgroup Γσ if and only if v−1v′ ∈ C(Λ, c�)w

−1Γσw =
C(Λ, c�)Γ, which means that u−1u′ ∈ wC(Λ, c�)Γw

−1. Therefore, by (3.1), the
conjugates of c� give rise to

[Ci : wC(Λ, c�)Γw
−1] = [C� : C(Λ, c�)Γ] = [C(θ(Λ), θ(c�)) : θ(C(Λ, c�))]

empty period cycles in Γσ, and so the result follows. �

To finish this section we count the number of arcs in the set of fixed points of
an involution on a bordered Klein surface. An arc on X is a simple curve, homeo-
morphic to a closed interval, which meets either one or two boundary components
of X at its endpoints.

Theorem 3.4. The set of fixed points of an involution σ on a bordered Klein
surface X contains ∑

[C(θ(Λ), θ(c)) : θ(C(Λ, c))]

arcs, where the sum is taken over all non-conjugate canonical reflections in Λ whose
images by θ are conjugate in G to σ, in such a way that at least one neighbouring
canonical reflection to c is mapped by θ into the identity element.

Proof. Let us write X = H/Γ and G = Λ/Γ, where Γ is a surface NEC group.
Consider the commutative diagrams

Λ
θ ��

θ̃ ���
��

��
��

� G = Λ/Γ

G̃

����������
= Λ/Γ+

H π ��

π̃ ���
��

��
��

� X = H/Γ

X̃

π′

����������
= H/Γ+

where Γ+ is the subgroup of Γ consisting of all its orientation preserving ele-
ments, X̃ is the canonical Riemann double cover of X and G̃ is a group of auto-
morphisms of X̃. Let τ be the structural symmetry of X̃ .

The set Fix(σ) of fixed points of σ being non-discrete, there exists a reflection
of Λ whose image by θ is σ. Let also denote by σ, for the sake of notational
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convenience, its lifting to X̃ , which is also a symmetry. Clearly, the cardinality
of Fix(σ) ∩ Fix(τ) equals 2N , where N is the number of arcs of σ we are looking

for. Now an oval of σ in X̃ corresponds to a conjugate element wcw−1 of some
canonical reflection c. But either such an oval meets twice a unique oval of τ or it
meets two distinct ovals of τ , once each one, according as the number of canonical
reflections neighbouring to c mapped by θ̃ into τ equals one or two. Let c′ and
{c′, c′′} denote, respectively, the canonical reflections neighbouring to c mapped

by θ̃ into τ . Observe that every conjugate element of these reflections c′ and c′′

is also mapped into τ because τ is a central element of G̃. But, by the proof of
Theorem 3.3, such a reflection c produces [C(G̃, σ) : θ̃(C(Λ, c))] ovals of σ. Using
again the centrality of τ , we see that the last number equals [C(G, σ) : θ(C(Λ, c))] =
[C(θ(Λ), θ(c)) : θ(C(Λ, c))], and so the theorem follows. �

Remark 3.5. To apply these theorems to compute the number of ovals and arcs
fixed by an involution σ of a bordered Klein surface it is necessary to calculate
the indices [C(θ(Λ), θ(c)) : θ(C(Λ, c))] for the canonical reflections c ∈ Λ mapped
by θ into conjugates of σ. The algebraic type of these centralizers was found by
Singerman in his thesis [13] (see also [14]). However, what makes Theorems 3.3
and 3.4 effective, is the fact that, by going a bit more into details in Singerman’s
papers, one can find explicit generators for these groups (e.g., [3] and [7]).

4. Examples: Bujalance–May surfaces

It is well known that the group of automorphisms of a bordered Klein surface of
algebraic genus p ≥ 2 has at most 12(p − 1) elements, and May proved in [12]
that given p ≥ 2 there exists a bordered Klein surface of algebraic genus p whose
group of automorphisms has, at least, 4(p+ μ) elements, with μ = 1 if the surface
is orientable and μ = 0 otherwise. Furthermore there are infinitely many values
of p for which there is no Klein surface of such algebraic genus with a bigger
group of automorphisms, and Bujalance described in [2] both the topological type
and the groups of automorphisms of such extremal surfaces. Here we shall find
the topological type of the set of fixed points for these surfaces, which we call
Bujalance–May surfaces.

Example 4.1. Orientable Bujalance–May surfaces. Let p ≥ 2 with p 	=
5, 11, 29, and let X = H/Γ be a bordered Klein surface of algebraic genus p whose
automorphism group G has order 4(p+1). Bujalance proved in Theorem 2.1 of [2]
that in this situation the group G = Aut(X) = Λ/Γ is the semidirect product

G = Dp+1 � Z2 = 〈x, y, z : x2, y2, z2, (xy)p+1, (yz)2, zxz(yx)ry〉
for some r ∈ Z such that r2 ≡ 1mod (p+ 1), and the signature of Λ is

(0,+, [−], {(p+ 1, 2, 2, 2)}).
The corresponding canonical epimorphism θ : Λ → G is induced by the assignment

θ(e) = 1, θ(c0) = θ(c4) = y, θ(c1) = x, θ(c2) = 1, θ(c3) = z.
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Using the formulae in Theorems 3.2, 3.3 and 3.4, we obtain, for p ≡ 1mod (2),

Representative
of a conjugacy

class

Isolated fixed
points of the
first type

Isolated fixed
points of the
second type

Ovals Arcs

x 0 0 0 2
y 0 0 1 0
z 0 0 0 (r + 1, p+ 1)
xy 0 4 0 0
yz 0 2(r − 1, p+ 1) 0 0

where (r − 1, p + 1) is the greatest common divisor of r − 1 and p + 1 and, by
convention, (r − 1, p+ 1) = p+ 1 if r = 1.

Concerning the case of even p, observe that the involutions x and y are conju-
gate. Indeed, let j = (p+ 2)/2 and α = (xy)jy ∈ G. Then,

αyα−1 = (xy)jyyy(xy)−j = (xy)jy(xy)−j = (xy)jy(xy)j(xy)−2j

= y(yx)2j = (xy)2j−1x = (xy)p+1x = x.

A straightforward computation shows that the corresponding results for p ≡ 0
mod (2) are the following:

Representative
of a conjugacy

class

Isolated fixed
points of the
first type

Isolated fixed
points of the
second type

Ovals Arcs

y 0 0 1 1
z 0 0 0 (r + 1, p+ 1)
xy 0 4 0 0
yz 0 2(r − 1, p+ 1) 0 0

All entries in the tables above are easily calculated by applying Theorems 3.2,
3.3 and 3.4. To show the kind of arguments used in the computations, just con-
sider, by way of illustration, how to see that the set Fix(z) of fixed points of the
involution z contains (r + 1, p+ 1) arcs.

Note that c2 is the only canonical reflection of Λ which is mapped by θ into
the unit. Since θ(c1) = x and θ(c3) = z, the sets of fixed points Fix(x) and Fix(z)
are the only ones containing arcs. Moreover, x and z are not conjugate in G.
Suppose, by way of contradiction, that z = ξxξ−1 for some ξ = (xy)iyjzk ∈ G,
with 0 ≤ i ≤ p and 0 ≤ j, k ≤ 1. Thus k = 1, because z 	∈ 〈x, y〉, that is,

z = (xy)iyjzxzyj(xy)−i = (xy)iyj(yx)ryzzyj(xy)−i ∈ 〈x, y〉,
an absurd. Therefore, by Theorem 3.4, it follows that Fix(z) contains

(4.1) [C(G, z) : θ(C(Λ, c3))] =
|C(G, z)|

|θ(C(Λ, c3))|
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arcs. To compute |C(G, z)| observe that z commutes with all elements of the
subgroup 〈y, z〉, and so (xy)iyjzk ∈ C(G, z) if and only if (xy)i ∈ C(G, z). This
way |C(G, z)| = 4s, where s is the cardinality of

S = {0 ≤ i ≤ p : (xy)iz = z(xy)i}.

To calculate s observe that

(xy)i ∈ C(G, z) ⇐⇒ (xy)iz = z(xy)i

⇐⇒ (xy)iz = (xy)−riz

⇐⇒ (xy)i(r+1) = 1

⇐⇒ i(r + 1) ∈ (p+ 1)Z.

Hence, s is the order of the kernel of the group homomorphism

f : Zp+1 → Zp+1; �+ (p+ 1)Z �→ (r + 1)�+ (p+ 1)Z,

whose image 〈r + 1〉 has order (p + 1)/(r + 1, p + 1). Consequently, | ker f | =
(r + 1, p+ 1), which implies

(4.2) |C(G, z)| = 4s = 4(r + 1, p+ 1).

To finish we need the value of |θ(C(Λ, c3))|. By Theorem 3 in [7] we know that

C(Λ, c3) = 〈c3〉 ⊕
(〈(c2c3)〉 ∗ 〈(c3c4)〉),

which implies

θ(C(Λ, c3)) = 〈y, z〉 � Z2 ⊕ Z2.

Hence, from (4.1) and (4.2) it follows that Fix(z) has (r + 1, p+ 1) arcs.

Example 4.2. Non-orientable Bujalance–May surfaces. Let p ≥ 2 with
p 	= 3, 6, 15 and let X = H/Γ be a bordered Klein surface of algebraic genus p
whose automorphism groupG has order 4p. Bujalance proved in Theorem 2.5 of [2]
that in this situation the surface X is hyperelliptic, the group G = Aut(X) = Λ/Γ
is the dihedral group

G = D2p = 〈x, y : x2, y2, (xy)2p〉,

and the signature of Λ is (0,+, [−], {(2, 2, 2, 2p)}). The corresponding canonical
epimorphism θ : Λ → G is defined by the assignment

θ(e) = 1, θ(c0) = θ(c4) = x, θ(c1) = 1, θ(c2) = (xy)p, θ(c3) = y.

Using the formulae in Theorems 3.2, 3.3 and 3.4, and taking into account that (xy)py
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is conjugate to x if p is odd and it is conjugate to y if p is even, we obtain:

Representative
of a conjugacy

class

Isolated fixed
points of the
first type

Isolated fixed
points of the
second type

Ovals Arcs

x 0

{
2 p odd
0 p even

0 1

y 0

{
0 p odd
2 p even

1 0

(xy)p 0 0 0 p

xy 0 2 0 0

Remark 4.3. For the surfaces X in Examples 4.1 and 4.2, the sets Fix(X) do
not contain fixed points of the first type. Indeed, in order to construct an action
θ : Λ → G on a surface X such that Fix(X) has isolated points of both the first
and second type, ovals and arcs, the order of the group G must be dramatically
reduced. Namely:

Theorem 4.4. Let G be a group acting on a bordered Klein surface X of algebraic
genus p ≥ 2 whose set Fix(X) of fixed points contains isolated fixed points of both
types, ovals and arcs. Then G has at most 2(p− 1) elements. Furthermore a given
group G is the automorphism group of such a surface if and only if it is generated
by four involutions a, b, c, d such that ab and bc have order 2, and the bound 2(p−1)
for the order of G is attained if and only if p is odd.

Proof. Let us represent X = H/Γ, where Γ is a surface NEC group, and let
θ : Λ → G be a smooth epimorphism such that ker θ = Γ. Hence G � Λ/Γ and, by
Theorem 3.2, Λ has a proper period, because G contains an automorphism of X
with an isolated fixed point of the first type. On the other hand, since G has
an involution whose set of fixed points contains some oval, the group Λ has, by
Theorem 3.3, three consecutive canonical reflections mapped by the epimorphism θ
into involutions. Furthermore, X being a bordered surface, there exists a canonical
reflection in Λ mapped by θ into the trivial element. Consequently, the hyperbolic
area of Λ satisfies μ(Λ) ≥ π and so, by Riemann–Hurwitz formula, |G| ≤ 2(p− 1).
Even more, this bound is attained if and only if the signature of Λ is

(4.3) (0;+; [2]; {(2, 2, 2, 2)})
and, up to a cyclic permutation of the canonical reflections of Λ, the canonical
epimorphism θ : Λ → G is induced by the assignment:

θ(x1) = θ(e1) = d, θ(c0) = a, θ(c1) = b,

θ(c2) = c, θ(c3) = 1, θ(c4) = dad,
(4.4)

where a, b, c, d, ab and bc are involutions. Notice that since a, b and ab are invo-
lutions, the order of G is a multiple of 4.
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Conversely, given a group G generated by four involutions a, b, c, d such that
ab and bc have order 2, and an NEC group Λ whose signature is the one defined
in (4.3), the assignment in (4.4) induces a group epimorphism θ : Λ → G such that
for Γ = ker θ, the quotient X = H/Γ is a bordered Klein surface of algebraic genus
p admitting G as a group of automorphisms fixing subsets of all kinds.

Concerning the sharpness of the bound 2(p− 1) observe that if this is the case,
and since |G| is a multiple of 4, necessarily p is odd. Conversely, suppose that p
is odd and let us see that the bound 2(p − 1) is attained under this assumption.
Consider the finite groups with presentation

G1 = 〈x, y : x2, y2, (xy)p−1〉 = Dp−1, for p ≥ 3, and(4.5)

G2 = 〈x, y, z : x2, y2, z2, (xy)(p−1)/2, (xz)2, zyz(xy)rx〉,(4.6)

where p ≥ 5 and r2 ≡ 1 mod (p − 1)/2, which is a semidirect product G2 =
D(p−1)/2 � Z2. It is straightforward to check that an NEC group Λ whose sig-
nature is given in (4.3) and the epimorphism θ : Λ → G = Gi induced by the
assignment (4.4), for i = 1, 2, where a = c = x, d = y and

(4.7) b =

{
(xy)(p−1)/2 if G = G1,

z if G = G2,

do the job. �

We finish this section by computing, in the next examples, the number of
isolated fixed points of the first and the second type, the number of ovals and
the number of arcs, of the set of fixed points of the involutions of the surfaces
constructed in Theorem 4.4. We distinguish accordingly the automorphism group
of the involved surface is either G1 or G2. In what follows Λ is an NEC group
whose signature is defined in (4.3), the epimorphism θ : Λ → Gi is given by (4.4)
and (4.7) and the presentation of Gi is provided by (4.5) and (4.6) above. To
abbreviate, we denote q = (p− 1)/2.

Groups of type 1. To avoid a cumbersome distinction of cases, we assume p 	= 5
to guarantee that (yx)2 and (xy)q are not conjugate in G1. Using the formulae in
Theorems 3.2, 3.3 and 3.4, it follows that the number of isolated fixed points of
the first and the second type, the number of fixed ovals and the number fixed arcs
of the (non-conjugate) involutions of the surface X = H/Γ, where Γ = ker θ, are
the following:

Representative

of a conjugacy
class

Isolated fixed

points of the

first type

Isolated fixed

points of the

second type

Ovals Arcs

x 0

{
4 q even
0 q odd

1 2

y 2

{
0 q even
4 q odd

0 0

(xy)q 0 0 q 0
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Groups of type 2. Now we calculate the number of isolated fixed points of the
first and the second type, the number of fixed ovals and the number of fixed arcs of
the (non-conjugate) involutions of the surface X = H/Γ, when G = G2 = Dq � Z2

and Γ = ker θ for the epimorphism θ : Λ → G2 defined in (4.4) and (4.7) above.
We distinguish two subcases according to the parity of q.

Subcase 1: For p ≡ 1mod (4), that is, q is even

Representative

of a conjugacy
class

Isolated fixed

points of the

first type

Isolated fixed

points of the

second type

Ovals Arcs

x 0 0 2 4
y 4 0 0 0
z 0 0 (r + 1, q) 0
xz 0 4(r − 1, q) 0 0

where, by convention, (r − 1, q) = q if r = 1.

Subcase 2: For p ≡ 3 mod (4), that is, q is odd

Representative

of a conjugacy
class

Isolated fixed

points of the

first type

Isolated fixed

points of the

second type

Ovals Arcs

y 4 0 2 4

z 0 0 (r + 1, q) 0

xz 0 4(r − 1, q) 0 0
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